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ON THE HADAMARD TYPE INEQUALITIES INVOLVING
PRODUCT OF TWO CONVEX FUNCTIONS ON
THE CO-ORDINATES

M. EMIN OZDEMIR and AHMET OCAK AKDEMIR

Abstract. In this paper some Hadamard-type inequalities for product of convex functions
of 2—variables on the co-ordinates are given.

1. Introduction

The inequality

a+b 1 b f(a)+ f(b)
f( 5 < EL f(JC)dJCS T (1.1)

where f: I <R — Ris a convex function defined on the interval I of R, the set of real numbers

and a, b € I with a < b, is well known in the literature as Hadamard’s inequality.
For some recent results related to this classic inequality, see [1], [7], [12], [13], and [15].

In [2], Hudzik and Maligranda considered, among others, the class of functions which are

s—convex in the second sense. This class is defined by Breckner as following in [18]:

Definition 1. A function f: [0,0c0) — R is said to be s—convex in the second sense if
fAx+A -y <A f)+A-DFy)
holds for all x, y € [0,00), A € [0,1] and for some fixed s € (0, 1].

The class of s—convex functions in the second sense is usually denoted with K2. It is clear

that if we choose s = 1, we have ordinary convexity of functions defined on [0, co).

In [16], Kirmaci et al. proved the following inequalities related to product of convex func-

tions. These are given in the next theorems.
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Theorem 1. Let f,g:[a,bl — R, a,b € [0,00), a < b, be functions such that g and fg are in
Li([a,b)). If f is convex and nonnegative on [a, b], and if g is s—convex on [a, b] for some fixed
s€(0,1), then

1 b 1 1
mfa fgdx s M@, b)+ e N(a, b) (1.2)

where
M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 2. Let f,g:[a,b] — R, a,b € [0,00), a < b, be functions such that g and fg are in
LY([a, b)). If f is sy—convex and g is s)—convex on [a, b] for some fixed sy, s» € (0,1), then

b
Lf f)gx)dx < ;M(a,bHB(sl+1,s2+1)N(a,b)
b—ala s1+

1+ S +1
1 T'(s)T
S SR Yo S A C VG R e (1.3)
S1+Ss+1 I'(si+s2+1)
where . FOTO)
B(x,y)=f Fl1- Y = ——2) 150,950
0 I'(x+y)
and

o0
I'(x) :f *le7tdt, x>0.
0

Theorem 3. Let f,g:[a,b] — R, a,b € [0,00), a < b, be functions such that g and fg are in
Li([a, b)). If f is convex and nonnegative on [a, b], and if g is s—convex on [a, b] for some fixed
s€(0,1), then

s.[a+h a+b)_ 1 fb
2°f 5 > b—al. fx)gxdx
1 1
< mM([l, b)‘f‘mN((l, b) (14)

For similar results, see the papers [2] and [14].

In [13], Dragomir defined convex functions on the co-ordinates as follows and proved
Lemma 1 related to this definiton:

Definition 2. Let us consider the bidimensional interval A = [a, b] x [c,d] in R?> with a < b,
¢ < d. A function f: A — R will be called convex on the co-ordinates if the partial mappings
fy:la, bl =R, fy(u) = f(u,y) and fy : [c,d] — R, fx(v) = f(x, v) are convex where defined for
all y € [c,d] and x € [a, b]. Recall that the mapping f : A — R is convex on A if the following
inequality holds,

fAx+1-VDz,ly+1-NDw)<sAf(x, )+ 1 -1 f(z, w)

forall (x,y),(z, w)e Aand A € [0,1].
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Lemma 1. Every convex mapping f : A — R is convex on the co-ordinates, but converse is not

general true.

A formal definition for co-ordinated convex functions may be stated as follow [see [17]]:

Definition 3. A function f: A — Ris said to be convex on the co-ordinates on A if the following

inequality:
fax+A-0y,su+(1-syw)<stsfx,w)+t(1-8)fx,w)+sA-f(y, )+ Q-1 -3 f(y,w)
holds for all ¢,s € [0,1] and (x, w), (x, w), (y, u), (y, w) € A.

In [13], Dragomir established the following inequalities:

Theorem 4. Suppose that f : A = [a, b] x [c,d] — R is convex on the co-ordinates on A. Then

one has the inequalities:

a+b c+d 1 b rd
f( 2 2 )S(b—a)(d—c)fafc J @ ydxdy
<f(a,C)+f(a,d)+f(b,0)+f(b,d)
< 1 .

