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A NEW PROOF FOR BERGWEILER’S CONJECTURE CONCERNING
THE FIRST DERIVATIVE OF TRANSCENDENTAL MEROMORPHIC
FUNCTION WITH PICARD EXCEPTIONAL VALUE

FENG GUO AND YUHUA LI

Abstract. Let f be a infinite order meromorphic function, suppose f’ omits the value 1 in
C. ThenMy = f'(f ~1(0)) is unbounded. We give a new proof for the case of infinite order
for Bergweiler’s conjecture.

1. Introduction and main result

Let f be a meromorphic function in C, define My = (10 ={f'(2): ze Cand f(z) =
0}. W.Bergweiler [1] raised a conjecture in 2001:

Conjecture 1: Let f be a transcendental meromorphic function in C. If f’(z) # 1 for all z € C,

then My is unbounded.

Considering g(z) = z— f(z) we see Conjecture 1 is equivalent to the following one:

Conjecture 2: Let g be a transcendental meromorphic function in C. Suppose that g’ does not

have zeros. Then there exists a sequence {zn}ff:l of fixed points of g such that |g’(z,,)| — oco.

Bergweiler [1] has separately proved Conjecture 1 is affirmative for finite order meromor-
phic functions and entire functions; Jianming Chang [2] has first confirmed the conjecture for
infinite order meromorphic functions, which is based on the theory of quasinormal families.

In this paper, we only use the the tool of normal families to affirm the case.

Theorem 1. Let f be a transcendental meromorphic function. If f'(z) # 1 for all z € C, then
My is unbounded.
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According to the conjecture, we can see if meromorphic function f satisfies f’(z) # 1 for
all z e C, f is rational when My is bounded and f is transcendental when My is unbounded.

Then whether My is bounded can be an useful divide standard for meromorphic function.

2. Preliminary lemmas

loc.
Remark: Let D(z9, M) = {z: |z — z9| < M} and sign f,,(z) — g(z) means a sequence of mero-

morphic functions {f, (2)}}, locally uniformly convergence to a meromorphic function g(z).

Lemma 1 ([3]). Let f be a meromorphic function. If the spherical derivative f*(z) of f(z) is
bounded. Then the order of f (z) is at most 2.

Lemma 2 ([4]). Let & be a family of meromorphic functions in a domain D. Suppose that
there exists K > 0 such that Mg < D(O,K) for all g € & .If & is not normal, then there exists a
sequence {f,}5> | in &, a sequence {z,}}. | in D, a sequence {p} | of positive real numbers
and a non-constant finite order function f which is meromorphic in C such that z,, — zo for
somezg€D,p, — 0and

loc.
W:’ﬂz) (z€C;n— o).
n

Moreover, the spherical derivative f*(z) of f satisfies f*(z) < f*(0) = K+1 forall z€ C.

In the conclusion of Lemma 2, it is possible to replace fu(zn+012)/p, by fa(zn+pn2)/p%, for any
given a satisfying —1 < a < 1, but here the case a = 1 suffices. The case a@ = 0 is due to Zalcman
[5], and the case —1 < & < 1 is due to Pang [6, 7]. In Lemma 2, if all g € & have no zero in D,
then Mg = @. The conclusion is still true according to the original proof in which K can take
0.

Lemma 3 ([1]). Let f be a meromorphic function in C with finite order. Suppose f'(z) # 1 for
all z € C and there exists K > 0 such that Mg < D(0,K). Then f is rational and has the form

(a) fa)=z+a+ with a,b,ceC,b#0,leN

(z-o)!

orthe form (b) f(z) =az+f,a,feC,a#1.

Lemma 4 ([1]). Let D € C be a domain and & be a family of functions meromorphic in D, for
any f € Z, f and f" do not have any zero in D. Then {f'If: f € F} is normal in D.

In the conclusion of Lemma 4, f” can be replaced by f® for any given k =2,k € N. In

fact, Hayman W. K. [8] raised a conjecture:
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Let k = 2, k € N, f be a meromorphic function in C which satisfies f # 0, f®) # 0, then
flz)= e%th a heCor f(2) =Yaz+h", n e N.

Hayman [9], Clunie J [10], Mues E [11], Frank G [12] have studied the conjecture and
LangleyJ. K. [13] has proved the conjecture at last. It is natural to ask whether there exists the
normal rule to the conjecture. Schwick W. [14], Berweiler [1], Bergweiler and Langley [15] has
given the normal rule. The case k = 2 is enough here and has been proved by Bergweiler [1].

Lemma5. Let f be a meromorphic function, D be an bounded domain and c be constantin C.
If f(z)—c has zeros in D and f'(z) has | —1 zeros in D which are all the zeros of f (z) — c¢. Then
both f(z) — ¢ and f'(z) only have the same one discriminating zero in D.

