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TOTALLY CONTACT UMBILICAL SLANT LIGHTLIKE SUBMANIFOLDS
OF INDEFINITE KENMOTSU MANIFOLDS

RASHMI SACHDEVA, RAKESH KUMAR AND SATVINDER SINGH BHATIA

Abstract. In this paper, we study totally contact umbilical slant lightlike submanifolds of
indefinite Kenmotsu manifolds. We prove that there does not exist totally contact um-
bilical proper slant lightlike submanifold in indefinite Kenmotsu manifolds other than
totally contact geodesic proper slant lightlike submanifold. We also prove that there does
not exist totally contact umbilical proper slant lightlike submanifold of indefinite Ken-
motsu space forms. Finally, we give some characterization theorems on minimal slant
lightlike submanifolds of indefinite Kenmotsu manifolds.

1. Introduction

In the theory of submanifolds of semi-Riemannian manifolds it is interesting to study
the geometry of lightlike submanifolds due to the fact that the intersection of normal vector
bundle and the tangent bundle is non-trivial. Thus, the study becomes more interesting and
remarkably different from the study of non-degenerate submanifolds. The geometry of light-
like submanifolds of indefinite Kaehler manifolds was presented by Duggal and Bejancu in
[7]. Chen [5, 6], introduced the notion of slant submanifolds as a generalizing of holomor-
phic and totally real submanifolds for complex geometry and further extended by Lotta [11]
for contact geometry. Cabrerizo et. al. [3, 4] studied slant, semi-slant and bi-slant submani-
folds in contact geometry. They all studied the geometry of slant submanifolds with positive
definite metric. Therefore this geometry may not be applicable to the other branches of math-
ematics and physics, where the metric is not necessarily definite. Thus the geometry of slant
submanifolds with indefinite metric became a topic of chief discussion and Sahin [13] played
a very crucial role in this study by introducing the notion of slant lightlike submanifolds of

indefinite Hermitian manifolds.
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Recently the notion of slant lightlike submanifolds of indefinite Kenmotsu manifolds is
introduced by Gupta et. al. in [9] and obtained necessary and sufficient conditions for their

existence.

In this paper, we study totally contact umbilical slant lightlike submanifolds of indefinite
Kenmotsu manifolds. We prove that there do not exist totally contact umbilical proper slant
lightlike submanifolds in indefinite Kenmotsu manifolds other than totally contact geodesic
proper slant lightlike submanifolds. We also prove that there do not exist totally contact um-
bilical proper slant lightlike submanifolds of indefinite Kenmotsu space forms. Finally, we

give characterization theorems on minimal slant lightlike submanifolds.

2. Preliminaries

An odd-dimensional semi-Riemannian manifold M is said to be an indefinite almost
contact metric manifold if there exist structure tensors (¢, V,n, g), where ¢ is a (1,1) ten-
sor field, V is a vector field called structure vector field, n is a 1-form and g is the semi-

Riemannian metric on M satisfying

¢*X = -X+n(X)V, nop=0, $V=0, n(V)=1, M
§PX,¢Y) = g(X,Y) -n(X)n(Y), gX,V)=n(X), @

for X,Y € I'(T M), where TM denotes the Lie algebra of vector fields on M.

An indefinite almost contact metric manifold M is called an indefinite Kenmotsu mani-
fold if (see [2]),

(VxP)Y =-g(pX, V)V+n(Y)pX, and VxV =-X+n(X)V, 3)

forany X, Y € I'(T M), where V denote the Levi-Civita connection on M.

A submanifold M immersed in a semi-Riemannian manifold (M™*", g) is called an r-
lightlike submanifold [7] if it admits a degenerate metric g induced from g, whose radical
distribution RadTM = TM N TM* is of rank r, where 0 < r < min{m, n}. Let S(TM) be a
screen distribution which is a semi-Riemannian complementary distribution of RadT M in
TM, that is, TM = RadTM L S(TM) and S(TM™) be a screen transversal vector bundle,
which is a semi-Riemannian complementary vector bundle of Rad TM in T M. For any local
basis {¢;} of Rad T M, there exists a null vector bundle [t (T M) of RadTM in (S(TM))* such
that {N;} is a basis of ltr (T M) satisfying

g§(N;,Nj)=0 and g(N;¢;)=46j, (4)
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forany i,j€{1,2,...,r}. Let tr(T M) be the complementary (but not orthogonal) vector bun-
dle to TM in TM]|y;. Then

tr(TM) = 1tr(TM)LS(TM™). (%)
TM |y =TMe tr(TM) = (RadTM @ ltr(TM)) LS(TM)LS(TM?). (6)

