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MULTI-VALUED MAPPINGS AND FIXED POINTS II

B. C. DHAGE

Abstract. In this paper, some hybrid fixed point principles for the sum of two multi-valued
operators in a Banach space are proved and they are further applied to a certain integral inclu-
sion of mixed type for proving the existence results under mixed Lipschitz and Carathéodory
conditions.

1. Introduction

Hybrid fixed point theorem of Krasnoselskii [12] which combines a topological fixed
point theorem of Schauder with a geometrical fixed point theorem of Banach has been
a subject of great interest for a long time. It is known that the fixed point theorem
of Krasnoselskii has nice applications to perturbed nonlinear differential and the mixed
type of integral equations including the allied areas of mathematics for proving the ex-
istence theorems under mixed Lipschitz and compactness conditions. See [6], [7], [16],
[19] ,[23] and the references therein. There are several extensions and generalizations of
Krasnoselskii fixed point theorem in the course of time. Recently Petrusel [16] has ob-
tained a multi-valued analogue of this theorem under some relaxed conditions and which
is further applied to a certain integral inclusion for proving the existence of solutions. In
this paper, we prove some nonlinear alternatives of Leray-Schauder type for the multi-
valued version of Krasnoselskii fixed point theorem involving the sum of two multi-valued
operators in a Banach space and apply them to prove the existence results for a certain
functional integral inclusion under mixed Lipschitz and Carathéodory conditions.

2. Preliminaries

Throughout this paper, unless otherwise mentioned, let X denote a Banach space
with norm || - ||. Let P,(X) denote the class of all non-empty subsets of X with property
p. In particular, Ppg,c1(X) and Pepco(X) denote respectively the classes of all bounded
and closed, and compact and convex subsets of X. For z € X and Y, Z € Ppg,c1(X), we
denote D(z,Y) = inf{|jz—y| | y € Y}, and p(Y, Z) = sup,cy D(a, Z). Define a function
H: PCI(X) X PCI(X) — RT by

H(A, B) = max{p(A, B), p(B,A)}.
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Note that |Y]| = H(Y,{0}).

A correspondence T' : X — P,(X) is called a multi-valued mapping on X. A point
zo € X is called a fixed point of the multi-valued operator T' : X — P,(X) if 29 € T'(zo).
The fixed points set of T will be denoted by Fiz(T).

Definition 2.1. Let T : X — Ppq (X)) be a multi-valued operator. Then T is called
a multi-valued contraction on X if there exists a constant & € (0,1) such that

H(T'(x),T(y)) < kllx =yl
for all x,y € X. The constant k is called a contraction constant of 7T'.

The following fixed point theorem for multi-valued contraction mappings appears in
Covitz and Nadler [4].

Theorem 2.1. Let (X, d) be a complete metric space and let T : X — Py(X) be a
multi-valued contraction. Then Fix(T) is a non-empty and closed subset of X .

Let X be a metric space. A multi-valued mapping T : X — P,(X) is called lower
semi-continuous (resp. an upper semi-continuous) if G is any open subset of X, then
{r € X | Te NG # 0}(resp{z € X | T C G}) is an open subset of X. The multi-
valued operator T is called totally compact if T(S) is a compact subset of X for any
S C X. T is called compact if T'(S) is a relatively compact subset of X for all bounded
subsets S of X. Again T is called totally bounded if for any bounded subset S of X, T'(S)
is a totally bounded subset of X. A multi-valued operator T' : X — P,(X) is called
completely continuous if it is upper semi-continuous and compact on X. Every compact
multi-valued operator is totally bounded but the converse may not be true. However,
these two notions are equivalent on a bounded subset in a complete metric space X.

The Leray-Schauder nonlinear alternative for compact single-valued mappings is

Theorem 2.2. Let U and U be open and closed subsets of a Banach space X respec-
tively such that 0 € U and let T : U — X be continuous and totally compact mapping.
Then either
(i) T has a fized point, or
(ii) there exists an element u € OU such that A\u = Tu for some X\ > 1, where OU is the

boundary of U.

The Hausdorff measure of noncompactness for a bounded subset S of X is a nonneg-
ative real number x(S) defined by

x(S) = inf {7" >0:8cC U B;(z;,r), for some z; € X}, (2.1)

=1

where B;(z;,7) ={z € X | d(z,z;) < r}.
The measure of noncompactness x enjoys the following properties:
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(x1) x(A) =0 < A is relatively compact.
(x2) x(A) = x(A) = x(co A), where A and 6 A denote respectively the closure and
the closed convex hull of A.
(xs) AC B = x(A4) < aB).
(x4) X(AU B) = max{x(4), x(B)}.
(xs) Xx(AA4) = [Ax(4), VA € R.
(x6) x(A+ B) < x(4) + x(B).

