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ON MATRIX POLYNOMIALS ASSOCIATED WITH
HERMITE MATRIX POLYNOMIALS

M. A. PATHAN, MAGED G. BIN-SAAD AND FADHL AL-SARHI

Abstract. In this paper, an extension of the Hermite matrix polynomials is introduced.
Some relevant matrix functions appear in terms of the two-index and two-variable and
p-index and p-variable Hermite matrix polynomials. Furthermore, in order to give qual-
itative properties of this family of matrix polynomials, the Legendre and Chebyshev ma-
trix polynomials of sveral variables are introduced.

1. Introduction

An extension to the matrix framework of the classical families of Laguerre, Hermite and
Gegenbauer polynomials have been introduced in ([4, 5, 6]). In [3], the Laguerre and Her-
mite matrix polynomials are presented as examples of right orthogonal matrix polynomial
sequences for appropriate right matrix moment functional of integral type.

Jodar and Company [4] introduced the class of Hermite matrix polynomials Hj(x, A) de-
fined by

[ee) tn
exp (xt 2A4) - r21) =Y Halx, A, 1.1)

n=0 .

where -
[%] (_l)k ( /2A)n_
Hy(x, A) = n! X"k n =0, 1.2)
" ,;) k!(n—k)!

where A is a positive stable matrix in the complex space CV*V of all square matrices of com-

mon order N, which appear as a finite series solutions of second order matrix differential
equations y' — xAy + nAy = 0,for a matrix A in CV*N whose eigen values are all in the right
open half-plane. In [1], Batahan presented a study of the two-variable Hermite matrix poly-
nomials defined by

[e.0] tn
exp (xt\/'(zA) - yt21) = n;O Ha(x, 3, A, (1.3)
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where

(2] A n-2k
(- 1) ( ) 2k k
i I’l
Hy,(x,y,A) =n! kg . T o] y,n=0. (1.4)

Now ,we recall that if A(k,n) and B(k,n) are matrices in CV*¥ for n = 0 and k = 0,then it
follows that [8]:

o0 n o0 OO

Y. Y Altk,n) =) ) Alk,n+k), (1.5)
n=0k=0 n=0k=0

Y Blk,n) =) Z B(k,n—2k), (1.6)
n=0k=0 n=0k=0
oo 2n oo n
Y Y Altk,n) =) ) ARk, n). 1.7)
n=0k=0 n=0k=0

For m is a positive integer, we can write

)

In the course of an attempt to unify several results in the theory of matrix polynomials of

oo [n/m)

Alk,m) =) Y Alk,n—(m-1k). (1.8)
n=0 k=0

||FV1=

more than one variable, we define Hermite matrix polynomials of several index and several
variables. The importance of this new class of matrix polynomials have been recognized both
in purely mathematical and applied frame works. The structure of this paper is the following:
In section 2, we introduce and study the two-index and two-variable Hermite matrix poly-
nomials Hy ,,(x, y; A). In sections 3 and 4,we study a number of properties of the two-index
two-variable Hermite matrix polynomials involving recurrence relations and Rodrigue’s for-
mula respectively. In section 5, we introduce and study the multiindices and multivariable
Hermite matrix polynomials Hy, n,,..n (X1, X2, Xp; A) and obtain a number of properties of
the p-index and p-variable Hermite matrix polynomials involving recurrence relations and
Rodrigue’s formula. Finally, in section 6 definitions of p-index and p-variable Legendre and

Chebyshev matrix polynomials are introduced as a new families of polynomials.

2. Two-index and two-variable Hermite matrix polynomials

Let Abe a positive stable matrixin CN*V We define two-index and two- variable Hermite
matrix polynomials by means of the following generating function:

nm

£y, 6, h) = exp (x(t + V@A -yt + h)21) Z Hym (%, ¥; A) 2.1)

n,m=0
Making use of the matrix exponential series
x}’l

e’ =

P18

o N!
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and the binomial expansion
n
(a+x)" =) (")a""x’ 2.2)
we obtain

noR & (= 1) (zr)'(xV (ZA)) tn—m+2r—shm+s

o= ¥ ¥y

=0 m=0r=0s=0 Mrisi(n—-m)!2r-s)!

