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THE EQUIVALENCE OF MANN AND ISHIKAWA ITERATIONS

DEALING WITH —UNIFORMLY PSEUDOCONTRACTIVE
MAPS WITHOUT BOUNDED RANGE

B. E. RHOADES AND STEFAN M. SOLTUZ

Abstract. We prove that Mann and Ishikawa iterations are equivalent models dealing with

t-uniformly pseudocontractive or d-weakly contractive maps without bounded range.

1. Introduction

In this paper X denotes a real Banach space with X* strictly convex, T': X — X a
map and let xp,up € X. We consider the following iteration known as Mann iteration,

(9

Unt+1 = (1 — ap)un + anTuy,.

(1.1)

The sequence {a,,} C (0,1) satisfies limy, oo o, = 0, and Y 2 |, = co. We consider

the following iteration known as Ishikawa iteration, ([8])

Tn+1 = (L — ap)zn + anTyn,

The sequences {a,,} C (0,1), {8,} C [0,1) satisty

oo
lim o, = lim G, =0, E o, = +00.
n—oo n—oo 1

n=

The duality normalized map J : X — 2% is given by

J(x) = {f € X*: (f,2) = ||=|* llz|l = I£]}-

We have
(Fu) < fIHyll Yy € X.

The following Remark is Proposition 12.3 from [7].
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(1.2)

(1.4)

(1.5)
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Remark 1.1.([7]) If X is a real Banach space with X* strictly convex then J(-) is a
single map and uniformly continuous on all the bounded sets of X.

The following result is Lemma 1 from [10].
Lemma 1.2. If X is a real normed space, then the following relation is true

lz +yl1* < ll2)* + 2 (g, j(x +v)) , Yo,y € X, Vi(@+y) € J(z+y). (1.6)

The following definitions are from [3], [5] and [6].

Definition 1.3. Let X be a normed space.

A map T : X — X is called weakly contractive map if for all z,y € X, there exist
¥ : [0,400) — [0,400) a continuous and strictly increasing map such that 1 is positive
on (0,400), ¥(0) = 0, and the following inequality is satisfied

[Tz =Tyl <l —yll =& (lz -yl (1.7)

A map T : X — X is called d-weakly contractive map if for all z,y € X, there exist
jlx—y) € J(x—y) and ¥ : [0,400) — [0,+00) a continuous and strictly increasing map
such that 1 is positive on (0, +00), 1(0) = 0, and the following inequality is satisfied

(Tz =Ty, j (x —y)| < e —yl* =¥ (lz = yl). (1.8)

A map T : X — X is called y-uniformly pseudocontractive if there exist j(x — y) €
J(x —y) and ¢ : [0,400) — [0,4+00) a strictly increasing map such that 1 is positive on
(0, +00), 9 (0) = 0 and the following inequality is satisfied

(Ta — Ty, j(@ —y)) < o = ylI* = &(|l= - yll), Vo, y € B. (1.9)

A map C : X — X is called -uniformly accretive if there exist j(x —y) € J(z —y)
and v : [0,4+00) — [0, +00) a strictly increasing map such that ¢ is positive on (0, +00),
1 (0) = 0 and the following inequality is satisfied

(Cx—Cy,j(z —y) = ¥(llz —yl),Yz,y € X. (1.10)

We denote the identity map by I.

Remark 1.4. (i) If T is a d-weakly contractive map, then T is a -uniformly pseu-
docontractive map.

(ii) The map T is t-uniformly pseudocontractive if and only if C := (I — T) is
1-uniformly accretive.

Proposition 1.5. If T is a weakly contractive map, then T is a ¥-uniformly pseu-
docontractive map.
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Proof. Let j(z —y) € J(x — y). Using (1.5), (1.7) and (1.4) we get

(Tz =Ty, j(x—y)) < |Tz = Ty||lj (x -y
2
=Tz = Tylllle =yl < lz —yl" = llz =yl (l=—yl) . (1.11)

Denote ¢ (a) :=a- ¢ (a), Va € [0,00) to obtain that 1) is strictly increasing and positive.