The details of Hausdorff measure of noncompactness and its properties appear in
Deimling [5], Zeidler [24] and the references therein.

Definition 2.2. A multi-valued mapping T : X — P,(X) is called condensing if for
any bounded subset S of X, T'(S) is bounded and x(7T'(S)) < x(S) for x(S) > 0.

It is known that contraction and completely continuous mappings are condensing,
but the converse may not be true. See Petrugel [16, 17]. The one of the famous fixed
point theorems for condensing multi-valued mappings is the following variant of a fixed
point theorem of O’Regan [20] under slightly weaker condition.

Theorem 2.3. Let U and U be open and closed subsets of a Banach space X re-
spectively such that 0 € U and let T : U — Pep.ev(X) be an upper semi-continuous and
condensing mapping such that T(U) is bounded. Then either
(i) T has a fized point, or
(ii) there exists an element w € OU such that Au € Tu for some A > 1, where OU is the

boundary of U.

In the following section we prove the main fixed point theorems of this paper.

3. Multi-valued Fixed Point Theory

Before going to the main fixed point results of this section, we state some of the
results which are useful in the sequel.

Theorem 3.1.(Rybinski [22]) Let S be a nonempty and closed subset of a Banach
space X and letY be a metric space. Assume that F': SXY — Pe o (S) be a multi-valued
mapping satisfying
(a) H(F(xlvy)aF(x27y)) < kllxl - x2|| for each (Ilay)7 ($2,y) eESxXY,

(b) for every x € S, F(z,-) is lower semi-continuous (briefly l.s.c.) on'Y.
Then there exists a continuous mapping f: S XY — S such that f(z,y) € F(f(z,v),y)
for each (z,y) € S x Y.

The following lemmas are useful in the sequel.

Lemma 3.1.([Lim [14]) Let (X, d) be a complete metric space and let Th,To : X —
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Pra,ci(X) be two multi-valued contractions with the same contraction constant k. Then

p(Pia(T), Fia(T) < 1= sup p(Ti (@), Toa)).

Lemma 3.2. (Hu and Papageorgiou [10]) Let X be a Banach space. Then
HY +Z2,Y + W) < H(Z,W)
for Y, Z, W € Pya(X).
Lemma 3.3. (Kisielewicz [10]) Let X be a Banach space. Then
H\Y,\Z) < |NH(Z,W)
forY,Z € Pya(X) and for each A € R.

Theorem 3.2. Let U be an open subset of X such that 0 € U and let A : X —

Prd,cl,e(X), B : U — Pep,co(X) be two multi-valued operators satisfying

(a) A is contraction with a contraction constant k, and

(b) B is l.s.c. and totally compact.

Then either

(i) the operator inclusion \v € A(\x) + Bx has a solution in U for A =1, or

(ii) there exists an element u € OU such that Az € A(Ax) + Bz for some A > 1, where
OU is the boundary of U.

Proof. Define a multi-valued operator T : X x U — Petcopd(X) by
T(xz,y) = Ax + By. (3.1)

We show that T'(z,y) is multi-valued contraction operator in x for each fixed y € X. Let
x1,T9 € X be arbitrary. Then by Lemma 3.2,

H(T(xlvy)a T(an y)) = H(A(xl) + B(y)7 A(xQ) + B(y))
H(A(z1), A(x2))

This shows that the multi-valued operator T, (-) = T'(.,y) is a contraction on X with a
contraction constant k. Hence an application of Covitz-Nadler fixed point theorem yields
that the fixed point set

Fiz(T,)) = {z € X| x € A(z) + B(y)}

is nonempty and closed for each y € X.
Now the operator T'(x,y) satisfies all the conditions of Theorem 3.1 and hence there
exists a continuous mapping f : X x U — X such that f(z,y) € A(f(z,y)) + B(y). Let
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us define C(y) = Fiz(Ty), C : U — Pa(X). Let us s consider the single-valued operator
¢: U — X defined by ¢(z) = f(z,z), for each € U. Then c is a continuous mapping
having the property that

o(x) = f(z,x) € A(f(z,2)) + B(x) = A(c(x)) + B(z),

for each z € U.