)

which in view of the equations (1.5), (1.6) and (1.8) gives us

—Den (xved)" y"

n—m+2r—2shm+2s
=0 m=0r=04=p Mr'2s)l(n—m)!(2r —2s)!

|
13
M=
13
™

fxyth =

n+m. i

(D"S@2r+29)! (xvV2A) Ty
=0 (r+9!12n!2s)n!m!

@2r +28)ly"*S (xV2A) EMZST2S o pym

_ - r+s
B ;:Or:OS:O( 1 (r+sm-2nNm-=292N!'2s)! (2.3)

l.n+2r hm+2s

)y

Thus, from (2.1) and (2.3), we obtain the following explicit representation for the two-index
and two-variable Hermite matrix polynomials

r+s n+m-2r-2s
Jres @2r+28)ly"*S (xv2A) ‘ 2.4
(m=2r)(m-=28)'2r'2s)'(r + s)!

f [\/]-v\s

%
Hy,m(x,y; A) = nlm! Z

For m =0, (2.4) reduces to (1.4). Further, it is of interest to point out that the series represen-
tation in (2.4), in particlar, yields the following relationships:

2
Hoo(6,; AV =1, Hyo(%, 33 A) = Hy(x,y, 4), Hi(x,y; 4) = (xv24)

n+m
Him((6,0;4) = (xV2A) ", Hym(,15.4) = i (355 4)

Also, we can write

n+m X
Hym(x,y;A) =y 2 Hn,m(ﬁ;A)

and
Hym(=x,1;A) = (=1)""" H,, (%, ; A).

For y =1, it follows that

nm

Z Hp,m(x; A)

n,m=0

= exp (x(t + V(@A) - (t+ h)zl), 2.5)

which when x = 0 gives us

R R (=) 2m)! 5 am

Z Hym(0; A)——= 3

n.m=0 nim! 7 (n+m)!2n)!(2m)!

(2.6)
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Therefore, we get

1
Hapom(0; A) = (=1)"Hmp2n+am (—) 1,
2 n+m

and
Hrpi1,0m+1(0;4) =0

Moreover, from (2.1), we have

() /2A n 00 4, x© H : ;A
S OVEA =S Lk Y DnmlE Vi) g,
= ! r nm=0 n!'m!

which can be written in the form

X (xy2A)HM npm_ X @Rr+29)y S Hym(x,y; A

— tn+2r hm+25. (2.7)
nmeo (n—m)m! nmrs=0  niml(r+8)!2s)!(2r)!

Next, applying (1.6), equation (2.7) gives us

(x\/_ n+m

0 Coalm!

2r+2s)ly TS H,- 2r,m-2s(X, y; A)
n-=2r)l(m-2s8)!(r+)'(2s)!(2r)!

nip,m

i Mm\s

> - £ L

n,

Now, on comparing the coefficient of " h"™, we obtain the following expansion formula:

Theorem 2.1. Let A be a positive stable matrix in CN*N | then, we have
n+m [g] ] n m 1 2r+2s_,r+s
(xv2a) =Y Y (—) 2XES YIS L o mas(%, Y3 A). (2.8)
7=05=0\2T J\28J\2) 4

3. Differential recurrence relations

This section deals with some differential recurrence relations for the two-index two-variable

Hermite matrix polynomials. First, we record the following theorem.

Theorem 3.1. The two-index two-variable Hermite matrix polynomials satisfies the following

relations:

k

kK nmimk!'H (x,y; A)
—Hym(x,y;A) = ( ) Z( n—(k-r),m-r\X%, Yy

n—(k-=r)m-nr)lk-nr)'r!

