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SOME GENERALIZATION PROPERTIES OF ANALYTIC FUNCTIONS
CONCERNED WITH SAKAGUCHI RESULT

MAMORU NUNOKAWA, SHIGEYOSHI OWA, KAZUO KUROKI AND JANUSZ SOKOL

Abstract. A subclass & (n, k) of analytic functions f(z) in the unit disc U is considered.
By means of the result due to K. Sakaguchi (J. Math. Soc. Japan 11(1959), 72 — 75) for
f(2) € &/(1,1), some generalization properties of f(z) € of (n, k) with several applications
are discussed.

1. Introduction

Let ./ denote the class of analytic functions in the unit disc U = {z: |z| < 1} on the com-

plex plane C. Let &/ (n, k) denote the subclass of # which contains the functions of the form

[e.°]
f@=2z"+ ) apnz™ (nz1, k=1,
m=n+k
while «/(1,1) = «f. A set E c C is said to be starlike with respect to a point wy € E if and only
if the linear segment joining wy to every other point w € E lies entirely in E. An univalent

function f € of maps U onto a starlike domain E with respect to a point wy = 0 if and only if

!
iﬁe{zf (Z)}>O forall ze U. (1.1)
f(2)

Let &#* denote the class of starlike functions satisfying (1.1).
Sakaguchi [7] proved that if f € «/(1,1) and g € &#*, then

!
{S‘ie(f (Z)) >0 zetu}: {Q{e(M) >0 zeU}.
g'(2) g(2)

This result found many of the applications. It was also generalized by MacGregor [3], see
(2.15); and Ponnusamy and Karunakaran [6], see (2.9). In this paper we consider an extension
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of it too. The considered class of functions is strongly connected with the class of close-to-
convex functions and with the related classes, and it is also a motivation for the studies such

functions.

To prove the main results, we also need the following generalization of the Nunokawa’s
lemma, [4], [5].

Lemma 1.1. Let p(z) be an analytic function in|z| < 1 of the form

o0
p(z)=1+) anz", ap#0,
n=k

with p(z) # 0 in |z| < 1. If there exists a point zy, | zg| < 1, such that
T
arg{p@}i< 5 for lzl<lal

and
T
larg{p(z0)}| = 7"’

for some ¢ >0, then we have

zop'(20) _i
p(20) ’
where ¢ )
n
(> > (a+ 5) >k when arg{p(zo)} = 7('0 (1.2)

and ¢ )

¢ s—§(a+ EJS_k when arg{p(zo)}:—?, (1.3)
where

{p(zo)}“‘p =+ia, and a>0.

The proofs of the special cases of Lemma 1.1 can be found in [1]. Also, Lemma 1.1 after

suitable transformation becomes the well known Jack’s lemma [2].

2. Main results

Theorem 2.1. Let a be a complex number and 3 < ) < 1. Further, let f(z) € o/ (n, k) and
g ed(n,j) (jk=1). Assumealsothat0<x <1, X e R\ {0} and

e{ ag(z) } . 2(p1-P)
28'(2) (1-p0k

] ag?) 1( _
Jm{zg,(z)}z k 1

inlzl<1, (2.1)

X ) inlzl<1 (2.2)
1-6 . '
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Then
SR ACH]
arg{(l a)g(z) +ag’(z) B
p_ \kx=po{2(6- 0+ (- Pkl
<— +tan
2 1X]
implies
9{2{%} >pf1 in |zl <1.
Proof. Let us put
Ay = 2812
z2g'(2)
and let
(12
”(Z)_l—ﬁl(g(z) h
=1+crz" +
Then it follows that
!/
1- a)M +af,(z) —B=p1-B+1~-B)(pR +A2)zp ().
g8(z)  g'(2)

If there exists a point zy, |zp| < 1, such that
T
larg{p(2)}| < 3 for |z| <|zo|

and
larg{p(z0)} | = g
then from Lemma 1.1, we have )
zop' (2 )
(;9’9(20)0 alad
where p(zp) = +ia, 0 < a and

1
V4 Zw when arg{p(zo)}=%,

k 1
{ <-— (u;“) when arg{p(z)} = -Z.

For the case arg{p(z)} = 7/2, we have

f(20) [ (z0) —,5}

arg{(l—a) +a

8(zp) §'(20)
= arg{f1— B+ (1 - B1)(p(20) + Mz0) 20P" (20)) }

145

2.3)

(2.4)

(2.5)

(2.6)
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= arg{p(20) {(1 - B)/ p(z0) + 1 = 1)1 + Mz0) 0P (20) / p(20)) }}
= arg{p(z0) {(1 - B)/p(z0) + (1 - B1) (1 + Mz0)i¢ )}}

= arg{p(z0)1(z0)}, 2.7)

where

I(z9) = —('Bla_ﬁ)i+(1—ﬁ1)(1+/1(z0)i£).

Then, by (2.1) and (2.7), it follows that

Jm{I(zo)} = Jm{— (ﬁI;'B) i+(1 —,31)/1(20)1.4 }

h _f L+ (1- B¢ RelA(zo)}

(2.8)

> p=h +(1—ﬁ1)k(a+l)x.
a 2 a

The function
s(@) = B-p

attains its minimum at
2 —

a=14 (B-P1) ’

(1 - ﬁl)kx

thus from (2.8) and after some calculation, we obtain

ImI(z)} = \/(1 - pkx{2(B~ 1)+ (1~ fr)kx}

1
a+—)x, a>0,
a

k
1+u—ﬁu5

=Y.