Now, we will prove that ¢ is compact on U. To do this, it is sufficient to show that C
is compact on U. Let € > 0. Since B is totally compact on U, B(U) is compact. Then
there exists Y = {y1,...,yn}t C X such that

B(U) C {w1,...,w,} + B(0, (1 — k)e)
c U B(yz) + B(Oa (1 - k)e)v
i=1
where w; € B(y;), for each i = 1,2,...,n. It follows that, for each y € U,

n

Bly) | Bly) + B0, (1 - k)e)

i=1

and hence there exists an element y; € Y such that

p(B(y), B(yk)) < (1 — k)e.
Then

p(C(y),C(yk)) = P(le(Ty)aFlm(Tyk))

<— sup p(Ty(x), Ty, (x))

= — suRp(A(x) + B(y), A(z) + B(yk))
zeU

sup p(B(v), B(yx))

zeU

< m(l —k)e

= €.

IN

It follows that for each uw € C(y) there is vy € C(yg) such that ||u — vg] < e

Hence, for each y € U, C(y) C U B(v;), where v; € C(y;), i = 1,2,...,n. Therefore
i=1

n
c(U)c o) c U B.(v;) and so ¢ is a totally compact operator on U.
i=1
Finally, note that the mapping ¢ : U — X satisfies all the assumptions of Leray-
Schauder’s nonlinear alternative and hence an application of it yields that either
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(i) the operator equation Az = c(x) € A(c(z)) + Bz = A(A\x) + Bz has a solution in U
for A\=1, or

(ii) there exists an element u € OU such that A\u = c¢(u) € A(c(u)) + Bx = A(Mu) + Bu
for some A > 1, where OU is the boundary of U.

This completes the proof.

Corollary 3.1. Let B,.(0) and B.(0) denote respectively the open and closed balls
in a Banach space X centered at origin 0 of radius v. Let A : X — Pecvpd(X),
B: m — Pep.ev(X) be two multi-valued operators satisfying
(a) A is contraction, and
(b) B is l.s.c. and totally compact.

Then either
(i) the operator inclusion Az € A(Ax) + Bz has a solution in B,.(0) for A\ =1 ,or
(i) there exists an element X with ||u|| = r satisfying Au € A(Au) + Bu for some A > 1,

where U is a boundary of U.

To prove the next fixed point theorem, we need the following result of Petryshyn and
Fitzpatrik [18] in the sequel.

Lemma 3.4. Let Let X be a metric space and let A : X — Ppg.ci(X) be a multi-valued
contraction with a contraction k. Then for any bounded subset S of X , x(A(S)) < kx(S).

Theorem 3.3. Let U and U be respectively the open and closed subsets of a Banach
space X such that 0 € U. Let A : U — Petcvpd(X) and B : U — Pep,cv(X) be two
multi-valued operators such that A(U) + B(U) is bounded. Suppose that
(a) A is contraction with a contraction k,

(b) B is u.s.c. and compact.

Then either
(i) the operator inclusion \x € Ax + Bx has a solution for A =1 ,or
(i) there is an element u € OU such that Au € Au+ Bu for some X\ > 1, where OU is

the boundary of U.

Proof. Since A is multi-valued contraction, it is both lower as well as upper semi-
continuous on X. Therefore the multi-valued operator T': X — X defined by T(x) =
(A+ B)(z) = Az + Bz is upper semi-continuous on X. Obviously A : U — Pep e (X),
since a(Az) < ka({z}) = 0. As a result, we have T : U — Pgpeo(X). Let S be a
bounded subset of U. Then by property (xs),

X(T'(S)) < x(A(S) + B(S)) < x(A(S)) + x(B(S)).

As B is completely continuous, we have that x(B(S)) = 0. Again from Lemma 3.3, it
follows that x(A(S)) < kx(S). Hence we have

X(T(S)) = x(A(S)) < kx(5)
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for all bounded sets S in U. Also T/(U) is bounded. Now the desired _conclusion follows
by an application of Theorem 2.3 to the multi-valued operator 7" on U. This completes
the proof.

Corollary 3.2. Let B,.(0) and B,.(0) denote respectively the open and closed balls
in a Banach space X centered at origin 0 of radius r. Let A : B,(0) — Pepcvpd(X),
B:B,(0) — Pep,cv(X) two multi-valued operators satisfying
(a) A is a multi-valued contraction with the contraction constant k, and
(b) B is u.s.c. and compact.

Then either L
(i) the operator inclusion A\x € Ax + Bx has a solution in B.(0) for A\=1 ,or

(ii) there is an element uw € X with ||u|| = r such that Au € Au + Bu for some X > 1.

