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PRIMITIVE ZEROS OF QUADRATIC FORMS MOD P>

ALI H. HAKAMI

Abstract. Let Q%) = Q(x1, x2,...,X,) be a quadratic form with integer coefficients, p be
an odd prime and ||x|| = max; |x;|. A solution of the congruence Q(x) =0 (mod p?) is said
to be a primitive solution if p { x; for some i. In this paper, we seek to obtain primitive
solutions of this congruence in small rectangular boxes of the type 8 = {x € Z" : |x;| <
M;, 1 <i < n} where for 1 =i <1 we have M; < p, while for i > [ we have M; > p. In
particular, we show that if n = 4, n even, [ < g —2, and Q is nonsingular (mod p), then

4n+3
there exists a primitive solution with x; =0,1 < i <[, and |x;| < 25T p% +1,forl<i<n.

1. Introduction

Let Q(x) = Q(x1, X,..., X,) be a quadratic form with integer coefficients and p be an odd
prime. Set [|x|| = max|x;|. When n is even we let A, (Q) = ((—1)”/2 detAQ/p) if pfdetAQ and
Ap(Q) = 0if p|det Ag, where (-/p) denotes the Legendre-Jacobi symbol and Ag is the nx n
defining matrix for Q(x). Q(x) is called nonsingular (mod p) if p{ det Aq.

Consider the congruence
Q) = Q(x1,x2,...,X,) =0 (mod m), e))

where m is a positive integer. There has been much interest in obtaining a small nonzero
solution of the congruence (1). The problem of finding a small solution of (1) means finding a
nonzero integral solution x such that x| < m?® for some positive constant § < 1. The constant
0 may depend on n, but not on m.

In this paper we are seeking to find primitive solutions of (1) in a more general box cen-
tered at the origin, in the case where m = pz. A primitive solution is one with gcd(x;, ..., x,, m) =
1. A primitive solution is sought to rule out trivial solutions of (1) of the type py where y satis-
fies Q(y) =0 (mod p). First, we give some background on what is already known for the case
of small solutions.
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For the quadratic form Q(x) = xf +-+-+ x2, it is clear that any nonzero solution x of (1)
must satisfy, max|x;| = \/Lﬁ m''2. Thus § = 1/2 is the best possible exponent for a small solution
in general.

Schinzel, Schlickewei and Schmidt [17] proved that (1) has a nonzero solution with ||x]| <
m1/2+12=1) for 3 > 2, even, and x| < mM?*1/27 for p > 2, 0odd. Thus for any € > 0 we
get a nonzero solution of (1) with x| < mU/2+e provided n is sufficiently large. We note that
the solution obtained by their method is not necessarily a primitive solution. Indeed, when
m = p? they would simply use a trivial solution such as (p,0,...,0).

Dealing with m = p, p an odd prime, Heath-Brown [15] obtained a nonzero solution of
(1) with ||x]| < p'?logp for n = 4. His result was an improvement on the result of [17] in
this case. Wang Yuan [18], [19] and [20] generalized Heath-Brown’s work to all finite fields.
Cochrane, in a sequence of papers [1], [2] and [3] improved this to [x|| < max{2!%p!/2,222105}.
The best constant available is due to the author [7, Theorem 1.3] and [11, Theorem 1] who

obtained |x|| < min{p?/3,219p1/2}.

Using the method of exponential sums the author [8, Theorem 1] generalized Cochrane’s
method to find a primitive solution of (1) with |x|| < p for n = 4 when m = p2 and Q(y) is
nonsingular (mod p). The optimal bound, || x| < p for n = 1, was obtained by Cochrane and
Hakami using a geometric method [6, Theorem 1].

For m = p3, the author [9, Theorem 1]. obtained the existence of a primitive solution of

(3/2)+@3/n

any nonsingular form with ||x|| < p ) provided n = 6.

For a general prime power m = p* and nonsingular form (mod p*) in n = 4 variables (n
even) a primitive solution of size x| < m1/?*+{(/" js gobtained by the author [10, Theorem 1].

For m = pq a product of two distinct primes, the optimal bound, [|x|| < m!/? for n > 4
was obtained by Cochrane [4] and [5], building upon the work of Heath-Brown [14]. But no
attempt was made to obtain a primitive solution in this work.

