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ON CERTAIN CLASS OF MEROMORPHIC HARMONIC
CONCAVE FUNCTIONS

IBTISAM ALDAWISH AND MASLINA DARUS

Abstract. In this paper, a class of meromorphic harmonic functions concave in the unit
disc is introduced. Coefficient bounds, distortion inequalities, extreme points, geometric
convolution, integral convolution for the functions belonging to this class are obtained.

1. Introduction

Conformal maps of the unit disc onto convex domain are a classical topic and many re-
sults are found related to this field. Recently, Avkhadiev and Wirths [4] discovered the confor-
mal mapping of a unit disc onto concave domains (the complements of convex closed sets).
This is interesting as not many problems are discussed thoroughly towards this approach.

Let U denote the open unit disc, where f has the form given by

f@=z+) apz" (1)

n=2

that maps U conformally onto a domain whose complement with respect to C is convex and
that satisfies the normalization f(1) = co. Furthermore, they imposed on these functions
the condition that the opening angle of f(U) at infinity is less than or equal to ax, a € (1,2].
These families of functions are denoted by Cy(a). The class Cy() is referred to as the class of
concave univalent functions and for a detailed discussion about concave functions we refer
to [3],[4],[5] and [8]. We observe that Cy(2) contains the classes Cy(a), a € (1,2] and the class
Co(1) consists of all concave univalent functions normalized such that f(1) = oo and f is given
by (1).

Recently, Chuaqui et al. [6] introduced the concept of meromorphic concave mappings.
A conformal mapping of meromorphic function on the unit disc U is said to be a concave
mapping if its image is the complement of a compact, convex set.
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If f has the form
1
f(@)==+by+biz+byz*+---,
z
then a necessary and sufficient condition for f to be a concave mapping is

f// (Z)
(@

The subject of harmonic univalent functions is not that recent as it has been around since

1+Re{z }<0, lz| < 1.

1984 and perhaps was first established by Clunie and Sheil-Small [7]. In [14] there is more

comprehensive study on harmonic univalent functions.

The importance of these functions is due to their usage in the study of minimal surfaces
as well as in various problems related to engineering, operations research, applied Mathemat-
ics and perhaps of other areas of sciences [1]. A continuous function f = u +iv is a complex
valued harmonic function in a domain U c C if both u and v are real harmonic in U. In any
simply connected domain, we write f = h + g where h and g are analytic in U. A necessary
and sufficient condition for f to be locally univalent and orientation preserving in U is that
|h'| > |g'| in U (see [7]). Hengartner and Schober [10] investigated functions harmonic in the
exterior of the unit disc U = {z: |z| > 1}. They showed that complex valued, harmonic, sense

preserving, univalent mapping f must admit the representation
f(2) = h(z)+ g(2) + Aloglz|,

where h(z) and g(z) are defined by

h(z)=az+ ) anz™", g(@)=Pz+ ) byz "
n=1

n=1
for0<|Bl<|al, Ac Cand ze U.

For z € U\{0}, let M be the class of functions:
1 o0 oo
f@=h2)+8@) ==+ anz"+ ) byz" )
2 p=1 n=1

which are harmonic in the punctured unit disc U\ {0}, where h(z) and g(z) are analytic in U\{0}

and U, respectively, and h(z) has a simple pole at the origin with residue 1 here (see [2]).

A function f € My is said to be in the subclass M S}, of meromorphically harmonic star-

like functions in U\{0} if it satisfies the condition

I ool (N
Re{_zh (z) —zg'(2)

= }>0, (z e U\{0}).
h(z)+ g(2)
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Also, a function f € My is said to be in the subclass MCy of meromorphically harmonic

convex functions in U\{0} if it satisfies the condition

Re{ ~ zh'(z)+ W' (2) — zg"(2) + §'(2)
h'(z) - g'(2)

Note that the classes of harmonic meromorphic starlike functions and harmonic meromor-

} >0, (zeU\{0}).

phic convex functions have been studied by Jahangiri and Silverman [11], and Jahangiri [12,
13].

This work is an attempt to give a connection between harmonic function and meromor-
phic concave functions by introducing a class M HCy of meromorphic harmonic concave
functions.

Definition 1.1. Let M HCj denote the class of meromorphic harmonic concave functions f of

the form (2) such that
Zfll (Z)

f(2)

The article is organized as follows: In section 2, we study a sufficient condition for functions

1+Re{ }<0, lz| < 1. (3)

f = h+g, where h and g given by (2) to be in the class M HCy. In section 3, we obtain distor-
tion bounds, characterize the extreme points for functions in M HCjy. In section 4, we define
convolution properties for functions belonging to the class M HCy.

