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NONLOCAL CAUCHY PROBLEM FOR TIME VARYING DELAY
INTEGRODIFFERENTIAL EQUATIONS OF SOBOLEV TYPE
IN BANACH SPACES

K. BALACHANDRAN AND R. RAVIKUMAR

Abstract. In this paper we prove the existence of mild and strong solutions of nonlinear time
varying delay integrodifferential equations of Sobolev type with nonlocal conditions in Banach
spaces. The results are obtained by using the theory of compact semigroups and Schaefer’s fixed

point theorem.

1. Introduction

Several papers have appeared on the problem of existence of solutions of semilin-
ear differential equations and integrodifferential equations in Banach spaces [1-3, 11-12,
14-16]. Byszewski [6] has established the existence and uniqueness of mild, strong and
classical solutions of the semilinear nonlocal Cauchy problem in a Banach space by using
semigroup theroy and the contraction mapping principle. Subsequently he has inves-
tigated the same problem for different types of evolution equations in Banach spaces
[7-10]. Many papers have been appeared on nonlocal Cauchy problem for various classes
of differential and integrodifferential equations [13-16]. Physical motivation for this kind
of problem is given in [6-10].

Brill [5] investigated the existence of solutions for a semilinear Sobolev evolution
equation in a Banach space. This type of equations arise in various applications such as
in the flow of fluid through fissured rocks, thermodynamics and shear in second order
fluids (see [5]). Recently, Balachandran et al [3, 4] discussed the problem for nonlinear
integrodifferential equations of Sobolev type with nonlocal conditions in Banach spaces.
In this paper, we shall establish the existence of solutions of time varying delay inte-
grodifferential equations of Sobolev type with nonlocal conditions by using the compact
semigroup and the Schaefer fixed point theorem.
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2. Basic Assumptions

Consider the nonlinear delay integrodifferential equation of Sobolev type with nonlo-
cal condition of the form

(Bu(t))+ Au(t)=F (£, u(or (1)), / ot 5, u(oa(s)), / Tk, ulos(r)dr)ds) (1)
0 0
w(0) + q(u(-)) =up for 0<t<hb, (2)

where FF: JX X XX =Y, g: JXxJIJXxXxX—-X,k:JxJxX—-Xandqg: X - X
are given functions. Moreover, o; : J — J, i = 1,2,3 are continuous function such
that o;(t) <t,i=1,2,3 and up € D(E). Let J = [0,b] and we assume the following
conditions:
(i) For each t € J, the function F(¢,-,-) : X x X — Y is continuous and for each
x,y € X, the function F(-,z,y) : J — Y is strongly measurable.
(i) For each t,s € J, the function g(¢,s,-,-) : X x X — X is continuous and for each
x,y € X, the function g(-, -, z,y) : J x J — X is strongly measurable.
(iii) For each t,s € J, the function k(¢,s,-) : X — X is continuous and for each z € X
the function k(-,-,2) : J x J — X is strongly measurable.
(iv) For each positive integer 7, there exists h, € L'([0,b]) such that

sup IIF(t,U(ol(t)),/O g(t,s,U(@(S)),/Osk(s,ﬂU(%(T)))dT)dS)ll < he(t)

]l ly|<r

Definition 2.1. A continuous solution u(t) of the integral equation
u(t) = E"'T(t)Eug — E7'T(t)Eq(u(-))
t s T
+ [ BT 9F G ulon), [ glsmuloxn). [ 0. uoao))ds)ar)ds
0 0 0
is called a mild solution of problem (1)-(2) on J.

Definition 2.2. A function  is said to be a strong solution of problem (1), (2) on J
if u is differentiable almost every where on J, v/(t) € L*(J, X), u(0) + q(u(-)) = up and

(Bu(®)) + Au(t) = F(t, u(or (), /O ot 5, u(02(5)), /O (s, u(os (7)) dr)ds)
almost everywhere on J.

In order to prove our main theorem, we assume certain conditions on the operators A
and E. Let X and Y be Banach spaces with norm |-| and || - ||, respectively. The operators
A:D(A)C X —Y and E: D(E) C X — Y satisfy the following hypothesis.