(1.5)

Similar results, refinements and generalizations can be found in [4], [5], [6], [8], [9], [10],
[11] and [17].

In [6], Alomari and Darus defined s—convexity on A as follows:

Definition 4. Consider the bidimensional interval A = [a, b] x [c, d] in [0,00)? with a < b and

¢ <d. The mapping f : A — Ris s—convex on A if
fAx+Q -V, Ay+ A -Dw) <A’ fx, )+ 1 -0°f(z,w)
holds for all (x, y), (z, w) € A with A € [0, 1] and for some fixed s € (0, 1].

In [6], Alomari and Darus proved the following lemma:

Lemma 2. Every s—convex mappings [ : A:= [a,b] x [c,d] C [O,oo)2 — [0,00) is s—convex on

the co-ordinates, but converse is not true in general.

In [3], Latif and Alomari established Hadamard-type inequalities for product of two con-

vex functions on the co-ordinates as follow:
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Theorem 5. Let f,g:A = [a,b] x [c,d] c R? — [0,00) be convex functions on the co-ordinates
onAwitha<bandc<d. Then

1 b pd
b-ad-o f f Fx, g, y)dxdy

1 1 1
< §L(a,b,c,d)+EM(a,b,c,d)+%N(a,b,c,d) (1.6)

where
L(a,b,c,d) = f(a,c)g(a,c)+ f(b,c)g(b,c)+ f(a,d)gla,d) + f(b,d)g(b,d)

M(a,b,c,d) = f(a,c)gla,d) + f(a,d)g(a,c)+ f(b,c)g(b,d)+ f(b,d)g(b,c)
+f(b,c)gla,c)+ f(b,d)gla,d)+ f(a,c)gb,c)+ fla,d)gb,d)
N(a,b,c,d) = f(b,c)g(a,d)+ f(b,d)g(a,c)+ f(a,c)gb,d)+ f(a,d)gb,c).
Theorem 6. Let f,g:AcC R2 — [0,00) be convex functions on the co-ordinates on A with a < b
andc<d. Then

f(a+b c+d) (a+b c+d
272 2 2

’

1 b pd
“0-a (d—c)fa f fxygxydxdy

5 7 2
+—L(a,b,c,d)+ —M(a,b,c,d)+—-N(a,b,c,d) (1.7)
36 36 9

where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) are as in Theorem 5.

The main purpose of this paper is to establish new inequalities like (1.6) and (1.7), but
now for product of convex functions and s—convex functions of 2—variables on the co-ordinates

which are generalizations of the inequalities (1.6) and (1.7).

2. Main results

Theorem 7. Let f:A c [0,00)> — [0,00) be convex function on the co-ordinates and g : A c
[0,00)? — [0,00) be s—convex function on the co-ordinates with a < b, ¢ < d and f(y)g<(¥),
fy(x)gy(x) e L[A] for some fixed s € (0,1]. Then one has the inequality:

1 b rd
d-o0-a f f Fx, g y)dxdy

M(a,b,c,d)+;N(a,b,c,d) 2.1

1
<—L(a,b,c,d)+ T 26127

(s+2)2 ' (s+1)(s+2)2

where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) are as in Theorem 5.

Proof. Since f is co-ordinated convex and g is co-ordinated s—convex, from Lemma 1 and

Lemma 2, the partial mappings

fy : [a)b] - [0,00), fy(x) :f(x)y)y J/e [C!d]
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fx:le,dl = [0,00), fx(y) = f(x,¥), x€la,b]

are convex on [a, b] and [c, d], respectively, where x € [a, b], y € [c, d]. Similarly;
gy : la,bl — 10,00), gy(x) = g(x,y), y€lc,d]
8x:lc,d] —[0,00), gx(y) = g(x,¥), x€[a,b]

are s—convex on [a, b] and [c, d], respectively, where x € [a, b], y € [c, d].

Using (1.2), we can write

1 d 1
d—C/; fx()’)gx(J/)dy < S+_2 [fx(c)gx(c) +fx(d)gx(d)]

toineey 08+ fldgx)].

That is

1 1
_d—cfc Fx, g, y)dy < P [f(x,0)g(x,0) + fx,d)g(x,d)]

Ty @ 9std + f(x d)gx o).