As we mentioned our interest in this paper is the case m = p? with p a prime. We wish to
obtain the existence of primitive solutions of the congruence

QX = Q(x1,%2,...,X,) =0 (mod p?), @)

in a box of points of the type

B={xeZ":|x;|<M;, 1<i<n} 3)
2_
centered about the origin, where M; € Z, and 0 < M; < pTl for 1 < i < n. We shall assume

that exactly / of the edges are of length at most p, while the remaining edges all have lengths
strictly greater than p, say

2M;+1<p, 1=is]|, 2Mi+1>p, l+1<isn.
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We also restrict our attention to the case where 7 is even and Q is nonsingular (mod p), so
that A, (Q) is as defined in the opening paragraph.

For the case A, (Q) = 1, we establish in Corollary 1 that if n is even, n > 4,

|gg| > 24n+2 }’l’ and 1_[ < 2—41’1—2’9(1’1/2)—1,

2M,+1

(where the product is set equal to 1 if / = 0 ), then there exists a primitive solution of (2) in the
box %8+ 28, that is, a primitive solution with |x;| <2M;, 1 < i < n. A similar result (where 4n+2
is replaced by 4n + 3) is established in Corollary 2 for the case A,(Q) = —1. In the case where

the first / edges are all of length zero, we deduce the following theorem.

Theorem 1. Let p be an odd prime, Q be a quadratic form over Z in n = 4 variables with n
even, and Q nonsingular (mod p), and let | be a nonnegative integer with | < 5 —2. Suppose
that p = 25515 . Then there exists a primitive solution to (2) with x; =0, 1<i <1, and |x;| <

24r713pnl+1 forl<i<n.

In the case where [ = 0, the theorem gives us a primitive solution of (2) with |x|| < 24+% D,
recovering the type of bound obtained in [8] and [6]. To prove these results we shall use finite
Fourier series over Z,,, the modular ring in p? elements. The proof here builds upon the work
of [6] and [8].

2. Basic identities and lemmas

In this section we shall assume that n is even, p is an odd prime, and that Q(x) is a non-
singular quadratic form (mod p) with A,(Q) = +1. Let ep2(a) = e2rialp? et Ve = V2 (Q)
be the set of zeros of Q contained in ZZZ and let Q* (y) be the quadratic form associated with

inverse of the matrix for Q (mod p). Forye ZZZ set

Zve 2(X-y) for y#0,
P(Vyz,y) = x€
|sz| - p*"=1 for y#o0.

We abbreviate complete sums over ZZZ and Zj, in the manner

p2

s ff

xmodp x1=1 x,=1

;:

;ME

x mod p?> x=1

The following lemma gives us a formula for (/)(sz Y.
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Lemma 1. Suppose n is even, Q is nonsingular (mod p) and A = A,(Q). Fory € 2", put

y = %y in casep |y Then for anyy,

pht— pi1 if pty: for someiand p?|Q*(y),
_pnl if ptyi for somei and p|Q*(y),

d(V,y) =40 if ptyi for someiand ptQ*(y),
—API22 4 el (p 1) if plyi foralliandptQ*(y),
Ap-Dp*? 2+ p" U (p-1) if ply: foralliand p|Q*(y).

The proof of Lemma 1 is given (with some work) in Carlitz [14], and in complete detail in
[13, Theorem 1].

Let a(x) be a complex valued function defined on ZZZ with Fourier expansion a(x) =

Zya(y)epz (x-y) where a(y) = p‘znzxa(x)epz(—x-y). Then

Z aix) = Z Za(y) ep? (vy-x)

xeV xeV'y

= Z a(y) Z ep? (vy-x)
y

xeV

=a0)|V|I+ ) aly) ) ep(y-x).

y#0 xeV

Since a(0) = p~2" ¥y a(x), we obtain

Y a®=p ' VIY a®+ ) aly) $p(V,3,0),y).
xeV X y#0

Also by noticing that |V| = ¢(V,2,0) + p*""~V, we obtain that

Y am=p Y ax+)_ ayoV,y). @
X y

xeV
Inserting the value of P(Vp2,y) from Lemma 1 in (4) we obtain (see [8, Lemma 2])

Lemma 2 (The Fundamental Identity). Suppose n is even, Q is nonsingular (mod p) and

A =Ap(Q). Then, for any complex valued a(x) on ZZZ’
Y a@=p?Y a@+p" Y ay-p" ' Y aly
xeV X P?lQ*(y) plQ*(y)

p p
_Ap(Bn/Z)—Z Z a(py/) +Ap(3n/2)—l Z a(py/). (5)
yi=1 plyi, pIQ* (¥)
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3. Proof of main results in the case where A, (Q) = 1