Let V and V denote the linear connections on M and M, respectively. Then the Gauss and

Weingarten formulae are given by

VxY =VxY+h(X,Y), (7)
VxU = —AyX +VxU, (8)

forany X,Y e I'(TM) and U € I'(¢tr(TM)), where {VxY, Ay X} and {h(X, Y),VJ)ZU} belongs to
['(TM) and T'(¢tr(TM)), respectively. Here V is a torsion-free linear connection on M, h is
a symmetric bilinear form on I'(T M) which is called the second fundamental form, Ay is a
linear operator on M, known as the shape operator. Considering the projection morphisms L
and S of t7(TM) on Itr(TM) and S(T M%), respectively then Gauss and Weingarten formulae

become

VY = VyV +h (X, Y)+ R (X,Y), 9)
VxU = —AyX + DL U + DU, (10)

where we put h!(X,Y) = L(h(X, Y)), h*(X,Y) = S(h(X,Y)), DL U = L(V£U), DS.U = S(VLU).
As h' and h® are T'(Itr(TM))-valued and T'(S(T M1))-valued respectively, therefore they are
called as the lightlike second fundamental form and the screen second fundamental form on
M. In particular, we have

VxN = —AxX + VL N+ DS (X, N), (11)
VxW = —Aw X + VW + DY(X, W), (12)

where X e ['(TM), N e T'(Itr(TM)) and W € T'(S(TM+1)). By using (9)-(12), we obtain
g (X, V), W) +g(Y,D' (X, W) = g(Aw X, ), (13)

forany X, Y e I'(TM) and W € ['(S(TMY)). Let Pisa projection of TM on S(T M) then we
have

VxPY = VYPY +h"(X,PY), (14)
Vxé = -A; X +VYs, (15)
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for any X, Y e I'(TM) and ¢ € T'(Rad T M), where {V;PY, AZ_.‘X} and {h* (X, PY), V;‘{E} belong
to I'(S(TM)) and I'(Rad T M) respectively. Here V* and V3/ are linear connections on S(T M)
and Rad T M respectively. By using (9)-(10) and (14)-(15), we obtain

g (X, PY),§) = g(A; X, PY), (16)
g(h"(X,PY),N) = §(AnX, PY). (17)

3. Slant lightlike submanifolds

A lightlike submanifold has two distributions, namely the radical distribution and the
screen distribution. The radical distribution is totally lightlike and it is not possible to define
angle between two vector fields of the radical distribution where the screen distribution is
non-degenerate. There are some definitions for angle between two vector fields in Lorentzian
setup [12], but not appropriate for our goal. Therefore to introduce the notion of slant lightlike
submanifolds one needs a Riemannian distribution. For such distribution Gupta et. al. [9]
proved the following lemmas.

Lemma 3.1. Let M be an r-lightlike submanifold of an indefinite Kenmotsu manifold M of
index 2 q with structure vector field V tangent to M. Suppose that pRad T M is a distribution on
M suchthat RadTMN¢RadTM =0. Thenpltr(T M) is a subbundle of the screen distribution
S(TM) and pltr(TM)NPRadTM = {0}.

Lemma 3.2. Let M be an r-lightlike submanifold of an indefinite Kenmotsu manifold M of
index 2r with structure vector field V tangent to M. Suppose that ¢RadTM is a distribution

on M such that RadTM N ¢RadTM = {0}. Then any complementary distribution to gltr(T M)

@D dRadTM in screen distribution S(TM) is Riemannian.

Definition 3.3 ([9]). Let M be an r-lightlike submanifold of an indefinite Kenmotsu manifold
M of index 2r with structure vector field V tangent to M. Then we say that M is a slant lightlike
submanifold of M if the following conditions are satisfied:

(A) RadTM is adistribution on M such that ¢RadTM n Rad(T M) = {0}.