Proof. We just show that T'(B,.(0)) is bounded, where T = Az 4+ Bz, x € B,(0).
From the definition of T it follows that T'(B,(0)) C A(B-(0)) + B(B-(0)). Since B is
compact, B(B,(0)) is a compact set and consequently a bounded subset of X. We only
prove that A(B,(0)) is a bounded set in X. Let « € B,(0) be arbitrary. Then for any
a € Ax we have

la] < [[A(2)]|
< H(A(x), A(0)) + [|A(0)]
< klz| + [|A0)]]
< kr +[|A0)]]

< 00,

and so A(B,(0)) is bounded. Now the desired conclusion follows by an application of
Theorem 2.3. This competes the proof.

The Kuratowskii measure a of noncompactness in a Banach space is a nonnegative
real number a(S) defined by

a(S) = inf {7‘ >0:5C U S;, and diam(S;) < r, Vi} (3.2)

i=1

for all bounded subsets S of X.

It is known that the Kuratowskii measure o of noncompactness has all the properties
(x1) through (xg) of Hausdorff measure of noncompactness on X. The following useful
results appear in Banas and Goebel [2].

It is known that the Kuratowskii measure o of noncompactness has all the properties
(x1) through (x¢) of Hausdorff measure of noncompactness on X. The following useful
results appear in Banas and Goebel [2].

Lemma 3.5.([5, page 7]) Let a and x denote respectively the Kuratowskii and Haus-
dorff measure of noncompactness in a Banach space X. Then a(S) < 2x(S) for any
bounded set S in X.
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Lemma 3.6.If A: X — X is a single-valued Lipschitz map with a Lipschitz constant
k, that is,
Az — Ayl < K[|z — y||

for all x;y € X, and for some real number k > 0, then we have a(A(S)) < ka(S) for
any bounded subset S of X.

Theorem 3.4. Let U and U be respectively the open and closed subsets of a Banach
space X such that 0 € U. Let A: U — X be a single-valued and B : U — Pep,cv(X) be a
multi-valued operator such that A(U) + B(U) is bounded. Suppose that
(a) A is contraction with a contraction k < 1/2, and
(b) B is u.s.c. and compact.

Then either
(i) the operator inclusion A\x € Ax + Bx has a solution for A\ =1 ,or
(i) there is an element v € OU such that Au € Au + Bu for some X\ > 1, where OU is

the boundary of U.

Proof. Since A is single-valued contraction, it is continuous on X. Therefore the
multi-valued operator T': X — P,(X) defined by T'(x) = (A+ B)(z) = Az + Bz is upper
semi-continuous on X. Obviously A : U — Pep cp(X), since a(Az) < ka({z}) =0. As a
result, we have T : U — Pep,cv(X). Let S be a bounded subset of U. As B is completely
continuous, we have that x(B(S)) = 0. From Lemmas 3.5 and 3.6, and property (xg), it
follows that

xX(T'(5)) < x(A(S) + B(9))
< < x(A(S)) + x(B(9))
< a(A(S9))
< ka(S)
< 2kx(S)
< x(5)

whenever x(S) > 0. Hence we have x(T'(5)) < x(S), x(S) > 0 for all bounded sets S
in U. Also T(U) is bounded. Now the desired conclusion follows by an application of
Theorem 2.3 to the multi-valued operator 7' on U. This completes the proof.

Corollary 3.3. Let B,.(0) and B,-(0) denote respectively the open and closed balls in
a Banach space X centered at origin 0 of radius r. Let A : B.(0) — X, B : B.(0) —
Pep.cv(X) two multi-valued operators satisfying
(a) A is a single-valued contraction with contraction constant k < 1/2,
(b) B is u.s.c. and compact.
Then either
(i) the operator inclusion \x € Az + Bx has a solution in B,(0) for A\ =1 ,or

(i) there is an element w € X with ||u|| = r such that Au € Au + Bu for some X > 1.
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In the following section we will prove an existence theorem for a certain functional
integral inclusion of mixed type by an application of the abstract fixed point theorem of
this section.

4. Functional Integral Inclusions

Let R denote the real line. Given a closed and bounded interval J = [0,1] in R,
consider the following functional integral inclusion (in short FII),

p(t) a(t)
2(t) € (t) + / ka(t, 5) (s, 2(0(s))) ds + / ka(t, )G (s,2(n(s))) ds, T J, (4.1)

where ¢: J = R, ki,ky : I xJ =R, F,G:J xR — Pp(R) and p,0,0,1: J — J.
By a solution of the FII (4.1) we mean a function € C(J,R) that satisfies

() o (t)
£(t) = qt) + / (¢, s)oi (s) ds + / at, s)vs(s) ds,

for some v1,v2 € LY(J,R) satisfying v1(t) € F(s,2(0(s))) and va(t) € G(s,z(n(s))) a.e.
for t € J.
We also need the following definitions in the sequel.

