TAMKANG JOURNAL OF MATHEMATICS
Volume 37, Number 1, 11-14, Spring 2006

NOTE ON ALZER’S INEQUALITY
CHAO-PING CHEN AND FENG QI

Abstract. If the sequence {a;};2, satisfies Aa; = aj41 —a; > 0, N2q; = A(Da;) = ajyo —
2ai41 +a; 20,1=0,1,2,..., ap = 0. Then

1/r

a 1 & 1w

st/ b S
Qn i—1

An+41 an+1 ;=

for all natural numbers n, and all real » > 0.

1. Introduction

The Alzer’s inequality to which title refers is

n 1 n 1 n+1 1r
<|=) i " 1
n+1 <n§z/n+1;Z> (1)
for all natural numbers n, and all real » > 0 (see [1, 2, 4, 5]).

Elezovi¢ and Pecari¢ [3] genealized Alzer’s inequality as follows: If the positive se-
quence {ay 52, satisfies

a ) T a ) a r4+1
1<("+) ”—+—1+( ") ,n>=0, ap=0, (2)
Ap+1 Gp41 an+1
then, for r > 0,
a 1 @ TEE=
n :
<[— a; a; : 3

In this paper, we consider the sufficient conditions relating to the sequence {a,}>
only, so that (3) strictly holds for all natural numbers n, and all real r > 0.
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Theorem . If the sequence {a;}2, satisfies
ANa; =a;41 —a; >0 (4)
and
Nla; = N(Aay) = aire —2ai41 +a; >0 (5)
fori=0,1,2,...,a0 =0, then

a 1< o A\

Gnt1 i=1 An+1 5237

for all natural numbers n, and all real r > 0.

2. Lemma

Lemma. For any fized real v > 0, the function

($ + y)r-i-l _ xr—i—l

f(x,y) = (z+y)r

(x>0,y>0)

is strictly increasing with both x and y.

Proof. Easy calculation yields

[(z+y) ™t 2™ - (r+1)a"y
(z +y)rtt '

f;(x,y) =

By Lagrange’s mean value theorem, there exists at least one point £ € (z,z + y) such
that
(z+y) T -2 =+ 1)y, z<é<zty

and therefore
[(@+y)™* =2 = (r+ Da"y = (r+ 1y(€" —2") >0,
which implies that f..(x,y) > 0. Clearly,

,rx'r'—i-l

! =1+ ——7F—>0.
The proof is complete.
3. Proofs of Theorem.
The first proof. (6) is equivalent to
n r+1,7
ara
al > —n_ Tt 7
2 "
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r+1 _r
We now prove (7) by mathematical induction. When n = 1, (7) is af > %, ie.

,
Z_f _ (Z_?) > 1, so (7) is ture.

Suppose (7) holds for some n > 1, then

n+1 n r+1 7 2r+1
a’a a
. r r _%n %n41 r _ _ m+l
E a; = E R B s B S B s R
pt = anyy an Ayt an

In order to prove (7) for n + 1, it is sufficient to show that

2r+1 r+1 r
anJrl an+1an+2 (8)
r+1 _ _r+1 r+1 _ r+1°
an_;’_l Qn, an+2 an-i—l
which can be rearranged as
r+1 r41 r+1 r+1
an+1 —a, < an+2 - a’nJrl (9)
T T :
a’nJrl an+2

From (4) and (5) we have

O=ap<an<apti, n=12,..

ANap = ant1 — an < Apyo — Apy1 = Dapyr, n=0,1,2,....

In other words, the sequence {a,}3°; is a positive, strictly increasing and convex one.
By Lemma , we have

r+1 1 1 1 +1 r+1
a’nJrl - G‘ZJF . (an + Aan)T-i- - a:{i_ (a’nJrl + Aa’ﬂ)r - a’nJrl

an o (an + Day)" (ant1 + Day)"
(ang1+ Dapy1) ™ — a:;ﬁ _ a:;ilz - 0:1111
N (an+1+ Dani1)" Upto

The proof of the theorem is complete.

The second proof. (8) is also equivalant to

r+1 r+1 r
i (am) (10)
a:;rrll —ayt! Gn+1
It is easy to see that
r+1 r+1
an+2 - a/n-‘,-l _ (a”+Aan+Aan+1)7'+1—(an+Aan)T+1
r+1 r+1 A la )ttt
Apiq — Gn (an+2Dan) a
> (antDant+Dans ) —(ant+Aany )™t (11)

(an+Day)r+i—apt?
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Define

f(@) = (. + Dani1)™™,  x € lan, an + Aay),
g(z) =2z € [an, an + Day).
By Cauchy’s mean value theorem, there exists at least one point 1 € (an, a, + Aa,) such
that
(an + Aan + Aan+1)r+1 - (an + Aan+1)r+1
(an + Day)r+t —apt?

:M:(H%)T. (12)
n" n

Because of 1/n > 1/(an + DNayp) = 1/an11, we have

A n " A n " n "
(1+—a “) >(1+—a “) :(a *2) : (13)
7’ anJrl anJrl
The combination of (11), (12) and (13) implies (10), and thus, the proof of the theorem
is complete.
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