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INVERSE PROBLEMS FOR HIGHER ORDER DIFFERENTIAL SYSTEMS
WITH REGULAR SINGULARITIES ON STAR-TYPE GRAPHS

VJACHESLAV YURKO

Abstract. We study an inverse spectral problem for arbitrary order ordinary differen-
tial equations on compact star-type graphs when differential equations have regular sin-
gularities at boundary vertices. As the main spectral characteristics we introduce and
study the so-called Weyl-type matrices which are generalizations of the Weyl function
(m-function) for the classical Sturm-Liouville operator. We provide a procedure for con-
structing the solution of the inverse problem and prove its uniqueness.

1. Introduction

We study an inverse spectral problem for arbitrary order ordinary differential equations
on compact star-type graphs when differential equations have regular singularities at bound-
ary vertices. Boundary value problems on graphs (spatial networks, trees) often appear in
natural sciences and engineering (see [1]-[6]). Inverse spectral problems consist in recovering
operators from their spectral characteristics. We pay attention to the most important nonlin-
ear inverse problems of recovering coefficients of differential equations (potentials) provided
that the structure of the graph is known a priori.

For second-order differential operators on compact graphs inverse spectral problems have
been studied fairly completely in [7-13] and other works. Inverse problems for higher-order
differential operators on graphs were investigated in [14]-[15]. We note that inverse spectral
problems for second-order and for higher-order ordinary differential operators on an inter-
val have been studied by many authors (see the monographs [16]-[22] and the references
therein). Arbitrary order differential operators on an interval with regular singularities were
considered in [23]-[26].

In this paper we study the inverse spectral problem for arbitrary order differential op-
erators with regular singularities on compact star-type graphs. As the main spectral char-

acteristics in this paper we introduce and study the so-called Weyl-type matrices which are
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generalizations of the Weyl function (m-function) for the classical Sturm-Liouville operator
(see [27]), of the Weyl matrix for higher-order differential operators on an interval introduced
in [21]-[22], and generalizations of the Weyl-type matrices for higher-order differential op-
erators on graphs (see [14]-[15]). We show that the specification of the Weyl-type matrices
uniquely determines the coefficients of the differential equation on the graph, and we provide
a constructive procedure for the solution of the inverse problem from the given Weyl-type
matrices. For studying this inverse problem we develope the method of spectral mappings
[21]-[22]. We also essentially use ideas from [23] on differential equations with regular singu-
larities. The obtained results are natural generalizations of the well-known results on inverse

problems for differential operators on an interval and on graphs.

2. Formulation of the inverse problem

Consider a compact star-type graph T in R” with the set of vertices V = {vy,..., v,} and

the set of edges & = {ey,..., ey}, where vy,...,v), are the boundary vertices, vy is the inter-
P

nal vertex, and e; = [v}, vol, j = 1, p, ﬂ ej = {vo}. Let [; be the length of the edge e;. Each

j=1
edge e; € & is parameterized by the parameter x; € [0, /;] such that x; = 0 corresponds to the

boundary vertices vy, ..., vp, and x; = I; corresponds to the internal vertex vy. An integrable
function Y on T may be represented as Y = {y;} i=Tp where the function y;(x;) is defined on
the edge e;.

Consider the differential equations on T

W) + Z ( e+ au )y ) = Ay, xie 0,1, j=Tp, ()
X
where A is the spectral parameter, g, ;(x;) are complex-valued integrable functions. We call
qj = quj}y=vn=2 the potential on the edge e;, and we call g = {q]—}j:ﬁ the potential on the
graph T. Let {Ck};_1, be the roots of the characteristic polynomial

p—-1
§;) = val"[(ﬁ k), Vnj:=1,vpo1,j:=0.
u=0 k=0

For definiteness, we assume that §j—§m;j # sn,s€Z, Re¢1; <... < Relypj, §kj # 0,n—3 (other
cases require minor modifications). We set 0 := n—1—-Re({,j —¢1 ]), and assume that the
functions q( )(x]), v =0, u—1, are absolutely continuous, and q(“ ) (x])x e L(0, I;).