Dividing both sides by (b — a) and integrating over [a, b], we get

1 b rd
Mfa[c fx,y)g(x,y)dxdy

1 b b
S -aG+2) f f(x'c)g(xyc)d“f fx,d)glx, d)dx

. 1
(s+1)(s+2)

1 b 1 b
b—a[a f(x,c)g(x,d)dx+mfa fx,d)g(x,c)dx|.

By applying (1.2) to each term of right hand side of above inequality, we have

1 b 1
b-af,; f(Xy C)g(X, odx < m [f(a, C)g(d,c)+f(b,c)g(b’c)]

toTneTg f@osbo+ fbaglaa),

1 b 1
b— aL f(X, d)g(X, d)dx < E [f(d, d)g(a, d) +f(b, d)g(b, d)]

toTDeTs @b+ fbdgad),

1 b 1
b—_a[a flx,0)glx,d)dx < i [f(a,c0)gla,d)+ f(b,c)g(b,d)]

D6+ [f(@gbd)+ fb,c)glad),

133

(2.2)
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and
1 b 1
_b—afa flx,d)gx,c)dx = 2 [fla,d)g(a,c)+ f(b,d)g(b,0)]

+m [f(a,d)gb,c)+ f(b,d)g(a,c)].

Using these inequalities in (2.2), we obtain

1 b pd
m[a [C f,glx, y)dxdy
(fla,0)gla,c)+ f(b,c)gb,c) + f(a,d)g(a,d)+ f(b,d)g(b,d))

P
(s+1)(s+2)?

<
(s+2)2

(fla,08b,0)+ f(b,c)g(a,c) + f(a,d)gb,d) + f(b,d)g(a,d))

t oD 2e (fa,08(a,d)+ f(b,c)gb,d) + f(a,d)g(a,c)+ f(b,d)g(b,c))

1

MR (fla,0)8(b,d) + f(b,c)g(a,d) + f(a,d)g(b,c) + f(b,d)g(a,c)).

Which completes the proof. We can find the same result by using f),(x) and g, (x). O

Theorem 8. Let f:Ac [0,00)% — [0,00) be s; —convex function on the co-ordinatesand g : A
[0,00)%2 — [0,00) be so—convex function on the co-ordinates with a < b, ¢ < d and f;(y)gx(¥),
f(x)gy(x) e L[A] for some fixed s1, s € (0,1]. Then one has the inequality:

1 b rd
Mfafc fx,y)8(x,y)dxdy

1 B(sy+1,5+1
s Labed+ 2D b e d) 1 (Bes + 1,5+ D2 NG, by, d)
(s1+s2+1) S1+s+1
1 T(s)T [(s)T 2
S S P e LA ORGPy D C- 0 VG- e o
(514 s2 + 1)? [(s1+s2+1) I(sy+s2+1)

where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) are as in Theorem 5.

Proof. Since f is co-ordinated s; —convex and g is co-ordinated s, —convex, by using (1.3), we
get

1 d 1
d—c-fc Fx(Ngydy = Y [fx(©)gx(C) + fr(d) gx(d)]

+B(s1+1,5+ 1) [ fr(c)gc(d) + fr(d)gx(c)].

Therefore

1 d
ﬂf fl, g, ydy < [fx,0)g(x,0)+ f(x,d)g(x,d)]
- Cc

S1+s2+1
+B(s1+ 1,52+ D) [f(x,008x, d)+ f(x,d) g(x,0)].
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Dividing both sides of the above inequality by (b — a) and integrating over [a, b], we have

1 b pd
m[ f f(x,y)g(x, y)dxdy
1

<
S1+s$+1

1 b 1 b
b—afa f(x,C)g(x,c)dx+mfa fx,d)g(x,d)ydx

1 b 1 b
+B(s1+1,52+1) mfa f(x,c)g(x,d)dermfa flx,d)g(x,c)dx

. (2.4)

By applying (1.3) to right hand side of (2.4), and we proceed similarly as in the proof of Theo-
rem 7, we can write

1 b pd
m]ﬂfc f(x,y)g(x, y)dxdy

1 2

+B(sl+1,s2+1)
S1+8$+1

+B(sl+1,52+1)
S1+8$+1

+[B(s1 + 1,52+ DI*[f(a,c)g(b,d) + f(b,c)g(a,d) + f(a,d) g(b,c) + f(b,d)g(a,c)].

