TAMKANG JOURNAL OF MATHEMATICS
Volume 46, Number 1, 67-73, March 2015
doi:10.5556/j.tkjm.46.2015.1586

Available online at http://journals.math.tku.edu.tw/

ON CERTAIN NEW CAUCHY-TYPE FRACTIONAL
INTEGRAL INEQUALITIES AND OPIAL-TYPE FRACTIONAL
DERIVATIVE INEQUALITIES

ARIF M. KHAN, AMIT CHOUHAN AND SATISH SARASWAT

Abstract. The aim of this paper is to establish several new fractional integral and deriva-
tive inequalities for non-negative and integrable functions. These inequalities related to
the extension of general Cauchy type inequalities and involving Saigo, Riemann-Louville
type fractional integral operators together with multiple Erdelyi-Kober operator. Further-
more the Opial-type fractional derivative inequality involving H-function is also estab-
lished. The generosity of H-function could leads to several new inequalities that are of
great interest of future research.

1. Introduction

In last few years the fractional integral and derivative inequalities and their applications
have been addressed extensively by several authors like Anastassiou [1, 2], Beesack [3], Hand-
ley et al. [8], Opial [10] etc., by using the Riemann Liouville fractional integrals and Opial type
fractional Derivatives. Researchers have great interest in this field due to vast applications
of these inequalities in fractional differential equation in establishing the uniqueness of the
solution of initial value problems, giving upper bounds to their solutions.

In the presented paper authors established certain theorems based on general Cauchy
type inequality, involving Riemann-Liouville fractional integral operators, Saigo operator and
multiple Erdely-Kober operator, then finally in last section Opial type fractional derivative
inequality involving H-function is established, which is capable of yielding various results in
the theory of Opial type integral inequalities.

2. Preliminaries and definitions

In this section, we will present some definitions that will be used in the proof of our main
results.
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Definition 2.1. If a and b are positive real numbers, satisfying a+ b =1 and f and g are
monotonic functions defined on (0, 00), then Cauchy’s general inequality [9] is defined as

af ) +bg(y)=[f ] [g(1)]" 2.1)

Definition 2.2. The standard Riemann-Liouville fractional integral [12] of order a € C for

function f:(0,00) — R is given as

1 t
I“fo=15.f) = —f (t— x)“_lf(x) dx, R(a)>0 (2.2)
I'(a) Jo
provided that integral on the right-hand side converges.

Definition 2.3. Saigo [11] defined the fractional integration operator as follows:

aﬁnf(x)

@ f (x-0* L (a+B, n,al——)f(t)dt (2.3)

where a € C,Re(a) > 0, fand nare real numbers and f(x) is a real valued and continuous

function defined on the interval (0, 00).

For B = —a, in (2.3), we get Riemann - Liouville operator (2.2).

Definition 2.4. Erdelyi [6] defined the space of functions C. for arbitrary real number a*

with set of real valued function C’ [0,00), as follows:
C;*:{f(x): xqg(x);q<a*,g(x)EC’[O,oo)} (2.4)

where a* = 1<n11cl<nm(ﬁTk) withme z*,>0, k=1,...,m;11,72,T3,..., T, be arbitrary real num-

bers.

Definition 2.5. Erdelyi [6] also defined the linear space of function C, for arbitrary real num-
bers a, with set of real valued functions C' [0,00), as follows:

:{f(x): xpf(x):p>a,f(x)ec'[o,oo)} 2.5)

where a = |12 [-B(yr+1)], me 25, >0,k =1,...,m;¥1,7Y2,Y3,...,Ym be arbitrary real

1<k<m
numbers.