Let A = p", e = exp(2mik/n), k = 0, n— 1. It is known that the p — plane can be partitioned
into sectors S of angle = (argp € (k"” (k‘);l)”), ko=—-n,n-— 1) in which the roots Ry, Ry, ..., R,

of the equation R — 1 = 0 can be numbered in such a way that

Re(pR1) <Re(pRy) <...<Re(pR,), pEe€S. (2)
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Clearly, Ry = &;,, where ny,...,1, is a permutation of the numbers 0, 1,..., n—1, depending on
the sector. Let us agree that
o* =exp(u(n|p| + iarg p)), arg p € (-m, 7], RZ =exp(2riuni/n).
Let the numbers ck o, k = 1,1, be such that
n B -1
H C/CjO = (det[f};jl]k,v:m)
k=1
Then the functions
& o n a -1
Crj(xj, A) = x; Y ckjulpxp)™, crju= ijo(l_[5j(5kj+sn)) )
“:O s=1
are solutions of the differential equation in the case when g,,;(x;) =0, u = 0, n — 2. Moreover,
det[C,(C‘}_U(xj,)L)]k’V:L—n = 1. Denote p* = 2nn;e;x|| quj IIL(OJJ.), u=0n-2,j= ﬁ In [23] we

constructed special fundamental systems of solutions {S;(x;,A)} k=17 and {Eg;(xj, 0)} k=17
of equation (1) on the edge e}, possessing the following properties.

(1) For each x; € (0,;], the functions S;CV]) (xj,A), v=0,n-1, are entire in A. For each fixed 1,
and x; — 0,

Skjlxj, A) ~ ijox;r-kj, (Skj(xj,A) = ij(xj,l))x;fkj = O(X;f-"j_flj)-

Moreover, det[S;C‘}_”(xj,/l)]k’V:L—n =1, and |S§c‘;') (xj, NI < Clxtki=v|, lplx; < 1. Here and be-
low, we shall denote by the same symbol C various positive constants in the estimates
independent of 1 and x;.

(2) For each x; > 0 and for each sector S with property (2), the functions E](c‘;) (xj,0), v =
0,n— 1, are regular with respect to p € S, |p| > p*, and continuous for p € S, |p| = p*.
Moreover,

|E;(CV]~)(xj’P)(PRk)_”eXp(—kax,-)—1|sC(Iplxj), peS, lplxj=1.
(3) The relation
Exj(xj,p) =”il biju(P)Spuj(xj, A), 3)
holds, where
brjulp) = BY,RY p¥i[l], BY;#0, peS, p—oo,
4)

n I -1
0 _ -1 Suj

| |1 b,; = det[Ry ]k’vzl’n(det[Rkw]k,/J:I,n) ,

#:

where [1]=1+0(p~ 1.
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Note that the asymptotical formula (4) is the most important and nontrivial property
of these solutions. This property allows one to study both direct and inverse problems for
arbitrary order differential operators with regular singularities (see [24]-[26]).

Consider the linear forms
v
Ujpy(yj) =), Yjv,uy;-u)(lj)y j=Lp,v=0,n-1,
u=0

where y j,,, are complex numbers, y jy := ¥ jyv # 0. The linear forms U}, will be used in match-
ing conditions at the internal vertex vy for boundary value problems and for the correspon-

dung special solutions of equation (1).

Fixs=1,p, k=1,n—-1.Let s = {Wskj} 1 be solutions of equation (1) on the graph T

under the boundary conditions

Ysks(Xs,A) ~ Cksoxiksy Xxs—0, (5)

Yok () = OGS™), xj =0, j=Tp, j#5, ®)

and the matching conditions at the vertex vy:

UnwWsk1) = UpnWskj), j=2,p,v=0k-1, @)

4 -
Upy(skj) =0, v=kn-1. (8)
j=1

The function ¥y is called the Weyl-type solution of order k with respect to the boundary
vertex vg. Define additionally v g,s(xs, A) := Sps(xs, A).

Using the fundamental system of solutions {S,;(xj, A)} on the edge e}, one can write
n
Yoej(xj, A) = Y Mgeju(M)Suj(xj,A), j=1,p, k=1,n-1, )
p=1

where the coefficients Mg j,u(M do not depend on x;.
It follows from (9) and the boundary condition (6) for the Weyl-type solutions that
n
Vi (X )= Y, MajuMSuj(xj,A), j=1,p\s. (10)
p=n—k+1

Similarly, using (5) one gets
n
Wks(Xs, A) = Sgs(xs, 1) + Z Mipu(A)Sps(x5,A), Mg (A) := Misgesp(A). 11
p=k+1
We introduce the matrices M;(A), s = w, as follows:

Ms(}t) = [Msky(/l)]k#:ﬁy Msky(A) = 5k;1 fork=v.
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The matrix M;(A) is called the Weyl-type matrix with respect to the boundary vertex vs. The
inverse problem is formulated as follows. Fix N = 1, p.

Inverse problem 1. Given {M(1)}, s=1,p\ N, construct g on T.