[fla,0)gb,c)+ f(bc)gla,c)+ f(a,d)gb,d) + f(b,d)g(a,d)]

[fla,c)g(a,d)+ f(b,c)g(b,d)+ f(a,d)g(a,c)+ f(b,d)gb,c)]

That is;

1 b pd
Mfafc fx,y)gx,y)dxdy

< ———Lab,cd+ M(a,b,c,d) +[B(s; + 1,52+ )I* N(a, b, ¢, d)
(s1+$2+1) S1+s+1
()T [(s1)T(s2) |2
- - L(a,b,c,d)+wM(a,b,c,d)+ [M N(a,b,c,d)|.
(514 52+ 1)? [(sp+s2+1) [(s1+s2+1)
Which completes the proof. O

Theorem 9. Let f:A — [0,00) be convex function on the co-ordinates and g : A [0,00)% —
[0,00) be s—convex function on the co-ordinates with a < b, c < d and fx(y)gx(y), fy(x)gy(x) €
L[A] for some fixed s € (0,1]. Then one has the inequality:

a+b c+d

)

2 2

a+b c+d
228 ’
155

1 brd 25+3
= (b—a)(d—c)fa f Jygloydxdy+ o Copl@bad

+82+3—s+3M(a b,c d)+82+4—s+3N(a b,c,d) (2.5)
(s+D2(s+22 U T G D2(s+22 Y '

where L(a,b,c,d), M(a,b,c,d) and N(a, b, c,d) are as in Theorem 5.
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Proof. Since f is co-ordinated convex and g is co-ordinated s—convex, from Lemma 1 and

Lemma 2, the partial mappings

fy :la,bl —10,00), fy(x) = f(x,y)
fxile,d] —[0,00), fx() = f(x,¥)

(2.6)

are convex on [a, b] and [c, d], respectively, where x € [a, b], y € [c, d]. Similarly;

gy : la,bl — [0,00), gy(x) = g(x,y), y€lc,d]
8x : [c,d] — [0,00), g«(y) = g(x,y), x€ [a,b]

are s—convex on [a, b] and [c, d], respectively, where x € [a, b], y € [c, d].
Using (1.4) and multiplying both sides of the inequalities by 2°, we get

s [a+Db c+d) (a+b c+d)_ 2¢ [b ( c+d) ( c+d)
2f(z’zgz’z b—aafx’zgx’zdx

23 c+d c+d c+d c+d
= GrDG+2) f(a’ 2 )g b )+f(b’ 2 )g(b’ 2 )

23 c+d c+d c+d c+d
s+2 fla 2 )g(b’ 2 )+f(b’ 2 )g(a’ 2

2.7)

+

and

a+b c+d) (a+b c+d) f( +b, ) (a+b

, vld
2 2 2 2 y) J
(a+b ) (a+b’ (a+b,d)g(a+b’d)]
2 2 2
b b
a+ (a+ ,d)

a+b ) (a +b )
cll.
2 2
Now, by adding (2.7) and (2.8), we obtain

228f(
28
=
(s+1)(s+2)
25
f

S+2

(2.8)

22S+1f(a+b c+d) a+b c+d
272 272
28 b c+d c+d 28 d (a+b
_ , : dx— :
b—afaf(x 2 )g(x 2 ) * d—cfc f( 2 y)g
1 c+d c+d +d c
<— + 25 b,
= G+D5+2) f( )g( 2 T\b )g
N 1 Zf( +d)g(b,czd c+d c;d)

s+2
a+b
,d
872 )]

a+b a+b
,d _— .
2 )g( 2 C)

a+b

,y) dy

.

+
2

b,

+2°f g

Zsf(a;b,c)g(a;b ) 2f(aer

a,

L

(s+1D(s+2)

1 a+b
Jrs+2 2 f(

a+b
(2.9)

,d)+25f
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Applying (1.4) to each term of right hand side of the above inequality, we have

c+d)
2

c+d

Zsf(a, 5

a,

[fla,0g(a,c)+ fla,d) glad)]

<—1 fdf(a Ve(a, y)d +—1
T d-clJe VDYV T T s+ 2)

1
3 [f(a,c)gla,d)+ f(a,d)g(a,c)],

s c+d) ( c+d)
2f(b, > glb 5

1 d
S B f fb,y)gb,y)dy + [f(b,c)g(b, )+ f(b,d)g(b,d)]

1
(s+1)(s+2)
1
*T 2 [f(b,c)g(b,d)+ f(b,d)g(b,c)],

c+d
b,
g0

c+d

Zsf(a, 5

[fla,0)gb,0)+ fa,d)g(b,d)]