(3.1

and
ak

ak

(Zk)'n'm'Hn 2k-r),m— r(x,y; A)
— Hpm(x, 33 A) = (1) Z k= Tm = Nik— (3.2)
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«“ n

Proof. Differentiating partially (2.1) with respect to “x" ,we get

(o8 nm

0
> o5 Hnm (% y,A)

n,m=0

=(t+h)V/(2A) exp (x(t+ )V (2A) - y(t + h)21) . (3.3)
From (2.1) and (3.3), we have

S 0 1 Hy_q-r,m-r(x,y; At"h™
Hym A =V (2A) : . 3.4
n;oa oy ) ( H;O,ZO na=nn—a-mim—pi O

On comparing the coefficient of t” h™ in (3.4), we obtain

n'm!
r(1-nin—1-r)im- r)'

iI_In m(X,y; A) = \/ﬂz

0x —a-n,m-r(x,y; A), (3.5)

Again, by differentiating (3.5) with respect to “x, we get

2 2

ZnimiH —r(xy; A
2 Hnm (6, y; A) = ZAZ n-@-r),m-r (X, y; A)

re-nln-2-mm-r!

(3.6)

Iteration (3.5), for 0 < k < n, implies (3.1). To prove (3.2), differentiate partially (2.1) with

“w_n

respectto “y", to get

[e o] n m

0
Z 3y ~— Hnm(x, _V»A)

n,m=0

= (=) (t+ W) exp (x(t + V@A) -yt + h)21) . @)

From (2.1) and (3.7), we have

X 0 o 2Hu—2-r),m-r(x, y,A)t”hm
)3 oy nm%y; _( D 2 Zr'(z—r)!(n @-mm-r)!’

n,m=0 n,m=0r=0

(3.8)

On comparing the coefficient of t”h™ in (3.8) ,we obtain

0 _ 2 2n\m!Hy—@—r),m-r (X, y; A)
ayHnm(xy,A) (1)2 TS S —— (3.9)

On iteration (3.9), for0 < k < [%], we arrive at (3.2).

Corollary 3.1. The two-index two-variable Hermite matrix polynomials satisfies the following

relations
2 0
WHn,m(x;y;A)+2A@Hn,m(xvy;A) =0, (3.10)
in general
2k ak
Sze im0y A) = (1) (2A)"7Hnm(x,y,A), (3.11)

Proof. On equating (3.6) and (3.9), we obtain (3.10), and equating (3.1) and (3.2), we get (3.11).
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Theorem 3.2. The two-index two-variable Hermite matrix polynomials satisfies the following
relation:

0 0
xa Hpym(x,y; A) + ZyEHn,m(x; VA —-m+mHy,;,(x,y;A) =0, (3.12)

Proof. Differentiating (2.1) with respect to x, y, t and h, we find respectively

g—i = (t+h)V2Aexp [x(t+ WV2A-y(t+ h)zl],

Z—l; = —(t+h)2exp[x(t+h)\/ﬂ—y(f+h)21]’

‘;_f = [xV2A-2y(t+ W] exp | x(t+ HV2ZA- y(t+ 1],
2_1}: = [x\/ﬂ—zy(wh)l] exp[x(t+ WV2A-y(t+ h)zl]-

From the above equations, we observe that:

6F o oF taF haF o
Yox T Vay " ar Man T
which again in view of (2.1) and identifying the coefficients of " 2™ on both sides gives (3.12).

Therefore, the equation (3.12) is established and the proof of Theorem 3.2 is completed.

Corollary 3.2. The two-index two-variable Hermite matrix polynomials satisfies the following

partial differential equation:

2

0 0
yﬁ—an—+(n+m)A Hymx,y;,A=0, n,m=0. (3.13)

Proof. From relations (3.5), (3.6)and (3.9), it is easily seen that

0
o —Hym(x,y,A) =V2AnHy 1, ;m(x,y; A) + V2ZAmHy -1 (X, y; A),

2

ax2
=2A[n(n—1)Hp—2,m(x, y; A) +2nmHy_1, ;-1 (%, y; A) + m(m — 1) Hy m—2(x, y; A) ],

Hn,m(x; y, A)

and

0
aHn,m(xy 2 A)

= —[n(n—1)Hp—2,m(x, y; A) + 2nmHy_1 m-1(x, y; A) + m(m—1) Hy, m—2(x, ; A)|,

respectively. Now, by starting from (3.12) and employing the above results we obtain (3.13).
Therefore, the result is established. Now, we derive an operational representation for the Her-

mite matrix polynomials.
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Theorem 3.3. Let A be a matrix in CN*N . Then the two-index and two-variable Hermite ma-
trix polynomials has the following representation:

Hn,m(x,y;A)=exp( y2A)" —22)(x\/_)n+m (3.14)
Proof. It is clear that
[(\/ﬂ)_ % 2exp(x(t+ h)@):(m h)zexp(x(t+ h)\/ﬂ). (3.15)
Thus
exp —y(\/ﬂ)_zaa—; exp(x(r+h)\/ﬂ):§0 (_ll)jyn(t+h)2”exp(x(t+h)\/ﬂ). (3.16)

Also, we can write (4.3) in the form

_ 62 2
exp —y(\/ZA) F) exp(x(t+ h)\/ZA):eXp(x(t+ h)‘/ZA—y(t+h)21), (3.17)
Therefore, by using (2.1), we obtain
- 00 \/_ n+m nhm
exp _y(” ) Z , ), e Z Hipm (26, 75 4)— (3.18)
n,m=0 nm. n,m=0

which on comparing the coefficients of t"h™ yields (3.14).

4. p-index and p-variable Hermite matrix polynomials

Let A be a positive stable matrixin CV*" . We define the p-index and p-variable Hermite
matrix polynomials by means of the generating function

exp |1 (11 + -+ 1) V@A) = (g -+ xp) (11 -+ 1)

I

1
= Z Hipy,ooomy (X1, Xy A) = o =, 4.1)
A1y p=0 ny: np:

Proceeding on the same lines as in the proof of (2.4), the following explicit representation for
the p-index and p-variable Hermite matrix polynomials can be obtained

[nl] [*] (_1)1‘]+~“+rp(2r1+.H+2rp)!

Hy,,.., (X,...,x ;A):nl -1,
Ny Mp A1 p prlz rZ‘g(r1+...+rp)!(n1—2r1)!...(np_2rp)!

(xlm)n1+m+n,, 2r1—~-~—2rp(x2+___+xp)r1+~-~+r,,

@)t 2rp)!

(4.2)



174 M. A. PATHAN, MAGED G. BIN-SAAD AND FADHL AL-SARHI

It is clear that
Hy,.o(x1,...,xp; A) = I, Hpp,. 0(X1,...,Xp; A) = Hp(x1,...,Xp; A)
Hi, 1(x1,...,Xp; A) = (x1V2A)" and  Hp,,.n,(x1,0,...,0; A) = (x; V2A)" 7,

Also, we can write

Hn],...,np(xl, 1;07---)0; A) = Hnl,,..,np(xl;A)
and
Hm,...,np(_xl,---,xp;A) = (_1)n1+m+npHnl,...,ﬂp(xly---,xp;A)-

Some recurrence relations have been deduced for the p-index and p-variable Hermite matrix
polynomials. We record the following theorem.

Theorem 4.4. The p-index p-variable Hermite matrix polynomials satisfies the following rela-
tions:

aS
ﬁﬂnl,...,n,, (x1,...,Xp; A) (4.3)
1
— (\/Z_A)Si %2 S!nl!"'np!Hm—(s—r1—~~~—rp_]),n2—r1,..,,np—(rp_l—rp)(xl;---»xp;A)
A=0 rH:o(nl—(s—rl—---—rp_l)!(nz—rl)!---(np—rp_l)!rl!---rp-l!(s—r1—---—rp_1)!’
aS
ﬁHnl,...,np (X1,...,Xp; A) (4.4)
2
= (=1 f % (25)!n1!"'np!Hnl—(s—r1—~~-—rp,l),nz—rl,...,np—(rp,l—rp)(xly---;xp;A)
A=0 rp_lzo(nl—(s—n—-'-—rp_l)!(nz—rl)!---(np—rp_l)!n!---rp-ll(s—n—--'—rp_ﬂ!'