(B) For all x € U c M and for each non zero vector field X tangent to D =D 1 {V},if X and
V are linearly independent, then the angle 8(X) between ¢X and the vector space Dy
is constant, where D is complementary distribution to ¢ltr(TM)@P dRadT M in screen
distribution S(T M).

The constant angle 6(X) is called the slant angle of D. A slant lightlike submanifold M is said
to be proper if D # {0}, and 6 # 0, 5.
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Then the tangent bundle T M of M is decomposed as
TM=RadTM1S(TM)=RadTML1(pRadTM & ¢ltr(TM))LD, (18)
where D = D1 {V}. Therefore for any X € I'(T M) we write
$X=TX+FX, (19)

where T X is the tangential component of ¢ X and FX is the transversal component of ¢ X.
Similarly for any U € I'(tr (T M)) we write

$U=BU+CU, (20)

where BU is the tangential component of ¢V and CU is the transversal component of ¢V.
Using the decomposition in (18), we denote by Py, P>, Q;, Q2 and Q; be the projections on
the distributions Rad TM, ¢RadTM, ¢pltr(TM), D and D = DLV, respectively. Then for any
X eI'(TM), we can write

X=P1X+P,X+Q1 X+Q,X, 21)

where Q2 X = Q> X +n(X) V. Applying ¢ to (21), we obtain
GX =PI X+ PP X+ FQ1 X + TQo X + FQo X. 22)
Then using (19) and (20), we get
$P X = TP X €T(pRadTM), ¢P,X =TP,X e T(RadTM),
FP1X=FP,X=0, TQ,XeTl(D), FQ,XeT{tr(TM)).
Now, differentiating (22) and using (9)-(12), (19) and (20), for any X, Y € I'(T M), we have

(VxT)Y = Apg,y X+ ApQ,y X +Bh(X,Y) - g@X,Y)V+n(Y)TX, (23)

and
D¥(X,FQ,Y) +D'(X,FQ,Y) = FVxY — h(X,TY) + Ch(X,Y) - V,FQ, Y

~VLFQ1Y +n(Y)FQ X +1(Y)FQ, X. (24)
We mention the following corollary for later use:

Corollary 3.4. ([9]) Let M be a slant lightlike submanifold of an indefinite Kenmotsu manifold
M with structure vector field V tangent to M. Then we have

g(TQxX,TQ,Y) = cos*0[g(Q2X,Q2Y) —1n(Q2 X)n(Q2Y)] (25)
and
g(FQ:X,FQ,Y) =sin’0[g(Q2X, Q2 Y) —n(Qa X)n(Qo V)] (26)

forany X, Y eT(TM).
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4. Totally contact umbilical slant lightlike submanifolds

Definition 4.1 ([14]). If the second fundamental form / of a submanifold tangent to charac-

teristic vector field V, of a Sasakian manifold M is of the form
hX,Y)={gX,Y)—nX)In(Y)}a+nX)h(Y,V)+n(Y)h(X, V), 27)

for any X,Y € I'(TM), where «a is a vector field transversal to M, then M is called a totally
contact umbilical and totally contact geodesic if a = 0.

The above definition also holds for a lightlike submanifold M. For a totally contact um-
bilical lightlike submanifold M, we have

R(X,Y) = {g(X,Y) - nCOn(Vtar +n(X)R (Y, V) +n(V)R (X, V), 28)
R (X,Y) = {g(X,Y) -nX)n(Y}ias+n(X)h’ (Y, V) +n(Y)h* (X, V), (29)
where a; € T(Itr(TM)) and as € T'(S(TM™Y)).
Lemma 4.2. Let M be a slant lightlike submanifold of an indefinite Kenmotsu manifold M
then FQ, X € T(S(TM%)), forany X e T(TM).
Proof. Using (4) and (5) it is clear that FQ,X € [(S(TM?Y)) if g(FQ2X,&) = 0. Therefore
8(FQ2X,8) =gpQX - TQ2X,8) = g(pQ2X,¢) = —g(Q2X,¢p¢) = 0. Hence the result follows.