Definition 4.1. A multi-valued map F': J — P,(R) is said to be measurable if for
any y € R, the function t — d(y, F(t)) = inf{|y — x| : € F(t)} is measurable.

Definition 4.2. A measurable multi-valued function F : J — P,(R) is said to be
integrably bounded if there exists a function h € L!(J,R) such that ||v| < h(t) a.e. t € J
for all v € F(t).

Remark 4.1. It is known that if F': J — P.,(R) is a an integrably bounded multi-
valued function , then the set Sk of all Lebesgue integrable selections of F' is closed and
non-empty. See Hu and Papageorgiou [10].

Denote
A+tB={axblac A and b€ B},
M ={Xa|a€ A},
|F(t,z)| = {|u| : uw € F(t,z)}
and
[E(t, 2)|| = sup{|ul : uw € F(t,2)}.
Definition 4.3. Let E be a Banach space with norm || - ||. A multi-valued function

B:J x E — Pgpa(E) is called Carathéodory if
(i) t — B(t,x) is measurable for each x € F, and
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(ii) * — B(t,z) is an upper semi-continuous almost everywhere for ¢ € J.

Definition 4.4. A Carathéodory multi-valued function g : J x E — FE is called
L'-Carathéodory if for every real number r > 0 there exists a function h, € L'(J,R)
such that

|E(t, z)|| = sup{||u| : v e F(t,z)} < hq(t) ae telJ

for all x € E with |z] <.

Denote
S(z) ={v e L'(J,R) | v(t) € B(t, z(t)) ae. teJ}.

Then we have the following lemmas due to Lasota and Opial [13].

Lemma 4.1. Let E be a Banach space. If dim(E) < oo and 3 : J X E — Py (E)
is L'-Carathéodory, then Si(x) # 0 for each x € E.

Lemma 4.2. Let E be a Banach space, B a Carathéodory multi-valued map with
Sy # 0 and let L : L'(J,E) — C(J,E) be a continuous linear mapping. Then the
operator

Lo Sé : C(J, E) — Pbd7cl(C(J, E))

is a closed graph operator on C(J,E) x C(J, E).
In the sequel, let us denote
Sk(z) ={ve LYJ,R) |v(t) € B(t,z(0(t))) ae. te€ J}.

and
St(z) ={ve L*JR) | v(t) € B(t,x(n(t)) ae. te J}

We consider the following hypotheses in the sequel.
(Hp) The functions p, 0, 0,n : J — J are continuous.
(H1) The function ¢ : J — R is continuous.
(Hz) The functions ki, ke are continuous on J x J with K; = max; s |k1(t, s)| and
Ky = maxy s |ka(t, s)|.
(H3) The multi-valued function ¢ — F(t,z) is integrably bounded for all z € R.
(H4) There exists a function £ € L'(J,R) such that

H(F(t,z),F(t,y)) <L(t)|lx—y| ae teJ

for all z,y € R.

(Hs) The multi-valued function G : J x R — P, o (R) is L'-Carathéodory.

(Hg) There exists a function ¢ € L1(J,R) with ¢(t) > Oa.e.t € J and a nondecreasing
function ¢ : RT — (0, 00) such that

G, z)|| < d(t)(|z|) ae. t € J

for all x € R.
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Lemma 4.3. Suppose that the hypothesis (Hy) holds. Then for any a € F(t,x),
la| < L(t)|=[ +[[F({,0), teJ
for all x € R.
Proof. Let z € R be arbitrary. Then by the triangle inequality,

£, 2)|| = H(F(¢ x),0)
H(F(t,x), F(t,0)) + H(F(t,0),0)
H(F(t,z), F(t,0)) + | F(t,0)],

IA A

for all t € J. Hence for any a € F(t,x),
la| < ||F(t,2)||
S H(F(t,x), F(t,0) + [ F(£,0)]
<L) +[[F (@, 0)],
for all t € J. The proof of the lemma is complete.