We note that the notion of the Weyl-type matrices M; is a generalization of the notion
of the Weyl function (m-function) for the classical Sturm-Liouville operator ([19, 27]) and is
a generalization of the notion of Weyl matrices introduced in [14, 15, 21, 22, 24] for higher-
order differential operators on an interval and on graphs. Thus, Inverse Problem 1 is a gener-
alization of the well-known inverse problems for differential operators on an interval and on

graphs.

We also note that in Inverse problem 1 we do not need to specify all matrices M (1),
s= W; one of them can be omitted. This last fact was first noticed in [8], where the inverse

problem was solved for the Sturm-Liouville operators on an arbitrary tree.

In Section 3 properties of the Weyl-type solutions and the Weyl-type matrices are studied.
Section 4 is devoted to the solution of auxiliary inverse problems of recovering the potential
on a fixed edge. In section 5 we study Inverse Problem 1. For this inverse problem we provide
a constructive procedure for the solution and prove its uniqueness.

3. Properties of spectral characteristics

Fix s = ﬁ, k=1,n-1. Substituting (10)-(11) into matching conditions (7)-(8), we ob-
tain a linear algebraic system with respect to M j,(A). Solving this system by Cramer’s rule
one gets Mskju(/l) = Askju(l)/Ask()L), where the functions Askju(/l) and A (A) are entire in A.
Thus, the functions M ju(M are meromorphic in A, and consequently, the Weyl-type solu-

tions and the Weyl-type matrices are meromorphic in A. In particular,

Asky A
Ag()’

Mgy (L) = k<pu, (12)

where A sku A):=A sksp (A). We note that the function A (A) in (12) is the characteristic func-

tion for the boundary value problem L for equation (1) under the conditions

fkﬂ,s

ys(xs) =00, x5 — 0, yj(x)) = O(xj"”‘”'j), xj—0,j=1,p, j#s

- p _—
U].V(y]_) = U]V(y])r j=27p; Vzoyk_]-y Z U]v(y]) :0, V= k,n_]_
=1

Zeros of Agx(A) coincide with the eigenvalues of L. Denote

Oy

¢
Qpi:=1, wgi:= L, k=1,n.
J / ij

ij = det[Rl

wj .
]l,,uzl,k’
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Lemma 1. Fix j =1, p, and fix a sector S with property (2).

1) Let k = 1,n—1, and let yj(xj,A) be a solution of equation (1) on the edge e; under the
condition
yilj, =0 ),  xj—o. (13)
Then forxj€ (0,1;],v=0,n—-1, p€S§, |p| — oo,

YN = Y Auj(p) (R exp(oRux)I1], (14)
p=k+1

where the coefficients Ay ;(p) do not depend on x ;. Here and below we assume thatargp =
const, when |p| — oo.

2) Letk=1,n, and let Vj(xj,A) be asolution of equation (1) on the edge e under the condition
yj(x]',/l)"ijox;.kj, xj—>0. (15)

Then for xj€ (0,151, v=0,n—-1, p€S, |p| — oo,

Wi i n
y}”(xj.ﬂt)=pT’Z(ka)”exp(kaxj)m+ Y Buj(p)(pR)" exp(pRyxp(1],  (16)
p=k+1

where the coefficients By, j(p) do not depend on x;.

Proof. It follows from (13) that

yiip A=Y auj)Syj(xj,A). 17
p=k+1

Using the fundamental system of solutions {Ey(x;, p)};_17> one can write

n
Vixj, M) =) Amj(p)Emj(xj,p). (18)

m=1

By virtue of (3), we calculate

n n n n
YiGj A= 3 Amj() Y bmju(P)Suj(xj A) = Y Spj(xjsA) 3. Amj(0)bmjpu(p)-
m=1 p=1 p=1 m=1

Comparing this relation with (17), we obtain

Y Amj(P)bmju() =0, p=1k. (19)

m=1
We consider (19) as a linear algebraic system with respect to A;(p), A2;(p),..., Axj(p). Solving
this system by Cramer’s rule and taking (4) into account we get

n

Ami(@)= Y. (@muj+O0( " NAL(P), m=1k, (20)
p=k+1
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where a;,,,; are constants. Substituting (20) into (18) and using (2) we arrive at (14). Relations
(16) are proved analogously by using (15) instead of (13). O

Now we are going to study the asymptotic behavior of the Weyl-type solutions.