Thus from the Lemma (4.2) it follows that F(D,) is a subspace of S(TM%). Therefore
there exists an invariant subspace ), of T, »M such that

S(T,,Ml) =F(Dp)Lup, 30)
therefore
TpM: S(TyM)L{Rad(TyM) & ltr(T, M)} L{F(Dp) Lup}.

Theorem 4.3. Let M be a totally contact umbilical slant lightlike submanifold of an indefinite

Kenmotsu manifold M. Then at least one of the following statements is true

(i) M is an anti-invariant submanifold.
(i) D ={0}.
(iii) If M is a proper slant submanifold, then as € ' ().

Proof. Let M be a totally contact umbilical slant lightlike submanifold of an indefinite Ken-
motsu manifold M then for any X = Q2 X € I'(D) and using (27), we have h(T Q. X, TQX) =
g(TQ:X,TQ,X)a. Using (7) and (25), we get

Vro,xTQ2X —V10,xTQ2X = cos®0[g(Q2X, Q2 X)1a.
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Using (19) and the fact that M is Kenmotsu manifold, that is (3), we obtain

HV10,xQX —V710,xFQuX —~V10,x TQ2X = cos*0[g(Q2X, Q2 X)]a,
then using (9), (12), (19), (20), (28) and (29), we have
TVTszQ2X+ FVTszQZX-F g(Tsz, X)(bocl + g(Tsz, X)BCKS

+8(TQ2X), X)Ca® + Apg,x TQ2 X — VSTQZXFQZX—DZ(TQZX,FQZX)
~V710,xTQ2X = cos?0[g(Q2X, Q2 X)]a.

Equating the transversal components, we get
FV70,xQaX +g(TQX, X)Ca’ = Vi, xFQ: X — D' (TQ2 X, FQu X)
=c0s?0[g(Q2X, Q2 X)]a. (31)

On the other hand, from (26), we have g(FQ,X,FQ»X) = sinZH[g(QgX, Q2X)], for any X €
I'(D). Taking the covariant derivative of the above equation with respect to TQ, X, we obtain

8(Vrg,xFQ2X,FQ2X) = sin0g(Vrg,xQ2X, Q2X). (32)

Now taking the inner product in (31) with FQ, X, we obtain

8(FVTQ,xQeX,FQ2X) - §(V70,x FQ X, FQ X) = cos”01g(Q2X, Q2 X)1g(as, FQ2 X).

Then using (26) and (32), we get COSZH[g(QzX, Q2 X)1g(as, FQ:X) = 0, it follows that either
0=mn/20or QX =0o0r as € I'(u). This completes the proof.

Lemma 4.4. Let M be a totally contact umbilical slant lightlike submanifold of an indefinite
Kenmotsu manifold M then g(V x X, $p&) =0, for any X e T'(D) and & e T (Rad(TM)).

Proof. Let X € I'(D) therefore X = Q. X, then using (3), (9) and (12) for a totally contact um-
bilical slant lightlike submanifold, we have
g§(VxX,¢¢) = §(Vx X, 8) = —§(VxTQ2X,§) - §(VxFQ2 X, {)
= -g(h' (X, TQ2X),&) - §(D' (X, FQ2X),§)
= -g(D'(X,FQ2X),0), (33)

since for X € I'(D), using (2), (19) and (28) we have hl(x, TQ:X) ={g(X,TQ2X)}ar =0. Since
1n(Q2X) = 0 and n(¢) = 0 therefore by replacing W by FQ,X and Y by ¢ in (13) and using the
fact that M is a totally contact umbilical slant lightlike submanifold, we obtain

g(D'(X,FQX),§) = -g(h*(X,8), FQo X) = —g (X, &) glars, FQ2 X) = 0. (34)

Hence from (33) and (34), the result follows.
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Theorem 4.5. Every totally contact umbilical proper slant lightlike submanifold of an indefi-
nite Kenmotsu manifold is totally contact geodesic.