(H;) A and E are closed linear operators.
(Hg) D(E) C D(A) and FE is bijective.
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(Hs) E7':Y — D(E) is continuous.
Hypothesis (H;) and (Hz) and the closed graph theorem imply the boundedness of the
linear operator AE~! : Y — Y and —AE~! generates a uniformly continuous semigroup
T(t), t > 0, of bounded linear operators from Y into Y.
(Hy) For some \ € p(—AE~1!), the resolvent set of —AE ™!, the resolvent R(\, —AE~1)
is a compact operator.

Let T'(t) be a uniformly continuous semigroup and let A be its infinitesimal generator.
If the resolvent set R(A : A) of A is compact for every A € p(A), then T'(¢) is compact
semigroup [17].

From the above fact that —AE~! generates a compact semigroup T'(¢), t > 0 , and
so maxcy || T'(t)| is finite and denote o = ||[E~!||. We need the following fixed point
theorem to prove our results.

Schaefer’s Theorem.([18]) Let Z be a normed linear space. Let ® : Z — Z be a
completely continuous operator,that is, it is continuous and the image of any bounded set
is contained in a compact set, and let

((®)={x € Z:2= APz for some0 <\ <1}

Then either ((®) is unbounded or ® has a fized point.

3. Existence of a Mild Solution

Theorem 3.1. Let F : Jx XXX =Y, g: JxIJxXXxX - X andk: IxJxX —- X
be functions satisfying Conditions (i)—(iv). Assume that (Hy1) — (Ha) hold. Further
assume that:

(v) There ezists a continuous function my : J — [0,00) and such that

1Bz )| < ma(@OQ(l] + lyl), 0<t<b, z,yeX,

where Qg : [0,00) — (0,00) is a continuous nondecreasing function.
(vi) There ezists a continuous function mg : J x J — [0,00) such that

lg(t, s, 9)| <ma(t, s) (] +[lyl)), 0<s<t<b zyelX,

where 7 : [0,00) — (0,00) is a continuous nondecreasing function.
(vii) There exists a continuous function mg : J x J — [0,00) such that

lk(t, s, 2)|| < ms(t,s)Q(||zl]), 0<s<t<b z€X,

where Qo : [0,00) — (0,00) is a continuous nondecreasing function.
(viii) T'(t) is a compact semigroup and there exists a constant M > 0 such that

1T < M
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(ix) ¢ : C(J : X) — D(F) C X, is continuous, compact and there exists a constant
H > 0 such that
I1Eq(u()| < H, for uweC(J:X).

Further if

/b m*(s)ds < /00 ds
0 c 290(5) + 291(5) + QQ(S) ’
where ¢ = aM (||Euol|| + H) and

y b Omal(t, s) b Omasl(t, s)
m*(t) —max{aMml(t), mg(t,t)—i—/o Tds7 mg(t,t)—i—/o Tds},

then the problem (1)-(2) has atleast one mild solution on J.

Proof. Let B = C(J, X). We establish the existence of a mild solution of the problem
(1)-(2) by applying the Schaefer fixed point theorem. First we obtain a priori bounds
for the operator equation

u(t) = A0u(t), 0< A< (3)
where ® : B — B is defined by
du(t) = E~'T(t)Eug — E~ T (t)Eq(u(-))

+ / E'T(t — 5)F (s, u(0(s)), / 95,7, u(0s(r), / k(7 0,u(05(6)))d6)dr)ds. (4)

Then from (3)-(4) we have
u(®)] < aM([|Euol| + H) +aM/O ||F(87u(01(8)),/0 g(s, 7, u(o2(7)),

/OT k(7,0,u(os(6)))d0)dr)||ds

< ant(u| + 1)+ [ {10 Juton )1+ [ mats 19 (Jutoxr)

+ /OT Qo(Hu(ag(H))H)dG) dT} }ds.

Let us take the right hand side of the above inequality as v(t). Then we have
v(0) = u(0) = aM(||Euo|| + H), and |u(t)] < v(¢)

o0) = bt (0 Ju(or )]+ [ mat, 0 (Ju(oato)
+ / ma(s,7)Q0 (s (7)) |)dr ) ds| }
0, [U(t) N /Ot s (v(s) N /Os mB(S’T)QO('U(T))dT> d8i|7
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since v is obviously increasing and o;(t) < ¢ for i = 1,2,3.