The convergence of Mann iteration for a d-weakly contractive map in Hilbert spaces,
was studied in [3]. It was shown in [5] that Mann iteration (1.1) for a d-weakly con-
tractive map without a bounded range, converges in a Banach space more general then
a Hilbert space. Also, it was shown in [6] that the same iteration for a t-uniformly
pseudocontractive map without a bounded range, converges in a normed space.

If T is a weakly contractive, then T is a nonexpansive map. In this case the equivalence
between Mann and Ishikawa iterations follows from Theorem 3 of the paper [11].

The above two motivations lead us to prove, in this note, the equivalence between
Mann and Ishikawa iterations, (1.1) and (1.2), dealing with -uniformly pseudocontrac-
tive maps without bounded range. As a corollary we obtain the convergence of Ishikawa,
iteration for the above operatorial classes. Also, we give a positive answer to the fol-
lowing conjecture, (see [11], page 452), "If Mann iteration converges, so does Ishikawa
iteration”.

For a t-uniformly pseudocontractive (respectively, i-uniformly accretive) map, the
equivalence between Mann and Ishikawa iterations was shown also in Theorem 2.1 and
Corollary 3.1 from [12]. There, in [12], the set T(X) was assumed to be bounded.
Removing the boundedness of the range, forces us to pay a price: both {«,} and {3,}
will depend on T" and z*( see condition (2.1)).

Remark 1.6. Let X be a normed space and T : X — X a uniformly continuous
map. Then I — T is a uniformly continuous map.

The following result is Proposition 2.1.2 from [4].

Proposition 1.7([4]) Let X be a normed space and T : X — X be a uniformly
continuous map. Then T is bounded; i.e. it maps any bounded set into a bounded set.

Remark 1.6 and Proposition 1.7 lead to the following result.
Remark 1.8. Let X be a normed space and T : X — X a uniformly continuous
map. Then I — T is bounded; i.e. it maps any bounded set into a bounded set.

The following result, stated below, is Lemma 3.1 from [1]. In [1], the map ¢ is
assumed to be continuous in order to obtain an estimate for the convergence rate of the
sequence {A, }. Another proof for the Lemma 3.1 can be found in ([2], pages 12-13). The
same lemma, without the continuity assumption on 1, appears in [6].

Lemma 1.9.([1]) Let {\,,} and {yn} be sequences of nonnegative numbers and {c,} a
sequence of positive numbers satisfying the conditions Zzozl ap, = o0 and (/) — 0
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as n — +oo. Suppose that
)\n+1 S )\n - QOénw (An) + Ty (112)

is satisfied, where v : [0,4+00) — [0,+00) is a strictly increasing map such that ¥ is
positive on (0,+00), with 1(0) = 0. Then lim,_co Ap, = 0.

2. Main Result
Let F(T) denote the fixed point set of T.

Theorem 2.1. Let X be a real Banach space with X* stricly convex. If T : X — X
is a Y-uniformly pseudocontractive and uniformly continuous map with x* € F(T),
xo = ug € X and there exists a constant dy := do (T, z*) € (0,1), which depends on T
and x*, such that {a,},{On} satisfy

Qn, Brn < dy,Vn € N, (2.1)

and (1.3), then the following are equivalent:
(i) the Mann iteration (1.1) converges to the x* € F (T),
(ii) the Ishikawa iteration (1.2) converges to the same x*.

