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INEQUALITIES FOR ORTHORNORMAL FAMILIES OF VECTORS
IN INNER PRODUCT SPACES RELATED TO BUZANO'’S,
RICHARD’S AND KUREPA’S RESULTS

S. S. DRAGOMIR

Abstract. Some inequalities for families of orthornormal vectors in inner product spaces that
are related with Buzano’s, Richard’s and Kurepa’s results are given.

1. Introduction

In [3], M. L. Buzano obtained the following extension of the celebrated Schwarz’s
inequality in a real or complex inner product space (H; (-, ")) :

(@, 2) (x,0)] < 2 [llall [Bl] + [a, )]} I, (1.1)

N~

for any a,b,z € H.
It is clear that the above inequality becomes, for a = b, the Schwarz’s inequality

2 2 2
[(a, )" < llal|” [l=]", a,z € H; (1.2)

in which the equality holds if and only if there exists a scalar A € K (R, C) so that z = Aa.
As noted by M. Fujii and I. Kubo in [5], where they provided a simple proof of (1.1)
on using orthogonal projection arguments, the case of equality holds in (1.1) if

a4 f{ab) o b
@ ( Iall + @) ||b|\) ,when (a,b) #0

a(ill—i-ﬁ-ﬁ), when (a,b) =0,

|a

where o, § € K.
As noted by T. Precupanu in [8], independently of Buzano, U. Richard [9] obtained
the following similar inequality holding in real inner product spaces:

% lz1* [{a, b) — llall [8ll] < (a,z) (z,b) < % ]| [(a, &) + [lall B[] - (1.4)
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In [7], J. Pecari¢ gave a simple direct proof of (1.4) without mentioning the work of
either Buzano of Richard, but tracked down the result, in a particular form, to an earlier
paper of C. Blatter [1].

In [4], the author has improved Buzano’s inequality by showing that, in fact, one has:

a,2) (B)] < |G, ) ,) = 5 (0,) el + 5 1o, D)
< 5 llall 150+ o, Bl (15)

In the same paper, the author has also improved the celebrated Kurepa inequality for
the complexification of a real inner product space, namely, the inequality [6]

2 1 2 2 _ 20112
[z 20l < 5 el {208 + 14z Del] < el 1211 (1.6)

where € H, (H;(-,-)) is a real space, z € Hc, (Hc,(:,")¢) is the complexification of
(H;{-,-)), and z is the conjugate vector of z.
The refinement of Kurepa’s result (1.6) obtained in [4] is as follows:

2 1 _ 2
[(z, )™ < + 5 (2, 2)c| 2|l

2

2 — 2
(5202 = 5 (= 2l

1, 2 2 _
5 llzll® {102 + 1z 2)cl]

ll* 112112, (1.7)

IN

IN

with the same assumptions as above.

The main aim of the present paper is to obtain similar results for families of orthonor-
mal vectors in (H;(-,-)), real or complex space, that are naturally connected with the
celebrated Bessel inequality.

2. A Generalisation for Orthonormal Families

We say that the finite family {e;},.; (I is finite) of vectors is orthonormal if {(e;, e;) =
0if 4,5 € I with i # j and ||e;|| = 1 for each ¢ € I. The following result may be stated:

Theorem 1. Let (H;(-,-)) be an inner product space over the real or complex number
field K and {e;};c; a finite orthonormal family in H. Then for any a,b € H, one has the
inequality:

S (@ ei) (ea) — 5 {a.5)| < 5 lal 18] (21)

il
The case of equality holds in (2.1) if and only if

1 1 b
> la,ei)ei = S0t (Z {a,€i) {ei b) — 5 (a,b)) o (2.2)

el i€l
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Proof. It is well known that, for e # 0 and f € H, the following identity holds:

5 2
||f” H€||2 — |<f7 €>|2 _ o <fa €> € (23)
el le]|?
Therefore, in Schwarz’s inequality
(el <A lel®,  fre e H; (24)

the case of equality, for e # 0, holds if and only if
(fie)e

e
lell

f=

Let f:=2),c;(a,e;)e; —a and e := b. Then, by Schwarz’s inequality (2.4), we may

state that
‘<2Z<a,ei>eia,b> 22(&,@061—7(1

el i€l

2

2
< Io]? (2.5)

with equality, for b # 0, if and only if

ZZ(a,ei>ei—a= <2Z<a,ei>ei—a,b>#. (2.6)