Proof. Since M is a totally contact umbilical slant lightlike submanifold therefore for any
X =Q: X eI'(D), using (27) we have h(T Q. X, TQ2X) = g(TQ2X, TQ, X)a, then using (25), we
get

h(TQ2X, TQ2X) = cos*0[g(Q2X, Q2 X) —n(Q2X)N(Q2 X)]a
= cos?0[g(Q:X,Q: X)]a. (35)

Using (1) and (24) for any X € I'(D), we obtain

FV70,xX = M(TQ2X, TQoX) - CR(TQ2 X, X) + Vi, y FQ2 X
+DY(TQu X, FQ: X). (36)

Since M is a totally contact umbilical slant lightlike submanifold therefore Ch(TQ. X, X) =
g(T Q2 X, X)Ca =0, therefore using (35) and (36), we get

cos?01g(Q2 X, Q2 X)]a = FV1q,x X = Vi, xFQ2 X — D' (T Q2 X, FQo X). 37)
Taking the scalar product of both sides of (37) with respect to FQ» X, we obtain
cos? 0[g(Q2X, Q2X)]18(as, FQ2X) = §(FVTrQ,x X, FQ2X) — g(VSTQZXFQzX, FQ,X),
using (26), we get
cos?0[g(Q2X, Q2 X)1g(as, FQ2 X) = sin®0[g(Vrq,x X, Q2 X)] - 8§(Vro,xFQ2X,FQ2X). (38)
Now, for any X = Q. X € I'(D), (26) implies that
g(FQ2X,FQ>X) =sin”0[g(Q2 X, Q2 X)),
taking covariant derivative with respect to Vg, x, we get
8(V50,xFQaX,FQX) = sin*01g(V1g,x Q2 X, Q2 X)]. 39)

Using (39) in (38), we obtain cos?0[g(Q.X,Q:X)]1&(as, FQ,X) = 0. Since M is a proper slant
lightlike submanifold and g is a Riemannian metric on D therefore we have g(as, FQ2X) = 0.
Thus using the Lemma (4.2) and the equation (30), we obtain as € I'(u). Let X, Y e T'(D) then
using the Kenmotsu property of M, we have Vx¢Y = ¢pVyxY — g(T X, Y)V, then using (27), we
obtain

VxTQ Y +8(X, TQ2Y)ax - AszyX+V§(FQ2Y+Dl(X,FQ2Y)
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= TVxY + FVxY + g(X,Y)pa— g(TX,Y)V. (40)

Taking the scalar product of both sides of (40) with respect to ¢as and using the fact that p is

an invariant subbundle of T M, we obtain
EVYFQ: X, pas) = g(Q2X,Q:Y)g(as, as). (41)
Again using the Kenmotsu character of M, we have Vx¢pas = ¢V xas, this implies that
—Apas X +Vipas+D (X, pas) = —~TAg X — FAg X + BV as+CVas+pD (X, as),  (42)

taking the scalar product of both sides of above equation with respect to FQ,Y and using
invariant character of y, that is, CV{ as € I'(u) and using (1) and (26), we get

g(Vypas, FQY) = —g(FAy X, FQ2Y) = —sin®0[g(Aq, X, Q2 V). (43)

Since V is a metric connection therefore (Vx 8)(FQ2Y,¢pag) = 0, this further implies that
E(VYFQ2Y,pas) = §(Vidas, FQ»Y), therefore using (43), we obtain

g(V5,FQ,Y, pars) = —sin20[g(Ag, X, Qo V)] (44)

From (41) and (44), we have g(Q.X,Q:Y)g(as, as) = — sin? 0g[(AqX,Q2Y)], then using (13),
we obtain g(Q2X,Q.Y)g(as, as) = — sin® 0(g(Q2X,Q:Y)]g(as, as), this implies that
(1 +sin20) [8(Q2X,Q2Y)]g(as,as) = 0. Since M is a proper slant lightlike submanifold there-

fore sin? 0 # —1 and g is a Riemannian metric on D therefore we obtain
as=0. (45)

Next, for X € I'(D), using the Kenmotsu character of M, we have Vx¢$X = ¢pVyx X, this im-
plies that VxTQ2X + h(X, TQzX) — Apg,x X + VS, FQ2X + D!(X,FQ2X) = TVxX + FVxX +
Bh(X, X)+Ch(X, X). Since M is totally contact umbilical slant lightlike submanifold therefore
using h(X, TQ2X) =0, in above equation and then comparing the tangential components, we
obtain VxTQ2X — Apqg,xX = TVx X + Bh(X, X). Taking the scalar product of both sides with
respect to ¢¢ € I'(¢Rad (T M)) and then using the Lemma (4.4), we get

g(ARQ,x X, &) + §(h'(Q2X,Q:2X),8) = 0. (46)