Theorem 4.1. Assume that the hypotheses (Hy)-(Hg) hold. Suppose that there is a
real number r > 0 such that

_ KL+l + Kallgll w1 (0)
1— K[| 2 ’

Kl <1, (4.2)

1
where L = / |E'(s,0)|| ds. Then the FII (4.1) has a solution on J.
0

Proof. Let X = C(J,R). Consider the open ball B,(0) in X centered at origin 0 of
radius r, where the real number r satisfies the inequality (4.2). Define two operators A
and B on B,-(0) by

n(t)
Ax = {u € X |u(t) =q(t) —|—/ ki(t,s)v(s)ds, t € J and v € (ac)} (4.3)
0
and
o(t)
Bx = {u € X |u(t) = / kao(t,s)v(s)ds, t € Jand v € Sé(ac)} (4.4)
0
Then the FII (4.1) is equivalent to the operator inclusion
x(t) € Ax(t) + Bx(t), t € J. (4.5)

We will show that the multi-valued operators A and B satisfy all the conditions of
Theorem 3.2. Clearly the operators A and B are well defined since Sj.(z) # 0 # S; ()
for each z € X.
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We first show that Az is a closed, convex and bounded subset of X for each x € X. Let
{un} be a sequence in Az converging to a point u. Then there is a sequence {v,} C Sk(z)
such that

n(t)
wnlt) = a0+ [ balts)o(s) ds

and v, — v. Since F(t,z) is closed for each (t,z) € J x R, we have v € Sk(x). As a

result

n(t)
u(t) = q(t) + /0 k(L s)o(s) ds € Ax(t) Vi€ J.

Hence A has closed values on X.

Again let uy,us € Az. Then the are v1,v2 € Sh(z) such that

w(t)
w®=a0)+ [ ktsulsdste s
0
and

n(t)
uz(t) = q(t) —|—/ k1(t,s)va(s)dst € J.
0
Now for any v € [0, 1],

yur(t) + (1= y)uz(t)

= fy{q(t) + /Oﬂ(t) k1 (t, s)vi(s) ds} + (1= [q(t) + /Olt(t) k1 (t, s)va(s) ds}
ﬂﬂ+AMﬂh@$hm®)lew®ﬂﬁ

u(t)
=q(t) + /0 ki (t, s)v(s)ds

where v(t) = yv1(t) + (1 — y)va(s) € F(t,z) for all t € J. Hence yu; + (1 — y)uz € Ax
and consequently Az is convex for each z € X.

To prove A has bounded values, let x € X be arbitrary and let y € Az. Then there
is a v € Sk(x) such that
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By (Hl)a

n(t)
w(t)] < la(t)] + / (2, 8)][o(s)] ds
< ()] + K / ju(s)| ds
< gl + K / |F (s, 2(6(2)))]| ds

1
< llqll + Kl/ h(s) ds
0

< llgll + KAl s
for all t € J. Taking the supremum over £,
Iyl < llall + Kxil[hl[ s

for all y € Tx. Hence Az is a bounded subset of X for each z € X. As a result, A defines
a multi-valued operator A : X — Py copa(X).

Next we show that B has compact values on B,.(0). Now the operator B is equivalent
to the composition £ o St of two operators on L'(J,R), where £ : L'(J,R) — X is a

continuous operator defined by

o(t)
Lo(t) = /0 ka(t, s)v(s)ds.

To show () has compact values, it then suffices to prove that the composition operator
L o S} has compact values on B,(0). Let x € B,.(0) be arbitrary and let {v,} be a
sequence in S (x). Then, by the definition of S}, v, (t) € G(t,z(n(t))) a. e. for t € J.
Since G(t,z(n(t))) is compact, there is a convergent subsequence of vy, (¢) (for simplicity
call it v, (¢) itself) that converges in measure to some v(t), where v(t) € G(¢t,z(n(t))) a.e.
for ¢ € J. From the continuity of £, it follows that Lov,(t) — Lv(t) pointwise on J as
n — oo. In order to show that the convergence is uniform, we first show that {Lv,} is

an equi-continuous sequence. Let ¢, 7 € J; then

a(t) o(r)
[Lv, () — Lop(7)] < /0 ka(t, s)vn(s)ds — /0 ka(T, 8)vn(s) ds
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for some v,, € S&(x). This further implies that

a(t) o(r)
[Lv, () — Lop(7)] < /0 ka(t, s)vn(s)ds — /0 ka(T, 8)vn(s) ds

<

o(t) o(t)
/ ka(t, s)vn(s)ds —/ ka(T, s)vn(s) ds
0 0

o(t) a(r)
+/ kQ(T,S)Un(S)dS*/ ka(T, 8)vn(s) ds
0 0

<

/0 a(t, 5) — ka(7, )] fom(s)] s

o(t)
/ ka(r, 8)] o (5)] ds
o(T)

N (4.6)

Since v, € L'(J,R), the right hand side of (4.6) tends to 0 as t — 7. Hence, {Lv,} is
equi-continuous, and an application of the Arzela-Ascoli theorem implies that there is a
uniformly convergent subsequence. We then have Lv,, — Lv € (Lo St)(x) as j — oo,
and so (£ o SL)(x) is compact. Thus we have B : B,.(0) — Pep co(X).