Proof. The fixed point z* is unique. If not, then there exists at least another fixed
point y* € F (T), with 2* # y*. Relation (1.9) leads to

(Tz* = Ty", J (2" —y*)) < |2 = y*|I* = & (]a" = y|)
(@ =y (@ —y) <" =yt = v (e = 7))
2 —y*|I* < 2" = y* I = ¥ (=" = y*[])

Y(z" —y*) 0= [lz" —y*|| = 0. (2:2)

The implication (ii)=(i) is obvious, by setting, in (1.2), 8, = 0, for all n € N. We
will prove the implication (i)=-(ii). Suppose that lim,_ oo u, = z*. If

lim ||z, —u,| =0, (2.3)
then
0< 2% — 2pll < flun — 2™ + [lzn — ua| (2.4)
and it follows that
lim z, = a". (2.5)

Thus, to complete the proof it suffices to verify relation (2.3).
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With A:= (I —T) in (1.9), we have
{(Az — Ay, J (x —y)) = {(x = Tz) = (y = Ty),J (x —y))
= |l —y|* = (Tw =Ty, J (x - y))
> o = yl* = llz = yI* + ¥ (= - y)
=¥ (llz —yl)- (2.6)
Taking x := x, and y := u, in (2.6) we obtain
(Azp, — Aup, J (T, — un)) > ¥ (Jlzn — unl]) - (2.7)

Choose R > 0 such that {u, : n € N} C Bg(z*) and 2o € Bag (z*). Remark 1.8
assures that A(Bag(z*)) is bounded. Denote

o := diam (A (Bzg (%)) + R. (2.8)
Since the map J(+) is uniformly continuous on bounded subsets of X, with
R
_v(5)
4o

there exists a d; > 0 such that ||z — y|| < é; implies ||J (x) — J (y)|| < e.

The map T'(+) is also uniformly continuous. Thus for the same ¢, there exits a do > 0
such that ||z — y|| < dy implies ||Tx — Ty|| <.

We shall prove by induction that {x,} is bounded. We know that 0 = ||z¢ — uo|| < R.
Suppose that ||z — ug|| < R,VEk € {1,...,n}. We shall prove that

> 0, (2.9)

a1 — i < B. (2.10)

Assume that ||z, — u,|| < R and that

||In+1 — un+1|| > R. (2.11)
From ||zx — ukl| < R, Vk € {1,...,n} we know
lee — || < |log — ugl] + |lur — || < 2R, Vk € {1,...,n}. (2.12)

From (2.12), we have z,, € Bar(z*) and the following inequality satisfied
ekl < lzx — || + ||l=*|| < 2R+ ||z¥]||, Yk € {1,...,n}. (2.13)
Using diam (A (Bzr (%)) < 0 and z,, € Bag (%), (. e. ||Az,|| < 0), we get
1Tyn — Tapll < |=yn +Tyn + 2n — Tl + lyn — nl|
< [ Aynll + [[Aznll + [lyn — @l

<SHo+0ullan —Tan|| =S+ 0+ Bn ||Azy ||
<S+o0+ 8,0 (2.14)
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Such a S > 0 exists because

lyell < ekl + By |Azkl] < llox]| + [[Azy|| (2.15)
<R+ |2 + 0, k€ {1,...,n},

and A is a bounded map.
For all n € N, we have

[un+1 — unll = an [(I = T) un| = an [Aus|l < ano. (2.16)
Set
d := min{d1, da}. (2.17)
Defining
0 R
do := min{l,§, —, ———}. 2.1
0 Il’llll{ ’ a20_72(40_+5)} ( 8)
it follows that, for all n € N, using (2.1) and (2.16), that
R
an 304+ S+ fno) <ap(do+5) < 5
)
Bn < — and
o
0
n < —. 2.1
an < % ( 9)
From (1.1) and (1.2),
[Zn+1 = tnta |l = [|(1 = an) (@ = un) + an (Tyn — Tuy)||
= ||xn — un — an (Azy, — Auy) + an (Tyn — Tay)||

< |@n — unll + an |Azn — Aug|| + an || Tyn — Ty - (2.20)

From (2.20), using (2.11), (2.8), (2.14) and the first evaluation from (2.19),

[#n = unll = [Tns1 = tnal| = on [Azn — Aun|| = o [[Tyn — Tan|
> R—2ap0 —ap (S+ o0+ 8,0)
=R—-a,B80c+ S+ pr0)>R—-R/2=R/2. (2.21)