1 d 1
= _d—cfc f(a,y)g(b,y)dy+m

1
*312 [f(a,c)gb,d)+ f(a,d)gb,c)],

s c+d) ( c+d)
Zf(b’ 2 J8\“ 2

[fb,o)gla,c)+ f(bd)gla,d)]

1 d 1
= E[C f(b,y)g(a,y)dy+m

1
3 [f(b,o)gla,d)+ f(b,d)ga,c)],

a+b a+b
25—,
f( 2 C)g( 2

y

1
G+D)(s+2) [f(a,c)g(a,c)+ f(b,c)g(b,0)]

1 b
< mfa flx,0gx,c)dx+
1
+— @b+ fbagao],

a+b a+b
ZS _)d _,d
f( 2 )g 2 )

1 b
=74 af flx,d)glx, dydx+ [fla,d)g(a,d)+ f(b,d)g(b,d)]
- a

(s+1(s+2)
1
T [fla,d)gb,d)+ f(b,d)gla,d)],

b b
JCIARE

1 b
< _b—af fx,08x,d)dx+ [f(a,c0)ga,d)+ f(b,c)g(b,d)]

(s+1)(s+2)
1
+m [fla,0)gb,d)+ f(b,c)g(a,d)]

137
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zsf(cH—b d)g(a;b,c)

1
d)g(x,c)dx + GiDG2 [fla,d)g(a,c)+ f(b,d)g(b,c)]

1
T [f(a d)g(b,c)+ f(b,d)gla,c)].

Using these inequalities in (2.9), we get

p2s+l a+b c+d (a+b c+d)
2 2 2 2
25 b c+d c+d 25 rd (a+b a+b
_b—ﬂfa f(x’ 2 )g(x )dx_d—t:fc A ) ( 2 ’y)dy

- 1
(s+ 1)(S+2) (d—c)

f f(a,y)g(b, y)dy+f fb,y)gla, y)dy]

d d
ff(a,y)g(a,y)dy+f f(b,y)g(b,y)dy]

(s+2) (d o)
1
+
(s+ 1)(s+2) (b—-

)U f(x,c)g(x,c)dx+f fx,d)g(x,d)dx

ff(x,c)g(x,d)dx+f flx,d)g(x,c)dx

(s+2) (b a)

L(a,b,c,d) +

2
PR Y ARY) ) M )b’ »d
+(s+1)2(s+2)2 (s+1)(s+2)2 (@ b,¢ )+(s+2)2

N(a,b,c,d). (2.10)

By applying (1.4) to 2°f (“ ,¥) g(“gb, ), integrating over [c,d] and dividing both sides by

(d — ¢), we obtain

28 fd (a+b )
1

<
(s+1)(s+2)
B

a+b

b rd
f f,gx,y)dxdy

'y)dy b—a)(d- c)fa

1 da
_C)f fb,y)gb,y)dy

- C)f fla,y)gla,y)dy+

f fla,y)g(b, y)dy+

d
f fb, y)g(a,y)dy] . (2.11)
—C) c

c+d

Similarly by applying (1.4) to 25 f (x, %) g (x, T)' integrating over [a, b] and dividing both
sides by (b — a), we have

c+d c+d 1 b pd
(b 2 ( ) (x' 2 )dx_(b a)(d- c)f f foy)glx ydxdy

ff(x,c)g(x,c)dx+ ff(x,d)g(x d)dx

<
(s+ 1)(S+2) (b—a)

1
—_ (b—a)fa fx,0)gx,d)dx +

(b-a)
f flx,d)g(x,0)dx|.

(2.12)

(b—
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By adding (2.11) and (2.12), we have
25 d (a+b a+b 25 b c+d
) ) d )
(d—c)fc f( 2 y)g( 2 y) y+(b—a)faf(x 2 )g

2 b pd
_mﬁfc fx,»)g(x, y)dxdy

1 1 d
= (s+1D(s+2) (d—c)fc fla,y)gla,y)dy +

1 b
+mfa flx,c)glx,0)dx+

1
s+2

x,c+d)dx
2

1
(d—c)

d
f fb,y)gb,y)dy
C

1
(b-a)

b
f fix,d)g(x,d)dx

1
(d-c)

b
f flx,d)g(x,c)dx

1
(d-c)