Definition 2.6. A multiple Erdelyi-Kober operator of Riemann - Liouville type is defined in
the form, [6]

m
Yk+6k+l ﬁ ﬁk)

(Yk+1_ /'llk) fdt (2.6)

(Y)(5) mo0
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where m € z*; B, A, 0k, Yk >0,k =1,...,m;Y1,Y2,Y3,...,Ym be arbitrary real numbers. Fur-
thermore,

UL | UL |

S AR
and f(x) € Cq, @ = lgk‘;xm{ Ak (yr+1)} . Here H [x] is H-function due to Fox [7], in-
troduced and defined via a Mellin-Barnes type 1ntegral for integers m, n, p, q such that 0 <
m < ¢,0 < n < p, for a;,bj € C with C, the set of complex numbers and for a;,; € R, =

0,00, (i=1,2,....,p;j=1,2...,9), as

m,n m.n (al'a)ll’] f mn Sd
H, ., (2)=H, " |z (b Bprg |~ 2mi Hpq (8)z°ds 2.7
with
Hm I'(bj+ ,6~s)]'[’." I'l-—a;— a;s)
ﬁgzn(s) jfm” (az,a)1p| _ J (2.8)
(b]yﬁ])lq Hl n+lr(al+a S)H] m+1 (l_bj_ﬁjs)

Asymptotic expansions and analytic continuations of the H-function have been discussed

by Braaksma [4].

Definition 2.7. Canavati [5] defined the generalized v-fractional Riemann-Liouville integral
for x, xg € [a, b] such that x = xy, x is fixed, v = 1, for the function f € C ([a, b]), as follows

1
(I;° ) (x) = ol (x—t)” Yf(ydt,xg=x=b. (2.9)

Further the generalized v-fractional derivative [5] of fover [xg, b] is given as
Dy =D, f"(f" :=D"f). (2.10)

where n= [v] the integral part, v >0anda=v-n (O<a<l).

Furthermore, Anastassiou [1] defined subspace C}C’O ([a, b)) of C"([a, b)) for f € C}C’O ([a, b)); as
follows:
Cy (la,b)={feC"([a,b]): ;' ,D"f€ C ([xo, b))} (2.11)

3. Cauchy type fractional integral inequalities

Theorem 1. Ifa and b are positive real numbers satisfying a+ b = 1 and f and g are monotonic
functions defined on [0,00) , then for all a,ff € C, Re(a) > 0,Re(f) > 0,1 > 0, the following
inequality holds

atP bt®

et a—
r(p+1) f(t)+r(a+1)

Pgy=1°g" w0 1% (1) 3.1)
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(t_x)a—l
I'la)

Proof. Multiplying both side of Cauchy general inequality (2.1) by and integrating

with respect to x, between the limits 0 to t, we get

a ! a-1 ‘ a-1
ﬁf (t—x)*" f(x)dx+ gy )f (t—x)* dx

r( )
a—1
> [g(») r(a)f (t-0*f]"d

By using (2.2), we obtained

al®f () + bg(y) I* ) = (g (¥)1°1°0f (1)1* (3.2)

multiplying both sides of equation (3.2) by r( ﬁ) and integrating w.r.t.to y, between the lim-
its 0 to t and finally by virtue of (2.2), we obtained inequality (3.1).

Remark 1. For a = f§ in equation (3.1), we obtained
al®f (O +bI%g () =T 1 +a) t *I*f* () I°g" (v). (3.3)

Theorem 2. Ifa and b are positive real numbers satisfying a+ b =1 and f and g are monotonic
functions defined over [0,00), then forall a, 3,1,y € C, Re(a) >0, Re (y) >0, t >0 the following

inequality holds
ra-6 r(1-g+
r(1-6)r(l+y+o) I(1-p)T(1+a+n)
= R OV Rl 0) (3.4)

Proof. Multiplying both sides of equation (2.1) by %(t - X)L F (a+B,—n;a;1 - %) then
integrating w.r.t. x from 0 to t and by virtue of (2.3), we have

al>P f (1) + bg (y) 18P () = g (y) 1P £ (1)

t*}/*&(t_y)y_l
'ty
grating w.r.t. y from 0 to ¢ and by virtue of (2.3), we obtained inequality (3.4).

now multiplying both sides of above equation by 2Fi(y+98,-0,y;1- lt') then inte-

Remark 2. If o =y, =6 and n = 0, inequality (3.4) becomes

F(1-pg)T(1+a+n)tt
r(1-p+n)

Remark 3. Putting f = —a, in inequality (3.4) we obtained inequality (3.3).