Lemma 2. Fixs= ﬂ, k=1,n, and fix a sector S with property (2). For xs € (0,15), v=0,n—-1,
the following asymptotic formula holds

Wi

Vs M) = ~(pR)" exp(pRixs)[1],  peS, |p| — co. 1)

p%tk

Proof. For k = n, (21) follows from Lemma 1. Fix s = 1, p, k = 1,n— 1. Using Lemma 1 and
boundary conditions for ¥ g we get the following asymptotic formulae for p € S, |p| — oo:

n
wifs(xs»ﬂhsfﬁ (oRr)" exp(pRixs)[1] + Xk:1Afjg(p)(pRu)Vexp(pRuxs)[1],xSE(O,lS], (22)
p=k+
n
wiﬁj(xj,/lh > AZ’;(p)(PRy)VeXp(pRMXj)[1],j=1,p\S, xj€(0,15]. (23)

p=n—k+1
Substituting (22)-(23) into matching conditions (7)-(8) for ¥, we obtain the linear algebraic

system with respect to Ai/; (p). Solving this system by Cramer’s rule, we obtain in particular,

k “Gks
A% (p) = O(p™** exp(p (R — Ry)1))). (24)
Substituting (24) into (22) we arrive at (21). O

It follows from the proof of Lemma 2 that one can also get the asymptotics for wgc)j (xj, ),
J # s; but for our purposes only (21) is needed.

4. Auxiliary inverse problems

In this section we consider auxiliary inverse problems of recovering differential operator

on each fixed edge. Fix s = 1, p, and consider the following inverse problem on the edge e;.
IP(s). Given the Weyl-type matrix M, construct the potential g5 on the edge e;.

In this inverse problem we construct the potential only on the edge e, but the Weyl-type
matrix M; brings a global information from the whole graph. In other words, this problem is
not a local inverse problem related only to the edge e;.

Let us formulate the uniqueness theorem for the solution of the inverse problem IP(s).
For this purpose together with g we consider a potential §. Everywhere below if a symbol a
denotes an object related to g, then @ will denote the analogous object related to 4.
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Theorem 1. Fix s = 1, p. If My = M, then qs = §s. Thus, the specification of the Weyl-type
matrix M uniquely determines the potential q; on the edge e;.

We omit the proof since it is similar to that in [22, Ch.2]. Moreover, using the method of
spectral mappings and Lemma 2, one can get a constructive procedure for the solution of the
inverse problem I P(s). It can be obtained by the same arguments as for n-th order differential
operators on a finite interval (see [22, Ch.2] for details). Note that like in [22], the nonlinear
inverse problem IP(s) is reduced to the solution of a linear equation in the corresponding
Banach space of sequences. The unique solvability of this linear equation is proved by the

same arguments as in [22].

Fix j = 1, p. Now we define an auxiliary Weyl-type matrix with respect to the internal
vertex vg and the edge e;. Let (pkj(xj,/l), k =1, n, be solutions of equation (1) on the edge e;
under the conditions

(pgg/j_l)(lj,)t) =0fy, V :ﬁ, (pkj(xj,/l) = O(x§n7k+l'j), Xj— 0.

We introduce the matrix m (1) = [m .y (1)] kv=Tm where mjy (A) := (p}cvj_l) (I, A). Clearly, mx,(A) =
Oy for k= v, and detm;(A) = 1. The matrix m;(A) is called the Weyl-type matrix with respect

to the internal vertex vy and the edge e;. Consider the following inverse problem on the edge

e j-

IP[jl. Given the Weyl-type matrix m}, construct the potential g; on the edge e;.

This inverse problem is the classical one, since it is the inverse problem of recovering a
higher-order differential equation on a finite interval from its Weyl-type matrix. This inverse
problem has been solved in [22], where the uniqueness theorem is proved. Moreover, in [22]
an algorithm for the solution of the inverse problem /P[] is given, and necessary and suffi-
cient conditions for the solvability of this inverse problem are provided.

5. Solution of Inverse Problem 1

In this section we obtain a constructive procedure for the solution of Inverse problem 1

and prove its uniqueness. First we prove an auxiliary assertion.
Lemma 3. Fix j =1, p. Then for each fixeds=1,p\ j,

UATRURD)

mipy(A) = , v=2,nm, (25)
¢ vajlj,A)
detlysy i (1, A), ..., w21, 0,9V, 0] _
Miky(A) = Veui Vi 1 Vons “_1’k,25k<vsn. (26)
] ¢-1
detly g (1, Dl 7%
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Proof. Denote
Ys1j(xj,A)
vajlj,A)

The function w;s(x;,A) is a solution of equation (1) on the edge e;, and w;s(l;,1) = 1. More-

sz(xj,)t) =

over, by virtue of the boundary conditions on ¥, one has wjs(x;,A) = O(xj"j), x;j — 0. Hence,
wijs(xj, ) =@1j(xj,A), i.e.
Ys1j(xj,A)

. 27
v, A) &7

@1j(xj,A) =

Similarly, we calculate

detly (1, 1) ... w2

det[t//i_].l) U0

URORZICTRDIMEY: 2n-1
j sujitj u—lvk, k=2,n-1. (28)

Prj(xj,A) =

Since m i, (A) = <p§cvj‘“(l i, ), it follows from (27) that (25) holds. Similarly, (26) follows from
(28). O

Now we are going to obtain a constructive procedure for the solution of Inverse problem
1. Our plan is the following.