2. Coefficient Conditions

In this section, sufficient coefficient condition for a function f € My to be in MHCj is
derived.

Theorem 2.1. Let f = h + g be of the form (2). If
o0
Y n*(anl+1bah <1, )
n=1

then, f is harmonic univalent, sense preserving in U\{0}.

Proof. First, for 0 < |z;| <|z2| <1, we have

|f(21) = f(22)| = | h(21) — h(22)| - | g(21) — g(22)]

|21 — 22| - -1 n-1
= ——=—|z1-25| ) (lan|+|bp))|2] " +---+ 207"

|z111 22| =1

|21 — 23| 2

——— [1-1221" }_ n(lanl+1bpl)

|z11122] =1

|21 — 22| S 5

———= (1= n*(anl+1ba)|.

|z11122] =1
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The last expression is non negative by (4) and f is univalent in U\{0}.

To show that f is sense preserving in U\{0}, we need to show that |h'(z)| = |g'(z)| in U\{0}.

1 o0
/ -1
W' (2)| =2 —5 = ) nlanllzl"
|Z| n=1
1 o0 1 o0
=== nla,r"'>1-3 nlay
r n=1 n=1
o0
>1- ) n®layl
n=1
o0 o0
> Y nPlbul> Y nlb,lr" !
n=1 n=1

nlb,llzI" ' = g (2)I.

I
18

S
Il
—

Thus, this completes the proof of the theorem.

Theorem 2.2. Let f = h+ g be of the form (2). Then f € M HC, if and only if the inequality (4)
holds for the coefficient f = h+g.

Proof. Suppose that inequality (4) holds. By using the fact Rew <0 — |$—f}| < 1. So it suffices

to show that | %1 | < 1. We have

zh"(2)-zg"(2)
h(z)-g'(2)
zh”(z)—zm _
h(z)-g'(2)
2(h(2) - g'(2) + zh'" (2) — 28" (2)
zh''(z) —zg"(2)

2 12 1 Pa—— T
S+YX5 nn-1apz"" =5 +2¥5 na,z" - Y5, n(n—1b,z" 1_2Y%  nbyz"1

Z4+Y% nn-1a,z" ' - X2, n(n-1)b,z""!
Yo nm+Dapz" -3 n(n+1)b,z""!
Z1y® nn-1ayz"1 =Y n(n-1)byz"1
Yo nn+Dlagl+ X5, n(n+1)|byl

2-Y% nn-Dla, -X5, n(n-1)|b,l

The last expression is bounded above by 1 if

Y nm+Dlaxl+ Y n(n+1lbyl<2-) nn-Dlay - ) nn-1)|byl,
n=1 n=1 n=1 n=1

which is equivalent to our condition

- 2
n“ (lap|+1byl) < 1.
n=1
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of the theorem.

Conversely, assume f € M HCy, then we have
zh"(2)—zg"(2)
W (z)-g'(2)
zh”(z)—z% _
W (z2)-g'(2)
_ Y nn+1)apz" 1 -Y%2, n(n+1)b,z"! -1
% +Y%°  n(n-1a,z" 1 =Y n(n-1b,z"!

<1

Letting |z| — 1, we obtain the required condition (4).

3. Distortion bounds and extreme points

In this section, bounds and extreme points for functions belonging to the class M HCy

are estimated.

Theorem 3.1. If fi. = hy + g € MHCy and 0 < |z| =1 < 1, then
2

1+r
Ifk(2)] =
and
2
| fx(2)] =
Proof. Let fi = hy + g € M HCy. Taking the absolute value of f we obtain
(oo} (o]
lfil=|=+> a "+anz"
n=1 n=1
1 & 1 &
>=— Y (lanl+Iby 2——Z(Ian|+|bnl)r
r n=1 r n=1
1 [e.]
>—— Y n?(lanl+1bp)r
s |
1 1-r?
>——r=
r r
1 (o]
| fil == anz" + ) byz"

n=1

+
3 ng

1
[fil = —+ Z (lanl+1bp)) 1"

1 o
<=+ n*(anl+b,)r"
r n=1
1 (e0)
<—+ Y n*(lanl+1bphr
r n=1
1472

IA

~
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Now the theorem follows by applying (4).

Theorem 3.2. Let fi. = h, + g where hj and g, are given by (2). Set

1
h = = —
k0 = 8k,0 2

1 1
hin(z)=—+ —z,
zZ n

forn=1,2,3,...and ) )
8kn = 2"'?2”

forn=1,2,3,....