Next we show that A is a multi-valued contraction on X. let z,y € X be and
uy € A(z). Then uy € X and

ui(t) = q(t) + /O " ky(t, 5)v1(s) ds
for some vy € Sk(z). Since
H(E( x(t)), F(ty(1) < (0)]x(t) —y(B)],
we obtain that there exists w € F(t,y(t)) such that
01 () — w| < L(@)|2(t) =y (D).

Thus the multi-valued operator U defined by U(t) = Si(y)(t) N K (t), where
Next we show that A is a multi-valued contraction on X. let z,y € X be and
uy € A(z). Then vy € X and

for some vy € SL(z). Since
H(E(@,2(1)), F(t,y(t) < @)|2(t) —y(@)],
we obtain that there exists w € F(¢,y(t)) such that

v1(8) — w] < L) |2(t) — y(B)].
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Thus the multi-valued operator U defined by U(t) = Sk(y)(t) N K (t), where
K(t) ={w ] [oi(t) —w| < £@)]x(t) —y(O)[}

has nonempty values and is measurable. Let vy be a measurable selection for U (which
exists by Kuratowski-Ryll-Nardzewski’selection theorem. See [4]). Then vy € F(t,y(t))
and
|1 () —v2(t)] < L(t)|x(t) — y(t)| for all t € J.
Define

n(t)
ua(t) = q(t) + / ki (L, s)us(s) ds.
0
It follows that us € A(y) and

n(t) w(t)
/ k1 (t, s)vi(s)ds — / k1(t, s)va(s) ds
0 0

|1 (t) — ua(t)] <

w(t)
< /0 k1(t, s)|v1(s) — va(s)|ds

n(t)
< [ toh s - yis)lds
0
< K|/l paljz =yl
Taking the supremum over ¢, we obtain
l[ur = wall < K|/l 1z =y

From this and the analogous inequality obtained by interchanging the roles of z and y
we get that
H(A(x), A(y)) < Kai|ll| g1 [lz =y,

for all z,y € X. This shows that A is a multi-valued contraction since Ky|[¢|[;» < 1.

Next we show that B is completely continuous on X. Let S be a subset of B,(0).
Then ||z|| < r for all x € S. First we prove that B is totally bounded on X. To do this,
it is enough to prove that B(S) is a uniformly bounded and equi-continuous set in X.
To see this, let u € Bx be arbitrary. Then there is a v € S§(x) such that

o(t)
u(t) = / ka(t, s)v(s) ds.
0
Hence

o(t)
u(t)] < / (2, 9)][0(5)] ds

o(t)
< K| G(s,z(n(s)))ll ds

~Jo
a(t)

S/ Koh,(s)ds
0

= Kal|hy| 1
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for all x € S and so B(S) is a uniformly bounded set in X. Again let ¢,7 € J. Then for
any y € Bz, one has

a(t) o(7)
ly(t) —y(7)| = /0 ka(t, s)v(s)ds — /0 ka(r, s)v(s)ds

for some v € S&(z). This further implies that

a(t) o(r)
ly(t) —y(7)| < /0 ka(t, s)v(s)ds — /0 ka(7, s)v(s) ds

<

/Oa(t) ka(t, s)v(s)ds — /Og(t) ko (7, 8)v(s) ds

o(t) o(T)
+/O kQ(T,s)v(s)ds—/O ka(7, s)v(s) ds

o(t)
A ka(t,8) — k(. 9)| [o(s)] ds

<

o(t)
+/“|@@ﬂW@Ms

(1

S/O [F2(t, 8) — ka7, s)[ |G (s, z(n(s))) ]| ds

o(t)
K1[|G(s, z(n(s)))| ds

+

o(7)

S/Ib@ﬁfb&wwﬂﬁ$+mwmeﬂ
0

where p(t) = fog(t) hy(s) ds.
Since p and g are continuous on the compact interval J, they are uniformly continuous.
Therefore, we have

ly(t) —y(7)| = 0 as n — oo.

Thus B(S) is uniformly bounded and equi-continuous set in X. Hence Bz is compact
by Arzela-Ascoli theorem.