Let w(t) /mg Ql /m3STQO )d

Then

w(0) = v(0) = ¢, v(t) < w(t
w!(t) = v'(6) + ma(t /ms )0(v(s))ds)
+/O 67”2” /m35790 ))dr)ds
< aMmy (10w (1)) + ma(t, )5 (w /wth% )ds )

+/6m2ts 1 /m35TQO )d
0

Let r(t) :w(t)+/ ms(t, s)Qo(w(s))d
then r(0) =w(0) =¢, w(t) <r(t)

V@W@+WMMMMW+AQ%%2%W@W
¢ Oma(t, s)

ot

< aMmy(t)Qa(r(t)) + ma(t, ) (r(t)) —|—/O Q4 (r(s))ds
Fma(t, )0 (r(1) + / MBT(Z’S)QO(”(SWS

0

< aMmy ()Qa(r(t)) + ma(t, )2 (r(t)) +/0 am?)(tt,S)

ds Qq(r(t))

+mg(t, t)Qo(r(t)) +/ MBT(Z’S)dS Qo(r(t))

0

This implies

r(t) ds
/ / m*(s)ds < / .
r(0) 290( ) + 291 + QQ c 290(8) + 291(8) + QQ(S)

This inequality implies that there exists a constant K such that r(¢t) < K, t € J, and
hence u(t) < K where K depends only on b and on the functions my,ma, ms, Qo, 21 and
Qs.

Next we prove that the operator ® : B — B defined by

(Py)()=E~'T(t)Eug — E~'T(t) Eq(u(-))

+/Ot BTt — $)F (s, u(o (s /O o(s, 7 u(os(r / k(7. 0, u(0s(0)))d0)dr)ds
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is a completely continuous operator.
Let B, ={y € B : |ly|]| < r} for some r > 1. We first show that ® maps B, into an
equicontinuous family. Let y € B, and t1,t2 € J and € > 0. Then if 0 < e <t; <ty < b,

[(@y)(t1) — (@y)(L2)]|

<allT(t) = TE)[I([|Euoll + H) + a/O 1 [(T(tr = 5) = T(t2 = s))|

S

X|[F (s, u(o1(s)), ; g(s,T,U(Uz(T)),/OT k(7,0,u(os(0)))d0)dr)| ds

+gA wwa—@WF@uwm@yAg@mwwxﬂx/'Mnaw@w»mmwmw

0

smmmr&ummmwwuﬂ+géW@meﬂ—Tw—@mm@w

to

+ a/ IT(t2 — s)||hr(s)ds.
t1

As ty — t; — 0, the right-hand side of the above inequality tends to zero since the

compactness of T'(t) for ¢ > 0 implies the continuity in the uniform operator topology.

Thus ® maps B, into an equicontinuous family of functions. It is easy to see that the

family ® B, is uniformly bounded.

Next we show that ®B, is compact. Since we have proved that ®B, is an equicon-
tinuous family, it is sufficient, by the Arzela-Ascoli theorem, to show that ® maps B,
into a precompact set in X. This is clear when ¢ = 0, the set ®y(0) = {ug — q(y)} is
precompact in X, since ¢ is compact.

Let 0 < t < b be fixed and € a real number satisfying 0 < € < t. For y € B,., we define

(Pey)(t) = ET'T(t) Bug — E~T(t) Eq(u())

—|—/O E='T(t- S)F(s,u(al(s)),/o g(s,r,u(ag(r)),/o k(r,0,u(0o3(9)))db)dr)ds.

Since T'(t) is a compact operator, the set Y (t) = {(Pey)(t) : y € B, } is precompact in
X, for every €,0 < € < t. Moreover for every y € B,, we have

[(@y)(t) — (Pey) ()l )
ga/t ||T(t—s)F(s,u(01(s)),/O g(s,T,u(Ug(T)),/O k(7. 0, u(o3(6)))d0)dr) | ds

t
< aM hr(s)ds.

t—e

Therefore there are precompact sets arbitrarily close to the set {(®y)(t) : y € B, }. Hence
the set {(®y)(t) : y € B,} is precompact in X.
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It remains to show that ® : B — B is continuous. Let {u;} be a sequence such that

u; — u in B. Then there is an integer [ such that ||u;|| < for all j and ||ul| <1, te J
and so u; € By and u € By. By (i) and (ii)

T

F(suoro), [ as muontn), [0y )aber

~F <s,u<al<s», [ sts.rutoaton, [ it o,u<03<9>>>d9>d7> |

for each t € J and since
|7 (s,um(s)), [ ats.rustoatr. [ kv,e,uj(ag(e)))de)w)