Step 1. Let the Weyl-type matrices {M(A)}, s =1, p\ N, be given. Solving the inverse problem
IP(s) for each fixed s =1, p\ N, we find the potentials g5 on the edges es, s=1,p\ N.

Step 2. Using the knowledge of the potential on the edges e;, s = 1, p \ N, we construct the
Weyl-type matrix mpy(A).

Step 3. Solving the inverse problem IP[N], we find the potential g on ey.

Steps 1 and 3 have been already studied in Section 4. It remains to fulfil Step 2.

Suppose that Step 1 is already made, and we found the potentials g, s = 1, p\ N, on the
edges e;, s =1, p\ N. Then we calculate the functions Skj(xj,)t), j=1L,p\N,k=1,n.

Fix s = 1, p \ N. All calculations below will be made for this fixed s.

Our goal now is to construct the Weyl-type matrix my(A). For this purpose we will use

Lemma 3. According to (25)-(26), in order to construct mpy(A) we have to calculate the func-

tions

p (v A), k=T,n-1,v=0n-1. (29)

We will find the functions (29) by the following steps.

1) Using (11) we construct the functions

y (1,4, k=T,n-1,v=0,n-1, (30)
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2)

3)

4)
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by the formula
n
ViU D =S U D+ Y Mo DS U, D). 31)
p=k+1

Using the matching conditions (7) on V¥ g, we get, in particular,
UjyWskj) = Usy(Wsks), 0<v<k=n-1, j=1,p\s. (32)

Since the functions (30) were already calculated, it follows that the right-hand sides in (32)
are known. For each fixed k = 1, n — 1, we successively use (32) forv=0,1,...,k—1, and
calculate recurrently the functions

YU, k=Tn=1,v=0,k-1, j=Tp\s. 33)

In particular we found the functions (29) for v=0,k—1.

It follows from (10) that

i Mskjy(/l)sg;?(lj,ﬁ) = wg?j(lj,)l), k=1,n-1,j=1,p\s,v=0,n—1. (34)
p=n—k+1

Fixk=1,n-1, j=1,p, j #5s, j # N, and consider a part of relations (34), namely, for
v = 0,k —1. For this choice of the parameters, the right-hand sides in (34) are known,
since the functions (33) are known. Relations (34) for v = m, form a linear algebraic
system o g j with respect to the coefficients M j “(/1), u= m Solving this system
by Cramer’s rule, we find this functions. Substituting them into (34), we calculate the

functions
w(s‘,’c)j(lj,/l), k=1,n—-1,j=1,p\N,v=0,n—1. (35)

Note that for j = s these functions were found earlier (see (31)).
Let us now use the generalized Kirchhoff’s conditions (8) for ¥ . Since the functions (35)

are known, one can construct by (8) the functions (29) for k =1,n—1, v =k,n—1. Thus,

the functions (29) are known for k=1,n-1, v=0,n-1.

Since the functions (29) are known, we construct the Weyl-type matrix my (A1) via (25)-

(26) for j = N. Thus, we have obtained the solution of Inverse problem 1 and proved its

uniqueness, i.e. the following assertion holds.

Theorem 2. The specification of the Weyl-type matrices Ms(A), s = 1, p\ N, uniquely deter-

mines the potential q on T. The solution of Inverse problem 1 can be obtained by the following

algorithm.

Algorithm 1. Given the Weyl-type matrices Mg(A), s=1,p\ N.



1y

2)
3)

4)
5)
6)
7)
8)
9)
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Find the potentials qs, s = 1, p \ N, by solving the inverse problem IP(s) for each fixed s =
1,p\N.

CalculateSgc‘;.)(lj,/l), j=1,p\N,k=1,n,v=0,n-1.

Fix s =1, p\ N. All calculations below will be made for this fixed s. Construct the functions
(30) via (31).

Calculate the functions (33) using (32).

Find the functions Mgy j,(A), by solving the linear algebraic systems o gy ;.
Construct the functions (35) using (34).

Find the functions (29) using (33), (35) and (8).

Calculate the Weyl-type matrix my(A) via (25)-(26) for j = N.

Construct the potential qn on the edge en by solving the inverse problem IP[N].
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