Let 28 be the box of points in Z" given by

B=xeZ' a;<x;<a;+m;,1<i<n} (6)

where m; = gip+ri, 0 <r1; < pand g;,r; € Z. Thus the cardinality 9 is || = [1I_, m;.
Consider the congruence

Qx)=0 (mod p). ()

Our first step is to obtain an upper bound on the number of solutions of (7) contained in 23.
First, we treat the case where all m; < p. In this case we can view the box 2 in (6) as a subset

ofZ Z and appeal to the following result of Cochrane [1, Lemma 3].

Lemma 3. Suppose that A,(Q) = 1. Let 98 be a box of type (6) with all m; < p, and V), = Vj,(Q)
denote the set of zeros of (7) in Zz. Then

B
|BNV,| < 2”(u+p’”2). ®8)
p
Next we consider larger boxes where the m; may exceed p. We define

+ 1). 9)

wa- i

m;
p

Partition the box 28 in (6) into N = Ng smaller boxes B;,
%ZBlLJBzU"'UBN,

where each B; has all of its edge lengths < p. Thus Lemma 3 can be applied to each B;. We

obtain

N
|%mvp,z|=zl|3imv,,|
1=

on N
==Y |Bj|+ N2"p""?
p iz

B
(2 )

Thus we have proved
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Lemma 4. Suppose that A, (Q) = 1. Let Vpz = V,z(Q) be the set of integer solutions of the
congruence (7). Then for any box 98 of type (6), we have

B
| BNV, 7| $2n(|—p|+N% p”’z), (10)

where Ng as defined in (9).

Let % be a box of points in Z" as in (3) centered about the origin with edge lengths m; :=
2M; +1 < pz, 1 < i < n, and view this box as a subset of ZZZ. Let y# be its characteristic
function with Fourier expansion y(X) = Y.y ag(y)e,: (x'y). Let a(x) = yg * y» = Ly a(y)e,: (x:
y). Then for anyye Zzz,

_2nl_[ sin nm,y,/p an

a(y) =
o1 sin®my;/p?

where the term in the product is taken to be m; if y; = 0. In particular, if we take | y;| < p?/2
for all i, then using the fact that |sin(x)| = % |x| for |x| < m/2, we have

n p2 2
aly) < p™ " Hmin ml?, (—) . (12)

i=1 2yi
Since 48 is centered about the origin, the Fourier coefficients a(y) are positive real numbers
(as can be seen by (11)). Thus by applying the Fundamental Identity (5) to a(x) = Y4 * Y%, We
obtain

Z a(x) > p—ZZa(X) _ pl’l—l Z a(y) _ p(3n/2)—2 Z a(PY)
xeV x p|Q* ¥ y(mod p)

S—_——— L, _,
Main Term E E,
= Main Term — E; — E>. (13)

The main term in (13) is

2
pYy ax = ZZX%*X%(X) el |

and the others are error terms. We proceed to bound these error terms.

First, we consider

E =p"! Yy a(y). (14)
Q*(y)=0 (mod p)

Let X" be an abbreviation for ¥ o+ y)=0( mod p), |y;|<p2/2 - Define 8; by

2ki-1 for ki=1,
6i= (15)
0 fork;=0
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Using (12) yields

00 00 . n m2 p2
. i
SRTCIED S S S S pa
Q* (y) = 0(mod p) k=0  k,=0 y i=1 i
ly;l < p?i2

2
8 b =ty =2k

IR IS Sl |
< .
oo koo 5 im14@kTIp2imy)?
2
IyﬂsZkif%i
|%|2 e} [e) N n 1
=— ZZ H22ki'
P k=0 k,=0 i=1
\y,\szki”—

For non-negative integers ki, ko, ..., ky, let

2
%'z{yezzzzlyilszk"%, 1si5n}.

1

Put

so that

Now, from the upper bound (10), we have

B
|B' N V) 7| <27 p

where by utilizing (9),

il

i=1

The last equality in (19) follows, since

ki+1.,,2
om; 2%
oki o 7L
4p m;

+1<p = m<p.