Now using (11), we have g (h* (X, ¢¢), FQa X)+§ (¢, D' (X, FQ2 X)) = g(Apg,x X, ¢&), since M is
a totally contact umbilical slant lightlike submanifold therefore using (29) and (45), we obtain

g(AFQ,x X, p<¢) = 0. 47)
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Using (47) in (46), we obtain that g(h!(Q2 X, Q2 X),&) = 0, then using (28), we obtain
g(Q2:X,Q2X)g(ar,&) = 0. Since g is a Riemannian metric on D therefore g(ay,¢) = 0, then
using (4), we obtain that

ar =0. (48)

Thus from (45) and (48), the proof is complete.

Next, denote by R and R the curvature tensors of V and V respectively, then using (9)-
(12), we have

RX,Y)Z =R(X,V)Z+Apx.zY — Apiy. X + Ansx,z) Y
—Apsv, X + (Vxh)(Y, 2) - (Vy R (X, Z)
+DY(X, h*(Y, Z)) - D (Y, h* (X, Z)) + (Vx h¥) (Y, Z)
~(Vyh)(X,Z2)+ DS (X, h' (Y, 2)) - D*(Y, h' (X, Z2)),  (49)

where

(Vxh)(Y,2) Vxh'(Y,2) - h*(VxY,Z) - h*(Y,VxZ),

and

(Vxhh(Y,2) vinl(y,2) - n'(VxY,Z) - h(Y,Vx 2). (50)

An indefinite Kenmotsu space form is a connected indefinite Kenmotsu manifold of constant
holomorphic sectional curvature c and denoted by M(c). Then the curvature tensor R of M(c)

is given by (see [10])
RX,Y)Z = C;—g{g(Y, )X -8gX,2)Y}+ %{U(X)TI(Z)Y—U(Y)TI(Z)X
+8(X, Z2Y)V-g(Y,Zn(X)V+gpY,2)pX + gpZ, X)pY
—28($X, V) Z}. (51)
for X, Y, Z vector fields on M.

Theorem 4.6. There does not exist a totally contact umbilical proper slant lightlike submani-
fold of an indefinite Kenmotsu space form M(c) such that c # —1.

Proof. Suppose M be a totally contact umbilical proper lightlike submanifold of M(c) such
that ¢ # —1. Then for any X e I'(D), Z € ['(¢pltr(TM)) and ¢ € T'(Rad(T M)), using (2) and (51),
we obtain

_ 1
GRX, $X) Z,8) = —%g(sz, QX)g(Z,0). (52)

On the other hand using (27) and (49), we get

§R(X,$X)Z,8) = g(Vxh)(@X, 2),8) - §(Vexh) (X, 2),0), (53)
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where using (28) and (50), we have

(Vxh)(@X,Z) = —g(VxpX, Z)ay — g(TQ: X, Vx Z)ay, (54)
and

(Voxh)(X,2) = —~g(Vpx X, Z)ar - (X, Vox Z)ay. (55)
Using (54) and (55) in (53), we obtain

§RX,$X)Z,8) = ~g(VxpX, Z)g(ar,&) - g(pX,Vx Z)§(ar, &)
+8Vopx X, 2)g(ar,§) + 8(X,Vypx 2)§(ay,q). (56)
Now using (27), we have g(pX,VxZ) = —g(vx¢x, Z)=-g(Vx¢pX,Z) and g(X,VyxZ) =
-8(VyxX,Z) = -g(Vepx X, Z). Hence (56) becomes g(R(X,$X)Z,¢) = 0, using this in (52), we
have (c+1)g(Q2X,Q2X)g(¢pZ, &) = 0. Since g is a Riemannian metric on D and g(¢Z,¢&) # 0,
therefore ¢ = —1. This contradiction completes the proof.