allP (0 +bISP g (1) = “ﬁ”f OIEP g ). 3.5)
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Theorem 3. Ifaand b are positive real numbers, satisfyinga+b=1and f (x), g(x) € Cq,m,n €
2% Ak, Bi, 0k, Y > 0 where, By, A, Ok, v be arbitrary real numbers with

m 1 m
kgl’lk k; B 1sk5m[ k(re+1)]

then the following inequality holds

a0 [f(t)]l(n)(ék) (1)+bl(yk)(6k) (1)1(”)(‘3’” [g(D)]

(Bx) Ax),m (Bk)(A),n (Br) Ar),m (Br)(Ag),n
(re) 61 a (v) 6 b
2 Iy o SO L5 000, [8D)] (3.6)
_ (vx),(6x) _ (x),(61)
where k =1,...,m for operator I(ﬁk)(/lk),m['] and k=1,...,n for operator I(ﬁk)(/lk),n[']'

Proof. Multiply both side of general Cauchy inequality (2.1) by
1 1\"
(Yk+6k+1_m ,ﬁ—r;%)

X

t

%H ,'n”?n 1 1| then integrating with the limits 0 to ¢ and using equation

(2.6), we get

(re) 6w (vx) 60 b (k) 6x) a
al(ﬁk)(lk)ymf(t) + bg (J/) I(ﬁk)(/lk)vm = [g(y)] I(ﬁk)(/lk),m[f(t)]

y (}/k+5k+1—ﬁ,ﬁl’é€)1l

: and integrating with the limits

now multiply both side by 1 H,’)

0 to t, we obtained (3.6).

4. Opial type fractional derivative inequalities

Theorem 4. Let f € C}C'O (la, b]),v=1 andf(i) (x9)=0,i=0,1,...,n—1,n=[v]; x,x0 € [a, D] :
x=x9. Letp,q > 1 such that% + % =1, then the following inequality holds

2—1/q(x _ xo)(pv—p+2)/p

[ 1raliog ) w)aw=

T () ((pr-p+1)(pr—p+2)"?

2
q 2
x fx tw+aHM,N+1 to’ (_w’o-)’(aj’aj)l,P dt ! (41)
X P (b),B)), g (- a,0)

o wlgMN| o (“j*“j)l,P
where, f (x) = x|Hp/, (x (bj,ﬁj)lyo)‘
Proof. Let
[Fea] = s (x| el < L [ pyety e p e
BQ (b Bi)o)| ™ T (v) Xo o
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r(v)U (=" dt) (f (I0) th)

1 (x_xO)(PV p+D/p lq
“TW Gv_prDl? U [|DY, f] (0] th) 4.2)

on setting

X
z(x) = U (ID;OfI(t))"dt), (z (x0) = 0) (4.3)
Xo
then 4Lz (x) = 2/ (x) = (|DY f| ()7, i.e,,

|DY f](x) = (2 (a9 = xr e gt (x” (4.4)

P+1,Q+1

(—w,a),(uj,aj)lyp
(bj:B1), o (~0w—a,0)

now by virtue of (4.2) and (4.4), we have

1/q

’

1 (w _ xo)(pv—p+1)/p

|f w)||DY, f| (w W)= o o= p DT

{f:(w;’oﬂ (t))"dt} x z' ()

Xo = w = x, further integrating over [xy, x], we get

f |f w)||Dy, f| (w) dw
B 1
T T(v) (pr—p+1)l/p

1 X ( e +1) l/p x . 1/!]
“Tw) (pu—p+1)1/n( (w=x0)P"7 dW) (f 2(w) 2 (w)dw
(x_xo)(PV—P+2)/p [z(x)]Z/q

T [(pr-p+1)(pu-p+2)])P T 2V

f (w—xo)(pv_p“)/p(z(w) .z’(w))”qdw
Xo

now using equation (4.3), we obtained

— —-p+2)/
2 1/q (x_xo)(pv p+2)/p 2/q

|f )| D, £ (w) =

[ (ot rlo)ar

rw[(pv-p+1)(pv-p+2)]""

finally using equation (4.4), we arrived at (4.1).
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