But the right-hand side of (19), is less than or equal to

n 2ki+1 1 n 2ki
I1 ( p+—+1)52" I1 ( Pl
m

m; p

355

(16)

(17)

(18)

(19)
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It follows that

n Zki
Ng <2" [] (mp+1). (20)

Apply the upper bound (18) to the inner sum ¥y in (16). This gives

i |%|2 00 00 @/ v noq
3 aW =" 2 L B vzl [ o
Q (\K,J.T:;gzdp) k=0 kn= i=1
2 oo B! n
I%I P Z(znl |4 278y 2 H%
kn= j=14"""
—0'1+0'2, (21)

say. By employing the inequality (17), we find that

s

P k1:0 kn=0

i=1
B B
<gn.nt?l_1gnl Pl (22)
p p
and by the inequality (21),
|=%|2 00 [e) n 1
o9 = > Z . Z 2nN%’pn/21_[7
P™" k=0 k,=0 i=1 2%
|%|2 P 00 00 n Zkip noq
EPYLCVTE SN SIS i I Ea Y ) y
p*" k=0  k,=0 i=1 mi i1 22K
2ki =m;lap
|%|2 /2 n o0 1 zklp 1
= 4n_pn — + —+1|—=
pZn 1:1_[1 kgo 22k; % m; 22k;
2ki <mjlap 2ki >mjl4p
_ 4n|gg|2 n i 1 . Z p
= psn/Z i1 | & 022kl ” 2kl m;
2ki =m;lap

"B rla p X1
=5t L
1= k;=0

2ki > m;l4p
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4" B2 4 [2p 8p?
Swn — +min —p,iz . (23)
p i-1|3 m; m;
Thus by (14), (21), (22) and (23), we have
B 4"\ B)? 4 2p 8p?
E; < 16”up”_1 + %p”_l [T]= +min —p,iz
p p " i=1 m; m;
4"\ B> |4 2p 8p?
T P ccinl o A =L (24)
—_——— pl’l/2+l o1 3 ml ml
Eip ~ ~
Ey»
where Ej 1, Ej» denote the terms underlined.
Let us now assume that for some positive integer / we have,
m < =msp<mp<--<my. (25)
Then for m; < p,
4 2 2 4 2p 4
—+min(—p,8(ﬂ) )s—+—ps—p, 26)
3 io\mg 3 i mg
and for m; > p,
4 (2p (p)) 4 10
—+min|—,8— <—-+42<—. 27)
3 i m; 3 3

By (26) and (27), we can write

4 2p 8p? Lap 10 4lpl 10\ anp!
—+min(—p,i)]s]‘[—p- 11 —:l—p(—) s—T— (8
3 i=1Mi =i 3 Il mi \ 3 [I;-, mi

and consequently (using (23) and (28)),

4n|%|2 4npl 241’1 H"lzl mZ B B n
Bros T - /2_1+1l T =2tp!= gy I m. (29)
p [M_,mi p" 112, mi i=l+1

Therefore, by inequalities (24) and (29), we arrive at

n
El524npn—2|%|+24npl—(n/2)—1|%| H m;.

i=l+1
El,l ~ )

v~

Ei

We next estimate the error term E,, but to do that and also for future reference, we first
prove

Lemma 5. Let 9 be any box of type (3) and suppose that a(X) = y ¢ * Y 2 (X), and that condition
(25) holds. Then we have

n

Y apy) <2™'p"2 M) T] ma.

YEZ}, i=l+1
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Proof. We first observe,

2

14 p P 1
Z a(py) = Z Z Wa(x)epz(—x-py)
yi=1 yi=1x=1P
P p
= Z ep(_x.y)
xi=1 yi=1
- x;i=1 pzn
x=0 (mod p)

Y a®

1

pn x=0 (mod p)
1

on

2 21
P" ueavenm
u+v=0 (mod p)

=il (5]

To obtain the last inequality in (30), we must count the number of solutions of the congruence

). (30)

u+v=0 (modp),

with u,v € 4. In fact for each choice of v, there are at most H” (Im;/pl +1) choices for u. So

the total number of solutions is less than or equal to
n ml
[Tmil|—

i=1

Using the hypothesis (25) then continuing from (30), we have

p 1 1 n m;
> a(py)sﬁl_[mi [T mi (?+1)

yi=1 i=1 =i+l

Bl I (2m;) 27l 21
S% H ( ZJS 2n|—l| H m;.
pP" i\ P p i=l+1
The lemma is established. O

