TAMKANG JOURNAL OF MATHEMATICS
Volume 37, Number 2, 149-154, Summer 2006

MULTIPLE SOLUTIONS OF BOUNDARY VALUE PROBLEM

YONGJIN LI, XIAOBAO SHU AND YUANTONG XU

Abstract. By means of variational structure and Zs group index theory, we obtain multiple

solutions of boundary value problems for second-order ordinary differential equations

—(ru') + qu = \f(t,u), 0<t<1
w'(0) =0 =~u(1) + u'(1), where v > 0.

1. Introduction

Lynn H. Erbe and Ronald M. Mathsen [6] study the following boundary value prob-
lem: —(ru’) + qu = Af(t,u),0 < t < 1,0u(0) — Su'(0) = 0 = ~yu(l) + du/(1), where
A > 0 is a parameter, o, 3,7,0 > 0 and ad + oy + By > 0,f € C((0,1) x R, R),r €
C([0,1], (0, 50)) and q € C([0, 1], [0,00)).

In this paper we are interested in the study of boundary value problems

{—(ru')'—i—qu:)\f(t,u), 0<t<l,

' (0) =0=~u(l) +4'(1),  wherey>0. (1.1)

By means of variational structure and Zs group index theory, we obtain multiple
solutions of boundary value problems for (1.1).

Let E be a real Banach space, S, = {z € E : ||z|| = p} be the unit sphere of E. A
mapping I from E to R will be called a functional. We all know that a critical point of
I is a point where I'(z) = 0 and a critical value of I is a number ¢ such that I(x¢) = ¢
for some critical point xzg. Next, we recall the definition of the Palais-Smale condition.

Definition 1.1. Let I € C*(E, R), we say that f satisfies the Palais-Smale condition
if every sequence {x,} C E such that {I(z,)} is bounded and I'(z,) — 0(n — oo) has
a converging subsequence.

Welet K ={x € E:I'(x) =0}, K. ={x € E: I'(x) =0, I(z) = ¢} and
I.={x € E: I(z) <c}. > denote the set { A: A is a symmetric closed subset of E},
where symmetry means that x € A implies —z € A. The Z5 index is defined as following.
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Definition 1.2.([5]) A function i : Y — Z |J {400} is called Zs-index, iffor A € 3,
A) is defined by

(

(1) TA=0,i(A) =0.

(2) If A # @, there exists a positive number m and a continuous odd map ¢ : A —
R™\ {0}, then define i(A4) to be the minimum of this kind of m. i.e

1

i(A) = min{m € Z; : there is a continuous odd map ¢ : A — R™\{0}}.
(3) If A# @, and there is none positive integer satisfies (2), define i(A4) = +oo.
Denote i1(I) = 1im0i(Ic) and io(f) = lm i(L.).
c—— c——00

We know that if A € Y and if there exists an odd homeomorphism of n-sphere onto
A then ¢(A) = n+ 1; If X is a Hilbert space, and E is an n—dimensional subspace of
X,and A€} is such that AN E+ = @ then i(A) < n. The following Lemma plays an
important role in proving our main results.

Lemma 1.3.([5]) Let I € C1(X, R') be an even functional which satisfies the Palais-
Smale condition and 1(0) = 0. Then

(1) If there exists an m dimensional subspace E of X and p > 0 with

sup I(z) <0, we have i1(I) > m;
z€ENS,

(2) If there exists a j dimensional subspace E of X with

inf I(z) > —oo, we have iz(I) < j;
z€E+L

(3) If m > j, (1) and (2) hold, then I at least has 2(m — j) distinct critical points.

2. Main Results

Theorem 2.1. Let f, r(t) and q(t) be the function satisfying the following condi-
tions:

(1) f€C((0,1] x R, R);
(2) 0<m < q(t) <M for allt €[0,1);
(3) There exists a > 0, such that f(t,a) =0 and f(t,u) >0, Yu € (0,®);
(4) f(t,u) is odd in u;
(5)7’601[0 1] and 0 < r(t) — q(t) < N.
Then for any integer n, there exists A,, such that (1.1) has at least 2n nontrivial
solutions in C?[0, 1] whenever A > \,,.
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Proof. Set h:[0,1] x R' — R!

[t a), u>a,
h(ta u) = f(ta u)v |u| <a,
flit,—a), u < —«

Let us consider the functional defined on H}(0,1)
h1 12 o L 2 r(1) o 1
I(u) = [ [5rOOF + 5a@)u(®)]” - AG(E w)ldt + —=u(1), u € Hp(0,1), (2.1)
0

where G(t,u) = [ h(t, v)dv.
The norm || . || and inner product ( , ) can be defined respectively by

= ([ (' @F + Py s o) = [ @@+ uwpo)

Thus H2(0,1) = W,*(0,1) will be a Hilbert space.
Let E = H{(0,1), since h(t,u) is an odd continuous map in u, we know that I €
CY(E,R) is even in u and 1(0) = 0.