P (s,u(al(s)), /Osg(s,T,u(Ug(T)), /O k(T,H,u(Ug(G)))dG)dT) | < 2hu(t),

we have by dominated convergence theorem,
[®u; — Pul

t
=sup| [ E7'T(t—s)

| [ [F(s.u5(01(s)). /Oég(s,r, u;(02(7)), /OTk(T, 0.u,(03(0)))d0)dr
F(s,u(al(s)),/osg(s,T,u(ag(T)),/OTk('r,9,u(03(9)))d9)d7) Js|
<att [ 17 (s usor(o) [ o657t [ W0, s(o@))at)ar)
F(s,u(ol(s)),/Osg(s,T,u(ag('r)),/OTk('r,@,u(a;g(ﬁ)))dﬁ)d'r) lds — 0, as j — oo.
Thus @ is continuous. This complete the proof that ® is completely continuous.

We have already proved that the set ((®) = {y € B :y = A®y, A € (0,1)} is bounded

and, by Schaefer’s theorem, the operator ® has a fixed point in B. This means that the
problem (1)-(2) has a mild solution.

4. Example
Consider the partial integrodifferential equation of the form

S 1et9) ~ 269)

0? 22(t,y) sin(z(t,y)) t 2(s,y)
= a2 W T A e +/0[(1+rf)(1+rf2)2(1+s)2

* o z(ry)
+(1+zs)(1+t2)/0 A+t P (. y)dr] ds (5)
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z(t,0) = 2(t,1) =0, t € J =10,1]
P
z(O,y)sz(ti,y):zo(y), O<y<l; 0<ti<ta<---<t, <Ll
i=1

Let X denote the Banach space L2([0,7]) and 2(¢,y) = u(t)(y).
Let

au() = Y ult)

We can easily check that there exists H > 0 such that

lgu()Il < H

for instance we may take H = pr, if ||u(t)|| < r. On the other hand,we have

lg(ui () = qlua () < pllua(t) — ua(®)]-

Moreover, since

t

F(t,u(o1(t), [ g(t,s,u(oz(s)), /05 k(s,m,u(os(7)))dr)ds)

0
_ u?(t — sint) sin(u(t — sint)) /t [ u(s —sin s)
(1+t)(1+1¢?) o LA+ +2)2(1+s)?

1 * (T —sinT) :
+(1 O+ 0) /0 T+9077 exp u(T — smr)dr}ds,
then,
|F(t,u, 2)| = “(1“‘75)(—14‘752)(“2(t —sint) sin(u(t — sint)) + 2)
< sl e
=1+ (1+1)
where we have set
2= [ attsulorto). [ ks mulen(r)anas
Next if s
v= / k(s,m,u(os(7))dr,
0
then,
lg(t, 5, 0)] = u(s —sin ) n v
i 51 A+ +2)2(1+s2 Q-1+
[u(s — sin s)||

- (1+t2)2(1+5) (1+t2)(1+t)||v”'
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Finally, we have

_ ||u(r —sinT)exp(u(r —sin 7))
k(s,7,u) = TS H
1 . :
< EDRET)) |u(r — sinT)||exp(|Ju(r — sin7)]||).

Define the operators A: D(A)C X - Y and E: D(E) C X =Y by
Aw =v", and Fw = w — w”,
where each domain D(A) and D(F) is given by
{we X : w,w are absolutely continuous, w” € X, w(0) = w(r) = 0}.
Then A and F can be written, respectively, as
Aw = inQ(w,wn)wn, w € D(A),

n=1
)

Ew= Z(l +n?)(w, wp)w,, w € D(E),

n=1

where w,(z) = {\/75 sinns}t,>1, is the orthogonal set of eigenvectors of A. Furthermore
for w € X we have

T(Hw=3" Xp(%ng)(w,wn)wn.

@

It is easy to see that AE~! generates a strongly continuous semigroup 7'(t) on Y and
T(t) is compact such that |T'(t)| < e~* for each t > 0. Further we have,

1 2(a: : ’ Z(Say)
m[z (smt,y)smz(t,y)+/0<m

Jr/(!% exp z(sinT, y)dT)ds}

<1 |
(1442

Moreover all the other conditions stated in Theorem 3.1 are satisfied. Hence the equation
(5) has a mild solution on [0, 1].
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5. Existence of a Strong Solution

Theorem 5.1. Let assumption (i)-(ix) in Theorem 3.1 be satisfied and the following
additional assumptions hold:
(x) Y is a reflexive Banach space and B, = {y € B : ||y|| < r}.
(xi) F:Jx X xX —Y is continuous in t on J and there exists constants No > 0 and
N > 0 such that

1E(t, uw, v)[| < No,

1E(t,u,v) = F(s,up,v0) || < N[t = s| + lu — | + [l — w1 ],
for t,s € J and u,u1,v,v; € B,.