Now in view of Lemma 5, it is clear that the error term E, has the estimate

n
y(mod p) i=l+1

The following theorem summarizes the final outcome of our investigation for the error

terms
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Theorem 2. Suppose that n = 4, is even and that A, (Q) =1, V = V,2(Q). Then for any box %
centered at the origin, with sides of length m; =2M; + 1, 1 < i < n, satisfying (25), we have

|BJ?
Y ax = — —|Error|,
p

xeV

where

n n
IErrorIS24”p"_2|@|+24"pl_(”/2)_1|=@| 1_[ m,-+2”pl_("/2)_2|38| H m;.
[ —

i=l+1 i=l+1

Enq N RN )

E E,

In Theorem 2 we have indicated below each term, the error term bounded by the given
value.

Next we compare each error term in Theorem 2 to the main term |BI2/ pz. To make the
left-hand side positive, we make each error term less than 1/4 of the main term. For the error

term E;,;, we need

1|8)?
| | >24n n— 2|%|(=|%|>24n+2pn
4 p?
and for the error term E »,
1|9B| an . 1-(n/2)-1 . L an+2  I-(ni2)+ Lop g=4n-2  (n/2)-1
=2""p I,%Inmi:»l_[miZZ p H—_ p .
4 P i=l+1 i=1 i=1 Mi

Finally for the error term Es,

1 I%I

n n l
— >2mpl- 22 ) T my <= 181 = 4-2"p"= D ] my = Hmﬁs 2= (n+2) (n/2),

i=l+1 i=l+1
Putting the pieces together, we deduce

Theorem 3. Supposethatn = 4 iseven, A,(Q) =1 and thatV = sz (Q). Let B be a box centered
at the origin satisfying (25). If|1%| = 24"*2 p™ and T1}_, (p/m;) <2742 p/2=1 (where L.H.S =

1ifl=0), then
I%’I2 3 IQBI2 1|98

Za(x)z 5

XV p> 4 p? a4 p?

In particular,
||
Vn(#B+B)z—.
4p

Recall that a solution of (3) is called primitive if some coordinate is not divisible by p, i.e
p ! x; for some i. We write p [x for imprimitive points.

Corollary 1. Under the hypothesis of Theorem 3, 98 + 98 contains a primitive solution of (2).
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Proof. We need to show that

Z ax) > Z a(x).

xeV xeV
plx

First by Lemma 5,

xeV plx;, y=1 i=l+1
plx 1<i<n
1 2"\ & 1 |92

= —. m<__

2t pr=l Jy T 2b 4p?

The last inequality is guaranteed by our hypothesis (Theorem 3) that
!
1—[ P 9=4n=2,(n/2)-1 31)
o] M

More precisely, assume (31), then certainly

) (n/2)-1 on n B
H p. = p24n+2 = n—1 H l<4|1 2|
i=1 Mi p i=l+1
So we have now on the one hand
|9B8)?
Y aw < 20
2
xeV 4
pix

xeV B 4p2
We therefore get
2
Y aX /% - > ax>0
xeV xeV
p plx
The proof of the corollary is complete. O

4. Proof of Main Results in the case where A, (Q) = -

Suppose now that n is even and that A, (Q) = —1. We first need to produce analogues of

Lemmas 3 and 4 as follows; see [7, Lemma 2.9] and [12, Theorem 1].

Lemma 6. Let 9 be any box of type (6) with all m; < p, and Vy, = V,,(Q) denote to the set of
solutions of (7) in ZZ. Then

| BV, <2m! (@+ p’”z).
p
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Lemma 7. Let V), z = V),z(Q) be the set of integer solutions of the congruence (7). Then for any
box of type (6),
B
|B V), z| <2 (|—p|+N@ p"’z), (32)

where Ngg is given in (9).

Applying the Fundamental Identity (5) to a(X) = y4 * Y% as in the preceding section, but
this time with A = —1, we have

Yamzp Y ax -p"t Y ay-ptrPTt Y alpy). (33)
xeV —_— plQ* ) plQ* ()
Main Term ﬁ’l—/ N yl(j()d P) )
E3

Next we seek bounds on the error terms in (33). For the error term E; we have already
seen in the case A = 1 how this error term is bounded. The same strategy will work in the case
A = -1, except we shall make use of the upper bound (32) in Lemma 7 instead of the upper
bound (10) in Lemma 4. We find that

|@|2 00 00 n 1
/
Q*(y= 0(5n0dp) k=0 k,=0 i=1
lyjl=p=i2
1B & 2 (w1l an ni2) 11 _L
= p*" kX_"()me_'() ? p va Nap H 22ki
1= n= =

|| |BlPa" 14 [2p 8p?
n
<2-16 _+WH §+mln — ||
p p i=1 ml ml
Thus, it follows that
_ 2.4MBPP a4 [2p 8p?
E1<24n+ll9n 2|%|+Wn §+mln gpl,% : (34)
Eix \ -~ !