icl iel
Since
<2 Z (a,e;) e; — a, b> =2 Z (a,e;) (e, b) — {(a,b)
iel i€l
and
2 2
22 (a,e;)e; —al| =4 Z (a,e;)e;]| —4Re <Z (a,e;) e, a> + |la|?
iel i€l i€l
2 2 2
=4) a.e)l” =4 a,ei)|* + |lal
iel iel
2
= [lal”,

hence by (2.5) we deduce the desired inequality (2.1).
Finally, as (2.2) is equivalent to

a 1 b
Qa,€;) € — 5 = a, €; eiab__a/ab T2
S e § = (St~ Jlan) of

icl i€l

hence the equality holds in (2.1) if and only if (2.2) is valid.
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The following result is well known in the literature as Bessel’s inequality
Sl el < o), zen, (27)
iel

where, as above, {e;};.; is a finite orthonormal family in the inner product space
(H;(0)) -

If one chooses a = b = x in (2.1), then one gets the inequality

1
Sl el = 5 Nl

i€l

1 2
< el

which is obviously equivalent to Bessel’s inequality (2.7). Therefore, the inequality (2.1)
may be regarded as a generalisation of Bessel’s inequality as well.

Utilising the Bessel and Cauchy-Bunyakovsky-Schwarz inequalities, one may state
that

N|=

Z <aa ei> <eia b>

i€l

< [ZK&,@JIQZI@&HQ] < lall flol (2.8)

icl i€l
A different refinement of the inequality between the first and the last term in (2.8) is
incorporated in the following:

Corollary 1. With the assumption of Theorem 1, we have

S~ oy ei) fes, 0| < |3 {ase) Ges,B) — 5 (o, B)] + 5 {a,b)
el el
< 5 llall o] + 1{a, )]
< llall 1. (2.9)

Remark 1. If the space (H; (-, -)) is real, then, obviously, (2.1) is equivalent to:

((a,b) = lla] Bl]) <> {a,es) (eq, b) < % (el o]} + (a, )] - (2.10)

i€l

N |

Remark 2. It is obvious that if the family comprises of only a single element e = ﬁ,
x € H, © # 0, then from (2.9) we recapture the refinement of Buzano’s inequality
incorporated in (1.5) while from (2.10) we deduce Richard’s result from (1.4).

The following corollary of Theorem 1 is of interest as well:

Corollary 2. Let {e;},.; be a finite orthonormal family in (H; (-,-)) . If x,y € H\ {0}
are such that there exists the constants m; ny, M;, N; € R, @ € I such that:
Re(x,e;) Re(y,ei)

-1<m; < .
]| llyll

<M; <1, iel (2.11)
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and ./ s
| <n, < I@en Imlye) vy o (2.12)
&l Iyl
then
R
23" (mi +n;) - M§1+2Z(Mi+Ni). (2.13)
e 1] Iyl ~

Proof. Using Theorem 1 and the fact that for any complex number z, |z] > |Rez]|,

we have
1 1
> Re[(x,e) (eiy)] — g Re(z,y)) < D (e (eny) — 5 (@)
iel i€l
1
< 5 [yl (2.14)
Since

Re[(z,€:) (ei,y)] = Re(z,ei) Re(y, ei) + Im (z,¢;) Tm (y, e;) ,
hence by (2.14) we have:

1 1
— 5 el gl + 5 Re z,9)

< Z Re (z,e;) Re (y,e;) + Z Im (x,e;) Im (y, e;)
iel icl

1 1
< 5 llzlHlyll + 5 Rez, y) . (2.15)

Utilising the assumptions (2.11) and (2.12), we have

Zmi < Z Re(z,e;) Re (y,e;) < ZMz (2.16)

2= 2]

and

Z”z_ZIm x,e;) Im (y, e;) ZN (2.17)

@ el et

Finally, on making use of (2.15) — (2.17), we deduce the desired result (2.13).
Remark 3. By Schwarz’s inequality, is it obvious that, in general,

Re (z,y)

< =L
[l Iyl

Consequently, the left inequality in (2.13) is of interest when » ., (m; + n;) > 0, while

the right inequality in (2.13) is of interest when »,_, (M; + N;) < 0.
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3. Refinements of Kurepa’s Inequality

Let (H;(-,-)) be a real inner product space generating the norm ||-|| . The complexi-
fication H¢ of H is defined as a complex linear space H x H of all ordered pairs (z,y),
z,y € H endowed with the operations:

(z,y) + («,y) = (z+2"y+y), x99y € H;
(0 +it) - (x,y) := (ox — Ty, T2 + 0OY) , z,y € H and o,7 € R.