Then, fi € MHCy if and only if f; can be expressed as

fk,n = Z (Anhlc,n(z) +Yngk,n(z)),

n=0

whered, = 0,y, = 0. and 97 (1, + y,) = 1. In particular, the extreme points of M HCj are

{hk,n} and {8k,nt-

Proof. For functions fi = hy + gk, where hj and gi are given by (2), we have
(oo}
fk,n (2) = Z (An hk,n (z2) + Yngk,n(z))
n=0

= Aohio + +§A(l+—z”)+§ (l+iﬁ)
=A0Mk0 T Y08k0 P n\Z "2 Yn i

Now by Theorem 2.1,

So fk € MHC,.
Conversely, suppose that fi. € MHCy. Setting
An=n’lapl, n=z1

Yn= nzlbnl, n=1.

We define -~ -~
Ao+Yo=1=3 An= ) Yn
= n=1

n=1



ON CERTAIN CLASS OF MEROMORPHIC HARMONIC CONCAVE FUNCTIONS

Therefore, f can be written as

1 ) _
fie@ ==+ lanlz"+ ) |bplz"
< n=1 n=1

1
hk n(Z)__) An+ Z (gk n(2) — 2)

n=1

n=1 n=1 n=1
o0 (e.0)
= Aok, +7Y08ko+ Z hi,nAn ngnYn
n=1 n=1

= Z (Anhie,n(2) +Yngin(2) .

S

The proof is complete. Therefore {h; ,} and {g} ,} are extreme points.

4, Convolution properties

l
Z
s 1
= Z hk,n/ln"" Zlgk,nYn"'z (1_ Z An— Z Yn
n=

107

In this section, convolution, geometric convolution, integral convolution of the class

MHC, are defined and studied.
For harmonic functions, fi and Fj defined as follows:
1 & S —
fi@ ==+ lanlz"+ Y |bylz"
2 p=1 n=1
and
1 & ® —
F=—-+ Z |An|Zn+ Z |Bplz",
2 p=1 n=1
the convolution of f; and Fy is given by

(fx * Fi)(2) = fx(2) % F(2)

1 X o —n
=+ lanllAnl2" + 3 1ballByl2".

n=1 n=1

The geometric convolution of f;. and Fj is given by

(fk * Fi) (2) = fi(2) * Fy.(2)

1 00 00 _
=—+ Y Vl0anAnlz"+ > V/IbyBylz".
n=1 n=1

The integral convolution of f;. and Fj is given by

(fx© Fr)(2) = fi(2) o Fi(2)
1

:_+Z lanAnl e Z

2 p=1 n n=1

|bn Bnl—

5)

(6)

()

(8)

)
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Theorem 4.1. Let fi, € MHCy and Fy. € MHCy. Then the convolution fi x F;. € MHC.

Proof. For f; and Fy as given by (5) and (6), then the convolution fi % Fy is given by (7). We
wish to show that the coefficients of fj x Fy satisfy the required condition given in Theorem
2.1. For F, € MHCj we note that |A,| < 1 and |B,| < 1. Now for convolution function fj x Fj

we obtain
- 2 - 2
Y nflapllApl+ Y, n®byl|Byl
n=1 n=1

(0]
< Y nPlapl+ Y n®lby

1 n=1

IA

Therefore fi. x Fi. € M HC), this proves the required result.

Theorem 4.2. If f;. and Fj. of the form (5) and (6) belong to the class M HCy, then the geomet-
ric convolution f * Fj also belongs to the class M HCy.

Proof. Since f, Fi. € MHCy, it follows that

n* (lay| +bpl) < 1

[18

S
1l
—

n* (| Apl +Bpl) < 1.

18

S
1l
—

Hence, by Cauchy-Schwartz’s inequality, it is noted that,

Y. 72 (VIanAul+v/1bsBal) <1.
n=1

The proofis complete.

Theorem 4.3. If fi. and Fy of the form (5) and (6) belong to the class M HC), then the integral
convolution fi ¢ Fy also belongs to the class M HCj.

Proof. Since fi, Fi, € MHC,, it follows that |A,| < 1 and |B,| < 1. Then fo F € MHCy, because

S slanAnl & 5 |byByl
an nn+zn2 nbn
n=1 n n=1 n
S olanl & 5 1bnl
<)Y P+ ) n*—=
n n

S
Il

—
—

8 7

2 2
nla,|+ ) n°lbyl <1,

n=1

IA
18

S
Il
—

this proves the required result.
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