Assume (as before) that

Then for m; < p,
(2 a(2) <32

—+mi1’1 _,8 — X< - S y
3 i m; 3 m; m;
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and for m; > p,

4 2 2\ 4 10
—+min (—p,S(ﬁ) ) S—+2<—.
3 m; mi 3

By taking account of these two inequalities, we have

4 2p 8p? [} no10  4lp! 10\t anp!
_+min(_”,i”<n_’”. I _:l_v(_) <A g
3 i=ix1 3 Il mi\3 [T;-, mi

Using (34) and (35), we infer that

n 2 n..l 4n+1 1N 2
2-4"B)” 4'pt 2 II;_, m; _24n+1pl—(n/2)—1|@| ﬁ m
12+1 I - _ 1 - i
pn HiZl m; Pnlz l+l'ni:1 m; i=l+1

12 S

To estimate the error term E3, we just need to apply Lemma 5. It is easily seen that

n
Ey=p®P7t % apy) <2 pt g TT m. (36)
y(mod p) i=l+1

Thus, we have established,

Theorem 4. Suppose that n =4 is even, A,(Q) = —1 and that V = V,,2(Q). Then for any box %

centered at the origin,
|98
Z ax) = — - |Error|,
xeV p
where
n n
IErr0r| s24I1+1pn—2|=%|_’_24I’l+lpl—(l’l/2)—l|'%| H mi+2npl—(n/2)—1|%| H m;.
_E,—/ i=l+1 i=l+1
f N - PN - _
E1,2 ES

As before, in order to obtain a positive sum we seek conditions such that each error term

is less than 1/4 of the main term.

1 |‘%|2 4n+1 _n-2 4n+3 _n

E]yll 2722 P |<@|<:>|¢%|>2 p .

1|82 iz n L _an- _
Eip: —s 224n+1pl (n/2-1gg 1—[ mi<:>]_[£<2 in 3p(n/2) 1

4 p i=1+1 i=1 Mi

VIBP il i—oo)- L ! e _
Ey: ~—— > on lpl (/-1 gg 1—[ mi(:»]_lﬁszl n 2p(n/2) 1

4p i=1+1 =1 Mi

Thus we obtain,
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Theorem 5. Suppose that n = 4 is even, Ap(Q) = —1 and that V = V)2 (Q). If A is a box satisfying
(25), |B| = 243 p" and T1L_, (p/m;) <2743 p/D=Y (ith L.H.S =1 if1 = 0), then

S s B0 3120 _112P
T opr o4 pr 4 p

xeV

In particular,

B
|Vn(,%+,%)|>|—2|.
4p

As a consequence of Theorem 5, we have the following analogue of Corollary 1 for prim-

itive solutions; the proof is identical to the proof of Corollary 1.

Corollary 2. Under the hypotheses of Theorem 5, 98 + 9% contains a primitive solution of (2).

5. Proof of Theorem 1

Let p be an odd prime, Q be a quadratic form over Z in n = 4 variables with n even, and
Q nonsingular (mod p), and let  be a nonnegative integer with [ < % —2. Set m; =2M; +1,
l1<i<n ForO0<i<]| set M; =0, while forl <i < n, set M; = [2%_1]9% —%]. Then for
1<i<1[wehave m; =1, while for / < i < n we have m; >24:%13pﬁ, and so
n

|%| — H mi >24n+3pn,

i=l+1

and

1

l
H%:plsz—m—spg—l,
-1 M

forp= 2750 . Thus the hypotheses of both Corollary 1 and Corollary 2 are satisfied, and so
there exists a primitive solution of the congruence Q(x) =0 (mod p?) in the box 2 + 23, that

isasolutionwith x; =0,1<i</landforl<i<n,

. ool 1 i
|x;| <2M; =2[2 -1 pnl—z]szwpnl+1.
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