On Hc¢ := H x H, endowed with the above operations, one can now canonically define
the scalar product (-,-)c by:

(2,2 )¢ = (2,2") + (y, ) + i [(2", ) — (2, 9)] (3.1)
where z = (z,y), 2’ = (2/,y) € Hc. Obviously,
208 = lel® + llwl®, 2= (x,y) € He.

One can also define the conjugate of a vector z = (z,y) by z := (z,—y). It is easy
to see that, the elements of H¢, under defined operations, behave as formal “complex”
combinations z + iy with z,y € H. Because of this, we may write z = x + iy instead
of z = (z,y). Thus, Z = x — 4y. Under this setting, S. Kurepa [6] proved the following
refinement of Schwarz’s inequality:
o, 2)el® < 5 lall? [I212 + ¢z, 2)el] < llal® 1212 (3.2)

for any a € H and z € Hc.

This was motivated by generalising the de Bruijn result for sequences of real and
complex numbers obtained in [2].

The following result holds.

Theorem 2. Let {ej}jeI be a finite orthonormal family in the real inner product
space (H;(-,-)). Then for any w € Hc, where (Hc;(-,-)¢) is the complexification of
(H;{-,-)), one has the following Bessel’s type inequality:

2 2 1 _ 1 B
> (w,ep)2| < D (w,ep)? — 5w de| + 5 [w, Dl
JEI Jel
1 _
< 5 [wlld + Kw, wdl] < il (3.3)

Proof. Define f; € He, f; := (e;,0), j € I. For any k,j € I we have

(fis fi)e = ((ex; 0), (€5, 0))¢c = (ex, ;) = Oxj,

therefore {f;},c; is an orthonormal family in (Hc; (-, -)¢) -
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If we apply Theorem 1 for (Hc; (-,-)¢), @ = w, b = w, we may write:

_ 1 _ 1 _
> tw.eg)e e D) — 5 (w,d)e| < 5 llwlle 1]l - (3-4)
Jjel

However, for w := (z,y) € Hc, we have w = (x, —y) and

(ej, w)e = ((€5,0), (2, —y))c = (&5, @) —ilej, —y) = (ej, x) + i (e, y)
and

<wv€j>(c = <(5an) ) (6]’,0»@ = <ejam> —1 <ejv *y> = <5Eaej> +i <€j7y>
for any j € I. Thus (e;, w) = (w, e;) for each j € I and since

1
_ 2 2\ 2
lwlle = llle = (el + lyl?) "

we get from (3.4) that

s 1 _ 1 2
> (w,eg)e = 5 (wd)e| < 5 wle. (3:5)
JjeI
Now, observe that the first inequality in (3.3) follows by the triangle inequality, the

second is an obvious consequence of (3.5) and the last one is derived from Schwarz’s
result.

Remark 4. If the family {ej}jel contains only a single element ¢ = II%H’ x € H,
x # 0, then from (3.3) we deduce (1.7), which, in its turn, provides a refinement of

Kurepa’s inequality (3.2).

4. An Application for L, [—7, 7]

It is well known that in the Hilbert space Ly [—m, 7] of all functlons f [ w7 — C
with the property that f is Lebesgue measurable on [—m, 7] and f | dt < oo, the
set of functions

{\/ﬁ \/_cost \/_smt \}%cosnt,%sinnt,...}
is orthonormal.
If by trig t, we denote either sint or cost, ¢t € [—m, x|, then on using the results from
Sections 2 and 3, we may state the following inequality:

Z t) trig (kt) dt - / i g (t) trig (kt) dt — % j f ) g)dt

<1 [ wora [Cpore
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where all trig (kt) is either sinkt or coskt, k € {1,...,n} and f € Lo [—7,7].
This follows by Theorem 1.
If one uses Corollary 1, then one can state the following chain of inequalities

n T

Y _W F (1) trig (kt) dt - / 70 trig (kt) dt

7r1c=1 -
1 n us ) T ) 1 T _
< ;;/Wf(t) tr1g(kt)dt~[ﬂg(t)trlg(kt)dtf§[wf(t)g(t)dt

+%' T;f(t)ﬁdt

! l(/ilf(t)Ith/i |g<t>|2dt)é +] memdtﬂ

([ e[ wore). (12)

IN

IN

where f € Lo [—m, 7).
Finally, by employing Theorem 2, we may state:

Zn: { " (1) trig (kt) dt] ’

k=17

n ™

T 2
12[ I trig(kt)dt} f% : F2(t)dt

™

IN

(™
= d
2|/ +2‘/ﬂf(t)t}

! Utrlf(t)|2dt+' e <t>dtH < [Cirwpa

—T

where f € Lo [—m, 7).
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