1
Proof. Let f(z) —c =[] (z—z;)g(z) = R(z)g(z), where g(z) be a meromorphic function with
j=1

!
no zero in D and satisfies g(z;) # co (j =1,...,1). Let R(z) =
j:

(z—zj)with zjc D (j =
1,...,D. 1
Because f'(z) has [ — 1 zeros in D which are all the zeros of f(z) — ¢, then there exists
-1 pointsin {z;|j = 1,...,1} be zeros of f'(z) and with out loss of generality we may assume
flz=0 (j=1,...,1-1).

Because f'(z) = R'(z)g(z) + R(z)g'(z), we have

-1 RI(Z) l
R'(z)=0 (j=1,...,1-1), R'(® =1 - zj = .
(z))=0 (j 1-1), R'(2) lj]:[l(z zj) and R - 7—m
Then R(2) = (z— z;)! and the proof is completed. O

Lemma 6 ([8]). Let f be a holomorphic function, if the spherical derivative of f is bounded.
Then the order of f is at most 1.

3. Proof of Theorem 1

Proof. If the order of f is at most 2, the conclusion is true due to the Lemma 3.

If the order of f is greater than 2, we apply Lemma 1 to obtain a sequence {w,}}_,,wn —
oo(n — oo) such that f#(w,) — oo, (n — co). If there exists M > 0 such that My ={f'(z):z€C,
f(2)=0cD(0,M). V neN,let f,(2) = f(z+wy). It is easy to apply Marty’s theorem to know
{ fn(z)}»c,’l":1 isnot normal at 0. Because M S Mypc D, M), according to Lemma 2 there exists
a sequence {z,} |, a sequence {p,}}., of positive real numbers and a non-constant finite
order function g(z) such that when n — oo, z, — 0, p,, — 0 and

Zn+ Pn2 Wn+2n+pnz) Lo
fn(zn+pn ):f( n ntPn )—>g(z)
Pn Pn
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in C where g(z) satisfies g”(z) < g"(0) = K+ 1 forall ze C.

We first prove g'(z) cannot be constant. In fact, if g(z) = Az + B(A, B € C), then g#(O) =
% = M + 1. However, it is obvious that Mg < M rc D(0, M) and |A| < M. It contradicts
g"(0) = M + 1. Further, because f'(z) # 1(z € C) and g'(z) not be constant, we apply Hurwitz’s
Theorem to have g'(z) # 1(z € C). Notice that Mg = D(0, M) and g(%) is finite order, by Lemma

3 we have g(z) hastheformg(z):z+a+#with a,b,ceC,b#0,leN.

VneN,let 1, =w,+ z,. There exists entire functions F(z) and H(z) such that F(z) and

H(z) have no common non-trivial divisor and z — f(z) = 1;((;)) , then when 7 is large enough,
we have
f (20 + 01 2) f(T +0,2) TntpPpna— H(t,+pn2) loc.
n\Zn+ Pn _ ntPn — F@ntpnz) = z+a+ l(ZEC)»
Pn Pn Pn (z=¢)
Tn=Pnd— TS loc.
On (z—c¢)
Further,
F + loc.
M:’o (n— oo,z € C\{c}), 1)
H(tp+pnz)
(Tn=Pn@F(Tn+pn2) - HEn+pn2) 2 b (n—00,2€C), @)
onF(Tn+pn2) (z—c)!
F " loc. _o)!
PnF @0+ pn2) =B sz 3)

(Tn—pn@)F(Tn+pnz)— H(Tp+pn2) b
Take an bounded domain D includ ¢, from (2) we see (1, — pn @) F(t,, + pnz) — HTy + pn2)
have no zero in D when n is large enough; considering (3) there exists some sufficiently small
neighborhood D, of ¢ such that D, c D, thus F(t,, + pnz) have [ zeros in D, when n is large

enough.

We divide two cases for [ :

Casel [=1.Let

(Tn—Pn@F(Ty+pn2)— H(Tp+pn2)
(Th—Ppn@F@Tn+pn2) ’
pn{F,(Tn +pp2)H(Typ +ppz) — H'(t,+ Pn2)F(Ty+ pn2)}
(Tn—Pn@F?(Tp+pn2) '

gn(z) =

gn(2) =
(2) can be expressed as:

gn(@d)(Tp—pna _ Tn—pn@)F(Ty+ppz)—H(Ty+pp2) lO:Ci b
Pn PnF(Tyn+pn2) z-

(ze Q).
c
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From (2) we have g, (z) have no zero in D, when 7 is large enough.
Here we need to prove g),(z) have no zero in D.. The derivative of (2) is

’ _ loc.
gn(D(Tn—pna) 106 b > (zeC\{c)).
on (z—0)