Using the induction assumption,

[#n41 = tnga || = [[(1 = an) (@0 — un) + an (Tyn — Tu)|
= |[(zn — un) — an (T — up, — Ty + Tun) + n (Tyn — Txy) ||
< zn = unll + an [|Azn — Aunl| + o |Tyn — Tn |
< R+ 20p0 + apS + ano + anfBno = R+ a,S + 3ano + o, fBno
<R+ R/2<2R. (2.22)
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Thus we get
[#nt1 — Una |
—-1<{——. 2.23
< i (223)
By setting (1.6),
T = (l‘n - Un) — Qp (Amn - Aun) ;
yi=an (Tyn — Txy),

T+HY=2Tni1l— Unil, (2.24)

we obtain

2
|Tn1 — Un1]|” =

I (
= |(#n — un) — o (T — tn) + an (Txn — Tn) + o (Tyn — Tan)||?
= [[(xn — un) — an (Azy, — Aup) + an (Tyn — Tycn)||2
<N (@n = un) — an (Azy — Aun)||* + 200 (Tyn — T, J (Tng1 — Ung1)) -
(2.25)
We again apply (1.6) with
T 1= Ty — Up,
Y= —ay (Az, — Auy) ,
x4y =(Tn —un) — an (Az, — Auy,), (2.26)

to obtain,
(@n = wn) = an (Azy — Auy)|?
< an — unll? = 200 (Azn — Aun, J (20 — un) — an (Azy — Auy)))
< ||@n — un||2 — 200, (Axy, — A, J ((n — upn) — an (Azy, — Auy)) — J (Tn — up))
— 20, (Axy, — Aug, J (T, — uy))

< on — un||2 — 20,0 ([|2n — unl|)

+ 2ay, ||Azy, — Augl| X || (25 — un) — ap (Azy — Auy)) — J (zn, —un)||. (2.27)

Substituting (2.27) into (2.25) and using (2.21) we have

Zn+1 — Un+1||2
<@y — Un||2 —2an? (lzn — unll)
+2ay, |Azy — Auy|| X [T (20 — un) — an (Azp — Auy)) — J (2n — un)]|
2o, (Tyn — Txpn, J (Tng1 — Unt1))
<@y — Un||2 —2an? (|lzn — unll)
+2ay, |Azy — Auy|| X [T (20 — un) — an (Azp — Auy)) — J (2n — un)]|
+20n | Tyn — Tn|| |Tn+1 — wnt1 |
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R
<l — wal® = 20,0 (5
+2ap, |Azy — Auy|| X [T (20 — un) — an (Azn — Auy)) — J (2n — un)]|

+2an [Tyn = Tan| 12041 — tnia|

R
< |l@n — un||2 — 2a,7 (5) + 40n0Tn + 200G || Tnt1 — Unga|l - (2.28)
Setting
To = | (@0 = tn) — o (Azn — Aun)) = J (@0 — )| (2:29)
and
Cn = ||Tyn — Tyl (2.30)

and using (2.8) and (2.23),

2
|41 — Una |

R Tptl — Up
< wn — unl? — 209 <5> ||+12—R+1|| + 4oty + 200Gn [|Tn1 — Ungall . (2.31)

Using (2.14) and (2.19) we obtain

[(@n — un) — an (Azy — Auy) — (X0 — up)|| (2.32)
= oy, (Azy, — Auy)|| < 20000 < 0.