(xii) g:J x Jx X x X — X is continuous in t on J and there exists constants Ny > 0
and Ny > 0 such that

||g(s,7,u,’u)|\ < Nla
Hg(ta’raua ’U) - g(s, T, ’ll,,'U)” < N2[|t - S”ﬂ
for t,s,7 € J and u,v € B,..
(xiii) w is the unique mild solution of problem (1)-(2) and there is a constant v such that
[u(o1(8)) = ulor ()| < ylult) = uls)ll, fort,seJ.

Then u is the unique strong solution of the problem (1)-(2) on J.

Proof. Since all the assumptions of the Theorem 3.1 are satisfied, then the problem
(1)-(2) possesses a mild solution w which, according to assumption (xiii), is the unique
mild solution of the problem (1)-(2).

Now we show that this mild solution is the unique strong solution of the problem
(1)-(2) on J. For any t € J, we have
u(t + h) — u(t)

= BUT(t + h) — T(1)] Buo — E-YT(t + h) — T(t) Eq(u())

h s T

+/0 E'T(t+h— s)F(s,u(al(s)),/o g(s,r,u(ag(r)),/o k(T,0,u(os(0)))d8)dr)ds
t+h s -

—|—/h E~T(t+h—s)F(s, u(ol(s)),/o g(s,r,u(ag(r)),/o k(T,0,u(os(0)))d0)dr)ds

fAE*ﬂrwwummwmlg@ﬂw@v»Akmaw@meMﬂw
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From our assumptions, we have

[u(t +h) = u(@)]]
<a|T(t+h) = T@I([Euoll + H) + aM Noh

s+h
/WWIths[<+hwm<+mxA o(s + b,y u(os(r),
/0 k(7. 0, (o (6)))d0)dr)ds),
—F(s,u(al(s)),/osg(s,r,u(ag(r)),/OTk(T,G,u(ag(e)))de)dT)]ds|

t
< ahM || AE™Y|(||Euol| + H) + aM Noh + aMN/ h + Ju(o1(s + h)) —u(o1(9))]l

+||/ o(s + b7 u(oa(r / k(7. 0, u(os(0)))d0)dr
~ [ st muloar). [ bl uloa@)a0)ar] ds
0 0
< ahM||AE~Y|(||Euo|| + H) + oM Noh
t
+aMN/ [h + ylju(s + h) —u(s)|| + N1h + Nghb] ds
0
< ahM||AE7Y|(|Euol + H) + oM Noh + oM Nbh

t
+04MN7/ lu(s 4 h) — u(s)||ds + oM N Nibh + aM N Naob*h
0

t
< Ph+ aMN'y/ llu(s+ h) —u(s)||ds,
0
where
P =aM|AE7||(||Buo|| + H) + aM Ny + aMNb+ oM NN1b + aM N Nab>.
Using Gronwall’s inequality, we get
lu(t + h) —u(t)|| < Phe®MNY e J.

Therefore u is Lipschitz continuous on J.
The Lipschitz continuity of v on J, combined with (u), gives that

L — F(ta U(Ul(t))y/o g(ta S, U(UQ(S))v/OSk(Sa T, U(US(T)))dT)dS)

is Lipschitz continuous on J. Using the Corollary 2.11 in Section 4.2 in [7] and the
definition of strong solution we observe that the linear Cauchy problem:

(Ev(t))" + Av(t) = F(t,U(Ul(t)),/O g(t,s,U(02(8))7/Osk(8,7,U(Us(T)))dT)dS)
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v(0) = ug — q(u(+)), has a unique strong solution v satisfying the equation

v(t) = E7'T(t)Bug — E*T(t)Eq(u(-))

+ [ B0 =P G o), [ s, mulor(r)., [ ke utos@))ao)ar)ds.
= u(t).

Consequently w is the unique strong solution of problem (1)-(2) on J.
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