The derivative of (3) is

P2 AF (T +pn2) HTp+pn2) — F(Tp+pn2) H (T + pn2)} g 1

2= - 0. 4
(2) {(Tn—pn@F T+ pnz)— HTp+ppz)? b (zeQ) (4)

From (4), when n is large enough, (7, — pn,a@)F (1, + pnz) — H(t, + p,z) have no zero in any
bounded domain. Therefore, we apply Hurwitz Theorem to have F' (1, + p,2) H(T, + p2) —
F(tp+pnz)H (1, + pnz) have no zero too. Considering

loc. —_ M2
S E—— L)
£,2)(T—pna) b
then take the closed circle D, < D, with center ¢ and we have
2
- Pn :t—(z 2 (z€ Dy).
8n(R)(Tp—pna b

Further according to the Maximum modulus principle and Montel’s normal criterion we have

Pn loc,  (z-¢)?

g @Tn—pna) b

(ze©).

Accordingto it’s derivative, since {m}fﬁ:l are holomorphic in any bound domain
in C, we have
81(2)(Tn—pna) ¢ 2(z-c)
{gn(@¥2pn

which means g,(2)/(g),(2)}* have 1 zero in D, when 7 is large enough. On the other hand,

(ze0),

gn(2)

& @7~ Pt padigy@p SO Cnt pralFTnt puz).

From (4) we see when n is large enough, F'(t,, + pn2) H(T,, + pnz) — F(Tp + pp2) H (T, + pn2)
have no zero in D.. After simple calculation, we have 1/F*(z,+p,2){g,(2)}* are analytic and have
no zero in D, with g{i’(z)F3 (5 + pnz) are entire functions. Because F(7, + p,z) have 1 zero in
D¢, g/(z) have no zero in D,.

We apply Lemma 4 to obtain that {8,(?)/g,(2)}9>, is normal in D, and according to the
definition of normal family there exists a subsequence we still suppose {8:(2)/g, (2}, and a
function G(z) meromorphic in D, such that

8n(@) _ Fan+pn@Dl@n—pn@F(Tn+pn2) —Han+pn2} 1% G(2) (5)
§h(2)  pulF'(Tn+ pn2) H(Tn +pn2) = F(Tn+pn2) H'(Tn + pn2)}
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where G(z) cannot always be co due to F(t,, + p,z) have 1 zero in D,.

From (4) we have

Pn lo_c; D
—_— —0 . 6
(Tn— Pn@)dn(2) (2€Dc) ©
(5)-(6) is
. H(Tp+pn2{(Tn—pn@F@,+pnz) — HTp+ pn2)} M—C‘G(z)
N = pn@PnlF' (Ty+pn2) HT p+ pn2) — H (T + pn2) F(Ty + pn2)} ’
then we have
L2 1 (ze D) @)
(2 G e

From (5) we have
gn(2) log, 1
@ G CEP ®)

(7)—(8) is

F'@n+ pndHn+pp2) = H @t pn2 @+ pu2lon 2% 00 o ©
Fau,+pn2)H(Ty+pn2)

Because F' (T, + 0, 2) H(Ty+pnz)—F(Tp+pnz)H (t,,+ pnz) have no zero in D, when n is large
enough, therefore from (9) we can see F(7,, + pz) have no zero in D.. However, it contradicts
F(t,,+ pnz) have 1 zero in D..

Case2 [=2. From (3) we have

F(tpt+pnz)

NH,+p2) loc; (z—¢)!
A -
(Tn_Pna) H(T:;+pnnz) _1
According to (1) and (10) we have
— F + loc.
Tn=Pn@FTn+pnd) 22 () e C\ieh, 11

H(tp+pnz)
Here we discuss two subcases for (11):

Tn=Ppn@FTp+pn2) 0o .
Subcase 2.1 If {W} o>, isnormal in C, from (11) we have

(Tn—pn@F(Tn+pnz) 124
H(,+pn2)

1 (zeQ). (12)

(Tn—=Pn@F(Tn+pnz) — HTn+pn2) 125 0 (z€0). (13)
H(t,+pn2)

From (2), tp—pn@) F(tn+pnz) — H(t,+ pnz) have no zero in D, when n is large enough,
so are H(t, + p,z) due to (13). According to Hurwitz’s Theorem and (12), F(t, + p»z) have no
zero in D, which contradicts F(t, + p,z) have [ zeros in D..
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Tn—pn@F(Tp+pn2) 00 .
Subcase 2.2 If {W >, isnotnormal in C. Let

(Thn—pna@)F(tp+ppz)— H(Tp+ppz)
H(typ+pn2) '

(Pn(z) =

Then {¢,(2)}}", is not normal and

Tn—pn@Pn{H Ty +pn2)F(Ty+pn2) —F (Tn+pn2)H(Tp+ pr2)}
HZ(Tn+an) .