1 b
+mfa flx,08x,d)dx+

d d
f fla,y)gb,y)dy+ f fb,y)gla,y)dy
c C

. (2.13)

(b-a)

From (2.10) and (2.13) and simplifying we get

225](‘

a+b c+d) (a+b c+d)

2 2 2 ' 9
1 brd 25+3

= (b—a)(d—c)fa f JOopgtondx+ o M e d

s2+3s+3 s2+4s+3

Forneaer @b e Dt g Ve b e

Which completes the proof. O

Theorem 10. Let f,g: A cR* — R be convex functions on the co-ordinates witha<b, c < d

and fx(y)gx(y), fy(x)gy(x) € L'[A)]. Then one has the inequality:

1
(b—a)*(d - c)?

b rd b pd
+f(b,c)ff(a—x)(y—d)g(x,y)dydx+f(a,d)ff(x—b)(c—y)g(x,y)dydx

b rd
f(a,C)f f (x—b)(y—d)gx,y)dydx

b rd b rd
+f (b, d)f f (a—x)(c-y)gx,y)dydx+ga, c)f f (x=b)(y—d) f(x,y)dydx
a c a c

b prd b prd
+g(b,c)ff(a—x)(y—d)f(x,y)dydx+g(a,d)ff(x—b)(c—y)f(x,y)dydx

b rd
+g(b,d)f f (a—x)(c-y) fx,y)dydx
<;fb[df(x Vg (x )dx+lL(abcd)+iM(abcd)+iN(abcd)
—= (b—a)(d—c) a c ,)/g ,)/ 9 y Uy Ly 18 y Uy Ly 36 y Uy Ly

where L(a, b,c,d), M(a,b,c,d), N(a,b,c,d) defined as in Theorem 5.
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Proof. Since f and g are co-ordinated convex functions on the co-ordinates on A, from the

definition of co-ordinated convexity, we can write

fta+(Q-0b,sc+(1-3s)d) <tsf(a,c)+t(1-35)f(a,d)+sA-t)f(b,c)+QA—-)(1—-3)f(b,d)
and
glta+(1-10)b,sc+(1-9)d) < tsgla,c)+t(1-s)gla,d)+s(1-1gb,c)+1-1)(1-s)glb,d)

holds for all ¢, s € [0, 1]. By using the elementary inequality,ife< f and p < r,thener+ fp <
ep+ frioralle, f,p,r €R, we get

fta+AQ—-10b,sc+(1-s)d)
x [tsg(a,c)+t(1-s)gla,d)+s1—-1)g(b,c)+ (1 -1t)1-s)gb d)]
+g(ta+(1—-1b,sc+(1-s)d)
x [tsf(a,c)+t(1—s)f(a,d)+s1A— 0 f(b,c)+ 1~ )(1~-s)f(bd)]
<[fta+(1-0b,sc+(1-s)d)g(ta+(1—-1)b,sc+(1-s)d)]
+[tsflac)+tQ-s)flad) +sA1-0fbc)+1-D1A—-s)f(bd)]
x [tsgla, )+ t(1-9s)g(a,d)+s1-0gb,c)+1-0(1-9gbd)].

By integrating the above integral on [0, 1] x [0, 1] with respect to £, s and by taking into account
the change of variables ta+ (1-)b=x, (a—-b)dt=dxand sc+(1-s)d =y, (c-d)ds=dy,
we obtain the desired result. O

3. Conclusion

In this section, we will give some remarks of our reults for special cases of the parameters

s, 51, 52 and the function f(x).
Remark 1. In (2.1), if we choose s =1, (1.6) is obtained.

Remark 2. In (2.1), if we choose s = 1 and f(x) = 1 which is convex, we get the second in-

equality in (1.5):

1 b pd g(a,C)+g(b,C)+g(a,d)+g(b’d)
mﬁfc glx,y)dxdy < a |

Remark 3. In (2.3) if we choose s; = s, = 1, (2.3) reduces to (1.6).

Remark 4. In (2.5), if we choose s = 1, we obtained (1.7).



INEQUALITIES FOR PRODUCT OF CONVEX FUNCTIONS 141

Remark 5. In (2.5), if we choose s = 1 and f(x) = 1 which is convex, we have the following

Hadamard-type inequality like (1.5)

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

4 (a+b c+d)_ 1 [bfd (X, ) dx
72 2 b-ad-ol, ). &7

U3 [gla,c)+gb,c)+gla,d)+g(b,d)]
< " .
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