Proof. By Differentiating (4.1) with respect to “x;", we get

o) n np
oh b

VERA(t+-+1,) Y Hpy,ny (X150 Xp3 A) e ——

ny,...,np=0 ni! np'
n np

= 3 —a . tl p

- Z a Hnl,...,np(xl,...,xp,A)—'..._'
Vll,...,}’lp:() X1 n np.

which on employing the result

; n n-n n—=ry——Tp-2 n n-—r n_rl_"'_rp—Z
(Z1+"'+Zp) = Z Z Z

n =0 r2:0 r,,,1:0 rl r2 rp_l
n=r=—==Tp-1_nr r» . Jp-1
<y 29 &g Zp

and on comparing the coefficients of ;'

(4.4) can be established.

! té” .. t;,l” and then on iteration we get (4.3). Similarly,

We conclude this section giving Rodrigues formula for the p-index and p-variable Her-
mite matrix polynomials.
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CNXN

Theorem 4.5. Let A be matrix in such thatR(A) > 0 for every eigenvalue A € 6 (A). Then

the p-index and p-variable Hermite matrix polynomials has the following representation

02
Hp,, n,(X1,-.., Xp; A) = €xp —(xz+~--xp)(2A)‘1@ (X1 (2A)™M (4.5)
1

Proof. We refer to the proof of (3.1).

5. The p-index and p-variable Chebyshev and Legendre matrix polynomials

The p-index and p-variable Hermite matrix polynomials will be exploited here to define
a matrix version of Chebyshev and Legendre polynomials. We recall that the Chebyshev and
Legendre polynomials of the second kind [2] are defined by:

31 1)k (n - k)122)" 2k
Un(2) = Z K —250)!

and ., .
L (DRG0 2R Dk en—2k)@x) 2k
Pp(x) =) , = —r ,
& k(n-2k) &= 2202k kl(n - k)l(n — 2K)!

respectively. Suppose that A is a matrix in CV*V such that Re(1) > 0,for every eigenvalue
A € g(A), where o(A) denotes the set of all the eigenvalues of A. Then, we define the p-index
and p-variable Chebyshev and Legendre matrix polynomials by the integral representation:

1 o0 X X
Un,.., np(xly-n,xp}A):ﬁf e—ttn1+~~-+annl _____ np(xl,—z,...,—p;A)dt, (5.1)
m!-nplJo t t
and
Pryyony (X1, Xp; A) = f TR Ho oy (%15, X2, ., Xp; A) dE, (5.2)
np'\/_

respectively.

Starting from (5.1) and applying the result
(o0]
f e 't"dr=n), (5.3)
0

we can conclude that

n p
[i] [i] (D) Q2ry 4 20 (Mg e Ry — (11 + e+ )]
r1:0

ry=0 (r1+~~~+rp)!(n1—2r1)!~~(np—2rp)!

(x1 \/ﬂ)n1+-~~+n,,—2r1—-~~—2r},7 (X2 4+ xp)r1+~~~+r,,

@r!---2rp)!

(5.4)
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Thus, we find that

Unl,...,np ('xll e rxp; A)

[% [i"‘ (=D 2y et 201 + e 1y — (1 + oo 1))
" o (r1+ -+ 1)y = 21! (1 — 21p)!

(xlm)n1+~-+np—2rl—--~—2rp(x2+___+xp)r1+--~+rp

(5.5)
@r)!---2rp)!

Similarly, proceeding on the same lines and instead of integral formula (5.3) using the integral

formula - L1 )
f e Ct"dt=-T(=n+-), (5.6)
0 2 2 2

and applying Legendre duplication formula [8,p17(14)]:

1. V72n)! 1 @2n)!
Pt 2= o or  GIn=gayy (120120,
we obtain
Pnl,...,np(xl;---»xp;A)
) [il] [XZP“] (_1)r1+ +rp(2r1+--.+2rp)!(E)n1+.._+np_r1_m_rp
n=0 1,20 (ri+--+rp)lng—=2r)!---(np —2rp)!
(1 VIR 202 (g g Y 5.7
@l @2rp)! ' )
[% [ip] (D) @2ry e 4 20 2y A oA 20 = 27y — o= 21!
= = 22(I’ll+..‘+np—r1—m—rp) (ry+--+ rp)!(nl _2r1)!... (np _2rp)!
(X1 V2 A) "t T 2= =20y () g xp) VY 5.8)
(m+-+ny—r— =2 (2r))! '
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