5. Minimal slant lightlike submanifolds

In [7], a minimal lightlike submanifold M is defined when M is a hypersurface of a 4-
dimensional Minkowski space. Then in [1], a general notion of minimal lightlike submanifold
of a semi-Riemannian manifold M is introduced as follows:

Definition 5.1. A lightlike submanifold (M, g, S(T M)) isometrically immersed in a semi-
Riemannian manifold (M, g) is minimal if
(i) h*=0o0on Rad(TM) and

(ii) trace h =0, where trace is written with respect to g restricted to S(T M).

We use the quasi orthonormal basis of M given by

{flw")fﬁ(pélh-')(pér’V’ely~-~)eq7(,bN1)'“’(I)Nr})

such that {¢y,...,{/ ), {PS1,..., P, {e, ..., eqt and {PpNy,...,¢pN;} form a basis of Rad(T M),
¢(Rad(TM)), D and ¢(Ltr(T M)) respectively.

Theorem 5.2. A totally contact umbilical proper slant lightlike submanifold M of an indefinite

*

Kenmotsu manifold M is minimal if and only if trace Ay, =0 and trace Ay

{Wk}fcz1 is a basis ofS(TMl) and {{i}gzl is a basis of Rad(TM).

~=0o0nD, where

Proof. Using (1) and (3) we have ViV = 0 therefore using (9), we get h!(V, V) =0and h*(V, V) =
0. Thus from the definition of minimal submanifold and (18), a slant lightlike submanifold is
minimal if and only if

r r q
Y h(PEi, &) + Y h(PNi,N) + ) h(ej,e)) =0
i=1 i=1 j=1
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and h#°* = 0 on Rad(TM). Since M is totally contact umbilical therefore from (27), we have
h(péi,pé;) = 0 and h(pN;, ¢N;) = 0. Similarly #* = 0 on Rad(TM). Thus M is minimal sub-
manifold if and only if Zj:l h(ej,e;) =0, where

q q
> hlejep) =Y h'(ej ej)+h(eje))
j=1 j=1

q 10 1 1
=Y (=) g(h'(ej,ej), éNN; + 7 2 8(h'(ej e)), W) Wi,
i=1 k=1

~

where {W;,..., W;} is an orthonormal basis of S(T M L. Using (13) and (16) we obtain
q q 1z 1 1
Y hieje)) =Y A= g(A; ej,ej)Ni+— ) g(Aw,ej,ej)Wil. (57)
=1 = ria Lz

Thus our assertion follows from (57).

Definition 5.3 ([8]). A lightlike submanifold is called irrotational if and only if Vx&eT(TM)
forall X eI'(TM) and é e T'(Rad (T M)).

Theorem 5.4. Let M be an irrotational slant lightlike submanifold of an indefinite Kenmotsu
manifold M. Then M is minimal ifand only if trace Aw,|scrm) =0, trace A;ﬁ' Iscran =0, where
{Wk}i:1 is a basis ofS(TMi) and {6,-};:1 is a basis of Rad(TM).

Proof. Since ViV = 0 using (1) and (3) therefore using (9), we get h(V, V) =0 and h*(V, V) =
Moreover, M irrotational implies h°(X,¢) = 0 for X € ['(TM) and ¢ € T'(Rad(TM)). Thus h*
vanishes on Rad(TM). Hence M is minimal if and only if trace & = 0 on S(T' M), that is, M is

minimal if and only if

r r q
Y h(pEi,pE) + ) h(PN;, N+ ) h(ej,ej) =0
j=1

i=1 i=1

Using (13) and (16) we obtain

)
Z RS, ¢¢1) = Z{; Z g(A; pEi,pEi)Na + Z g(AW,PEi, PEN Wi, (58)
i=1 i=1 a= k:l
Similarly, we have
r r 1 I 1 1
Y h(¢N;,pN;) = 21{7 Zlg(A§u¢Ni.<pNi)Na 7 kz g(Aw,ej,e)) Wi}, (59)
i=1 i= a= =1
and
q q 1 1 )
Y h(ej,ej) = Z{; Z g(A; ej,ep)Ni + Z g(Aw.ej, ej)) W} (60)
j=1 j=1 Ti= =

Thus our assertion follows from (58)-(60).
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