Pn(2) =

The derivative of (3) is

2 F'@n+pn2)Hn+pnz) = H' @n+pp2)F(Tn+pn2) 19 (2~ ol
" {(Tn_pna)F(Tn+pnz)_H(Tn+PnZ)}2 b

(z€ ). (14)

When 7 is large enough, (7, —pna)F(t,+ pnz) — H(t,+ prz) have no zero in D, from (2);
and then F'(t,,+ pp2) H(Ty + pnz) — H (T + pn2) F(T,, + ppz) have [ — 1 zeros in D, from (14)
and Hurwitz’s Theorem .

When n is large enough, we see ¢,(z) have no zero in D, from (2). Because {¢,(2)}],
is not normal, we apply Lemma 2 to obtain {vn}‘,’f:1 e C and {,o;k,}»‘,’l":1 of positive real numbers
and a non-constant finite order function y(¢) such that v, — ¢, p;, — 0, and

n(Vn+pps) Log .
wn(6)=w—»w(€)m~m,fe© with y*(© <y 0)=1.

n

Here we assert ¥(¢) has no simple pole if it exists. Let ¢( be the zero of ¢ (). Beacuse v (¢)
cannot always be oo, there exists closed disc D(&,8) such that 1/y and 1/y,© are holomor-
phic in D(&o,8). Then Yy, © = Yw(© uniformly in D(&o,8) and so are Y, + [

Notice that !/y, cannot be constant, there exists {§,}77,,¢» — ¢o(n — o0o) such that
1 *
Yn(€n) On(Vp+pnén)

+05,=0, @,(vy+p,&)+1=0.

We shall later show that the discriminating zeros of ¢,(z) + 1 in D, are all the zeros of (p;(z)

in D, when n is large enough. In fact, (z— f(z))' = £@E (?Z?S(Z)FI(Z) # 0(z € C) therefore the

zeros of H'(z)F(z) — H(z)F'(z) are all the zeros of F(z) in C. Further, the zeros of ¢/,(z) in D,

are all the zeros of ¢,(z) +1 in D.. From (14) we see (p’n(z) have [ —1 zeros in D, when n is
large enough and ¢, (z) + 1 have the same [ zeros with F(t, + p,z) in D.. Then by Lemma 5

the conclusion is proved and we have

L W' () A s
_— _r = = = — l —_— = 1 O = 0,
@ 0 = TR T A G P

which means (¢) has to have multiple pole if it exists, the assert is proved.
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H'(2)F(z2)—H(2)F'(2)
F2(2)

Notice #0(z € C),then H(t, + p»z) have no multiple zero in C.

loc.

Considering ¢ — /y© (& € C). Since (t,, — pna)F(t, + pnz) — H(T, + pnz) have no
zero in D, when n is large enough, /v, (¢ are analytic in D.. By Hurwitz’s Theorem, ¢ (¢) has

no multiple pole and with the assert above, ¥(¢) have no pole and be entire.

Notice that 1//#(6) < 1//#(0) = 1({ € C). By Lemma 6, the order of y(¢) is at most 1. Since
¢, (2) have no zero in D, when n is large enough, then ¢, (v, + p;,¢,) have no zero in any
bounded domain, from the above it follows that v (¢) # 0(£ € C) and w(&) = e *B(A,Be C, A #
0).

loc

V@) — Yy (€ € C) is

PnHTnt puVnt Prpis) 2 KB g (15)
Tn=—Pn@®FTn+pnVn+pnPpé) —HTn+pnVn+pnpns)

Ftn+pn2)H T+ 0p2)—F (Tn+pn2) HTy+ pnz)

Let () = (Tn—Pn@F(Tn+pn2) — HTp+ pna)i?

Then the derivative of (15) is

loc. .
(032 0nTn—Pn@Ny(vVy+phé) = —Ae™ 8 (n— 00,6 €0). (16)

(14) can be expressed as:

loc, (z—0) 711
p%nn(z) — T (n—o00,z€C).

V neN, let hy(z) be the [ — 1 order derivative of 11,,(z)(z be defined in any bounded domain
in C), then the [ — 1 order derivative of (14) is

loc. 11
p%,hn(z)::E (n—o0,z€C).

Then we have

loc. !
pfflhn(vn+pf1§):g (n—o00,é €C). a7
The [ — 1 order derivative of (16) is
I+1 Lo, Aé-B
D pn@n—pr@hn v+ 58 = (A4 F (n—o00,f€0), (18)

(17)+(18) is

loc.

loc. 1 e
{p;+(rn—pna)(p:;)’“}pnhn(vn+p,’;£)—»E+(—A) e 4B (n—o0,€C).

It shows that h, (v, + p},¢) have zeros in C when n is large enough. However, it contradicts
(17) by Hurwitz’s Theorem and the proofis completed. O
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