Moreover, by (2.2), we have

Re {I(z0)} = Re{(1 - 1) 1+ A(z0)i0)}
=(1-p61)A-2¢TIm{A(z0)})

< X.
Therefore,
tan~!(Y/X) when X >0,
arg{l(zp)} =
/2 when X <0,

because I(zgp) lies in the sector
{(:Re( <X, Im{=Y},

where Y = 0. If we use this together with arg {p(z)} = /2, then a geometric observation gives

f(z0) f'(z0) }
1 — s s
arg{( Ve Vg P
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> §+tan‘1 VEkx(1-p){2(B—f1)+1—P1)kx}

when X >0,

X
=arg{p(20)1(20)} : _1 Vkx(-BD{2(B-B)+(0-Pkx}
1 — = ! }whenX<0,

<- {n/ 2+tan
which contradicts the hypothesis (2.3). Therefore,

7
larg{p(2)}| < > for |z| <1,

or Re{p(z)} >0, which gives (2.5).
For the case arg{p(zo)} = —m¢/2, applying the same method as the above one, we have

f(z0) f'(z0) }
1 _ s s
arg{( Ve Vg P

~1 Vkx(-p{2(8-B1)+01-p1)kx}

=72 +tan when X <0,
= arg{p(zo)l(zo)} : ? \/kx(l—g(){z(ﬁ—ﬂ )+(1-Bkx}
S—{n/2+tan‘1 — = ! }When X >0,
This is also the contradiction and therefore it completes the proof. O

Theorem 2.1 is closely related to Ponnusamy and Karunakaran’s result [6, p.81] of the

{fﬁe ag(2) >0 and %8{(1—(1)@+af (2) } >,6} z%e@ > 2’B+k6, 2.9
28'(2) gz g gz) " 2+kd

where «a is a complex number with Siea > 0. If we take x = § and B, = 28+ kd8)/ (2 + ko)

form

in Theorem 2.1, then we obtain the above Ponnusamy and Karunakaran’s result under the
additional assumption (2.2). But, in this special case, we can omit (2.2) in Theorem 2.1 if we
let X — oo, because Jm{I(zp)} becomes 0 and arg{I(zp)} = 0 independently on the imaginary
part of A(zy) and of ¢.

For X =1 - f8; Theorem 2.1 provides the following corollary.

Corollary 2.2. Let a be a complex number and < 1 < 1. Further, let f(z) € o/ (n, k) and
gzr) el (n,j) (j,k=1). Assumealso that0 < x <1 and

ag(z) 2(p1-P)
%{zg’(z) } = Y20 Bk

Jm{ 24 } >0 in |z <1.
zg8'(2)

in|z|<1,

Then

R
arg{(l a)g(z)+ag’(z) B

kx{2(6 - 1- Bk
<E+tan_1\/ uB-po+0-pokst 1zl <1,
2 1- B
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implies

%e{%}>ﬁl in|z|<1.

If we denote

then Theorem 2.1 shows us the following one.

Theorem 2.3. Let a be a complex number and < B, < 1. Further, let f(z) € of (n, k) and
g edn,j) (jk=1). Assumealsothat0<x<1,yeR\{1/k} and

?Re{ a8(2) } =x = 2h1 - ’6) inlzl<1,
zg'(2) (1-p1k

Jm{ ag(2) } =y inlzl<1.

zg'(2)
Then
f@ @ } m oy fkx{2(B- B0+ 1 -Bokx}
arg{( -a) ()+ag’(z) B <2+tan A= Ba—ky)?

implies

{f( )} B1in |zl < 1.

For 8 = ) Theorem 2.3 becomes the following corollary.

Corollary 2.4. Let a be a complex number and 3 < 1. Further, let f(z) € o/ (n, k) and g(z) €
A (n,j) (j,k=1). Assumealso that0< x <1,y e R\{1/k} and

e{ﬂ}zxzo in|z|<1, (2.10)
zg'(2)
~ | ag(z) .
Jm{zg’(z) } =y in |z|<]1. (2.11)
Then
fz ) f’(z) H
l-a)— - 2.12
arg{( @) 2z ) g’(z) B (2.12)
I otan! &% 2.13)
2 11— Kyl '
implies
%e{%}>ﬁ in |zl <1. (2.14)
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If we put @ =1, x =0 and y — (—o0) in Corollary 2.4 then we obtain the MacGregor’s
result, [3], of the form

{9% 8(2) >0 and f)%ef (2) > ﬁ} > E)‘ie& > B, (2.15)
zg'(2) g'(2) g(2)

which is a generalization of the Sakaguchi’s result [7], with § = 0.

Theorem 2.5. Let h(z) be analytic in |z| <1 of the form

hiz)=z+ Z cmz™.

m=k+1

Assume also that B < 1 and n is a positive integer. If

arg{ﬂ—ﬁ} <z+tan_15 in |zl <1 (2.16)
hl=n(z)zn 2 n ’
then

%e{@}>ﬁ, |z| < 1. (2.17)

Proof. Let us consider ©
f@=M@)"=2"+ ) anz"™

m=n+k
and g(z) = z" in Corollary 2.4. For @ = 1 the conditions (2.10) and (2.11) become 1/n = x,0 =y
so we can put x = 1/n and y = 0. Then, condition (2.12) becomes (2.16) while (2.14) becomes
(2.17). O

For n = k = 1 we get the following result.

Corollary 2.6. Let h(z) be analyticin|z| <1 of the form
(&)
h(z)=z+ ) cmz™.
m=2
Assume also that f < 1. If
3
larg{n'(2) - B}| < In in|zl<1,

then )
D‘ie{ £ }>,B, lz| < 1.

z

Recall here another result of this type [8, p. 118] thatif h € «/(1,1), § <1/3, then

1

larg{h'(2)}| < g+tan_ in |z]<1,

1-3
1-p
implies

D‘ie{@} >, |zl < 1.
For a related result under more complicated assumption we also refer to [9, p. 1550].
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