First, we will show that the critical points of the I(u) are the solutions of (1.1) in
C?0,1].
By

I(u+sv)
:I(u)+s{/0 [r(t)u’(t)v’(t)+q(t)u(t)v(t)f)\h(t,u+G(t)sv)v(t)]dtJrr(l)'yu(l)v(l)}

52

5 { [ 6O @OF e+ rapen) veveBo<o<t @2)

We have
(I’(u),’u)z/0 [r(t)u ()0 (EHg(E)u(t)v(t)-Ah(t, u(t))v]dir(1)yu(l)v(l), Yu,veE. (2.3)

By I'(u) = 0, one gets

/0 [r(t)u’ ()0 (t) + q(t)u(t)v(t) — Mt ut))v]dt + r(1)yu(l)v(l) =0 (2.4)

for all v € E.
On the other hand

! LN Ld du
/0 r(t)u' (t)v (t)dtJr/O E(T(t)E)vdt

= /0 r(t)u () (t)dt + o' (E)v(t)r(t)]; — /O r(t)u' (t)dv(t)
=r(1)v(1)u'(1) — r(0)u'(0)v(0). (2.5)
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So, it is easy to see that

| o O%) — attu(t) + e, ue)la
= r(1)o(1)/ (1) +7u(1)) = (O 0)o(0) = .

Hence we obtain
—(ru') + qu = Ah(t,u)

Thus the critical points of the I(u) are the solutions of (1.1) in C2[0,1].

Next, we show that I(u) is bounded from below.
Since h(t,u(t)) = 0 whenever |u(t)| > «, we have

/01 G(t,u(t)) = /01 /OU(t) h(t,v)dvdt < /01 /_i Ih(t, v)|dvdt

Let ¢ = [ |h(t,v)|dvdt, then
10 = [ a0 @ + 1) + 500 — a0 26t wlar + "),

Since 0 <m < ¢(t) < M and 0 < r(t) — q(t) < N and v > 0, we have

m

1 1
1) 2 5[ (W OP + Py - [ A6 u(o)
0 0
Thus m
I(u) > 3Hu|\2 - X, VYuekE. (2.6)
Hence I(u) is bounded from below. Thus i3(I) = 0.

Third, we will verify that I(u) satisfies the Palais-Smale condition.
Suppose that u, C E with ¢; < I(up) < ¢g and I’(u,,) — 0 as n — oo. Then we have

sup { [ 10 (000 + a(Oun(®v(O) = Mblt,u)o(®) + 17 (o(D]dt } - 0, 2.7
0

as n — oo, for all u,v € E, |jv]| = 1.
By
Iu) > Zul]? = A
we have
lun || < c3 for some cs.

Thus ||u,|| is bounded in H}(0,1). Since H}(0,1) is reflexive, {u,} has a weak
converging subsequence {u,, }. By [8], we know the convergence is uniform in C([0, 1], R),
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By (2.7) and standard arguments, we have {u,, } is a converging sequence in Hg (0, 1),
hence I(u) satisfies the Palais-Smale condition.

Fourth, we show that Theorem 2.1 holds by Lemma 1.3.
Denote Ok (t) = ‘[coslmt k=1,23,. ... Then

1
294
| 180k =
1
| 1sopa =1

Consider the n-dimensional subspace

En = Span{ﬂl (t)a ﬂQ(t)a B 7ﬁn(t)}

It is easy to see that E,, is the subset of X symmetric with respect to the origin. For

p > 0, we have
Efmsf{Z}mkEZ% ) =0}

Let p with 0 < p < o, for any u € E, () S,, we have

n 1
Org%xlu Zkibk|<(zb2 k2 2)2:H“H:P<0¢

and
1 1
) = atonpuoPae < N [ jute)Pae < Nl < N7
0 0
By
1
/iQLMﬁ>O,VuGEJ]&
0
and S, is a compact subset in E,,. Let Q, =  inf fo (t,u)dt, then @, > 0. Choose

uw€EE, NS
A= 3(BM + N +7r(1)7)Q, 1 p%, it is easy to see that

1) = [ Ga®0@F + [P + 50 — a0 - A6t wlar + ")
< (% + g + @7)p2 — AQn

1 1
=5 (M+ N +r(1)7)p* = 53BM + N +r(1)7)Q, " p*Qn
=-—Mp*<0.
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Whenever A > A, and v € E, [ S,.
Thus 41 (I) > n and i2(I) = 0, by Lemma 1.3, I at least has 2(n — 0) distinct critical
points. Hence (1.1) has at least 2n nontrivial solutions in C?[0,1] Whenever A > \,,.
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