From the uniform continuity of J (-),
Tn < €. (2.33)
Relation (2.19) leads to
1Yn = Znll = [[=Bntn + BuTxnll = B [ Azn|| < Bno < 0. (2.34)

Since T is uniformly continuous,

Cn <e. (2.35)
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Substituting (2.33), (2.35) (with e given by (2.9)), and (2.23) in (2.31) we obtain

lZn+1 _un+1H2

< HZn _ Un” — 2an1) < > ||93n+12Run+1|| + day,0 LE ) + 200G Hanrl _ Un+1”
< lon — tn? anw<2> [ons ~ vl (f) %) ot = s
< o = tn]® = ) ( 2) 1 R“n+l|| (?) ||wn+1 un+1|\ .
4= Oénw ( ) [ Zn+1 ;“n+1||
— || — un||? — ant < 2> |[Zn+1 Run+1|| Lo < > 2041 Run+1|| n
n1l)< > |z 11 Run+1||
= [|lzn — un|* < R*. (2.36)

Relation (2.36) is in contradiction with ||z,1+1 — upt1]| > R.
Thus there exists an R > 0 such that

|zn, — unl < R,Vn € N. (2.37)
Relations (2.28) and (2.37) lead to

[@n41 — “n+1||2 < l#n — unH2 = 2007 ([[#n — unl|)
+20 || Axy — Aup|| X || ((2n —tn) —an (Azp — Auy)) = J (2 —uy)||
+2an || Tyn — Tn| 2011 — tnia]
< lan — UnH2 = 2an? (lzn — unl)
Fano |J (X — un) — an (A, — Auy)) — J (2 — uy)||
FanR||Tyn — Ty - (2.38)

Recalling that lim, o ||un, —2*|| = 0, then lim, o [|unt1 — un| = 0, and using
(2.32) one obtains using (1.3),

[(@n — upn) — an (Azy — Auy) — (X0 — up)|| (2.39)

= ||an, (Azy — Auy)| < 2ap0 — 0as n — oo.
The uniformly continuity of J(-) implies that

Hm ||J ((zn — un) — an (Axy — Auy)) — J (20 — up)|| = 0. (2.40)

n—00
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Also, from (2.34) and (1.3), we have

lyn = @nll = | =Bnan + BT (2.41)
= Bn ||AInH < Bpo — 0, as n — oo.

The uniformly continuity of T'(-) leads to
lim ||Ty, — Tx,|| = 0. (2.42)
Relations (2.38), (2.40) and (2.42) with

An = [[an — un)?, (2.43)
Y = an (4o ||J ((xn, — un) — an (Azy — Auy)) — J (n — up)||
+ 2R || Tyn — Tanl)),

lead to (1.12). Using now Lemma 1.9 one obtains limy, o |2, — tn® = 0.

Using Remark 1.4 (i), Proposition 1.5, and Theorem 2.1 one obtains the following
corollary.

Corollary 2.2. Let X be a real Banach space with X' strictly conver. If T : X — X
s a d—weakly contractive (respectively weakly contractive) and uniformly continuous map
with * € F(T), xy = up € X and there exists a constant dg = do (T, 2*) € (0, 1), which
depends on T and x*, such that {an,}, {Bn} satisfy an, Bn < do,Vn € N and (1.3), then
the following are equivalent:
(i) the Mann iteration (1.1) converges to the x* € F (T),
(i) the Ishikawa iteration (1.2) converges to the same x*.

Let C be a y-uniformly accretive map. Suppose the equation Cxz = f has a solution
for a given f. Remark 1.4 (ii) ensures that

Tx:=f+x—Czx,Vr e X, (2.44)

is a t-uniformly pseudocontractive map. A fixed point for T' is a solution for Cx = f
and conversely.
Theorem 2.1 also implies the following corollary.

Corollary 2.3. Let X be a real Banach space with X' strictly convex. If C : X — X
is a Y-uniformly accretive and uniformly continuous map with x* € F (T), g = ug €
X and there exists a constant dy = do (T,z*) € (0,1), which depends on T and z*,
such that {an}, {Bn} satisfy an, Bn < do, Yn € N and (1.3), then the following are
equivalent:

(i) the Mann iteration (1.1), with T given by (2.44), converges to the solution of Cx = f,
(ii) the Ishikawa iteration (1.2), with T given by (2.44), converges to the solution of
Czx=f.
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