Next we show that B is a upper semi-continuous multi-valued mapping on X. Let
{zn} be a sequence in S such that x, — z.. Let {y,} be a sequence such that y,, € Bz,
and y,, — y.. We shall show that y. € Bx,. Since y,, € Bx,, there exists a v, € S} ()
such that

a(t)
yn(t) = / ka(t, s)vn(s)ds, t € J.
0
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We must prove that there is a v, € S&(z.) such that

o(t)
y«(t) = / kao(t, s)v.(s)ds, t € J.
0

Consider the continuous linear operator K : L*(J,R) — C(J, E) defined by

o(t)
Ky(t) = / ka(t, s)v(s)ds, t e J.
0

Now ||y — y«|| — 0 as n — 0. From Lemma 4.2, it follows that K o S, is a closed graph
operator. Also from the definition of K, we have y,, € K o S&(z,,). Since y,, — ys, there
is a point v, € S&(z4) such that

o(t)
Y« (t) = / ka(t, s)va(s)ds, t € J.
0

This shows that B is a upper semi-continuous operator on X. Thus B is an upper semi-
continuous and totally bounded and hence completely continuous multi-valued operators
on X.

Now the operators A and B satisfy all the conditions of Theorem 3.2 and hence an
application of it yields that either the conclusion (i) or the conclusion (ii) holds. We
show that the conclusion (ii) is not possible. Let Au € Au + Bu, for some A > 1. Then
there are v; € Sk(u) and ve € S&(u) such that

w(t) o(t)
Au(t) = q(t) + /0 k1(t, s)vi(s)ds + /0 ka(t, s)va(s)ds.

By Lemma 4.3,

w(t)

o(t)
()] < Mu(t)] < a(t) + / e, 9)] o1 (5) s + / o (t, 9)][va(5) s

w(t)
< q(t) + / (£, 9)]() u(B(s))] ds
o(t)

u(t)
T / (£, 9)| | (£,0)]] s + / k()]G s, un(s))) | ds

n(t) a(t)
<L+ lqll + ; K1 l(s)u(0(s))| + ; Ka¢(s)¢(Ju(n(s))]) ds

< KoL A+ [lgll + K [le] o [[ull + Kzll@ll Ly (flul)-
Taking the supremum over ¢, we obtain

Jull < KaL + gl + Kallell erflull + K|l b ([[ul])-
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Substituting ||u|| = 7 in the above inequality yields

K\ L+ [|lqll + Kol L2(r)
- 1= K ||| 2

which is a contradiction to (4.2). Hence the conclusion (ii) of Theorem 3.2 does not hold
and consequently the operator inclusion € Az 4+ Bz has a solution in B, (0). This
further implies that the FII (4.1) has a solution on J. This completes the proof.

5. Applications

As an application of the integral equations, we consider the following nonlinear func-
tional two point boundary valued problems (BVP) of ordinary differential inclusion,

{:c”(t) € F(t,z(0(t))) + G(t,z(n(t))) ae . teJ
(5.1)
z(0) =0==x(1)
and
{x”(t) € F(t,z(0(t))) + G(t,z(n(t))) ae. teJ 52)
2(0) =0=2a'(1)

where F,G : J x R — P¢(R) and 6,1 : J — J are continuous.
By a solution of the FBVP (5.1) or (5.2) we mean a function z € AC*(J,R) that
satisfies
2" (t) = v1(t) + va(t), for all t € J,

for some vy vo € LY(J,R) satisfying v1(¢) € F(t,z(0(t))) and v (t) € G(t, z(n(t))) almost
everywhere for ¢ € J, where AC'(J,R) is the space of continuous real-valued functions
whose first derivative exists and is absolutely continuous on J.

Theorem 5.1. Assume that the hypotheses (Hy )-(Ha) hold. Suppose that there exists
a real number r > 0 such that

L 1
r> M7 1] < 4, (5.3)
4— 4z

where L = fol ||F(s,0)||ds. Then the FBVP (5.1) has a solution on J.

Proof. The FBVP (5.1) is equivalent to the FII

1 1
st) € [ Kt a)ds + [ kG ats)) ds e ()
0 0
where k(t, s) is the Green’s function associated with the linear homogeneous BVP

{ac”(t)zo ae teJ

5.9
z(0) =0 =z(1). (5:5)
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It is known that the Green’s function G(t, s) satisfies the inequality

|k(t,5)] <

e

Now the desired conclusion follows by an application of Theorem 4.1 with ¢(¢) = 0,
w(t)=1,0(t)=1for all t € J and ki (t,s) = ka(t, s) = k(t,s) for all t € J. The proof is
complete.

Theorem 5.2. Assume that the hypotheses (Hy)-(Hy4) hold. Suppose that there exists
a real number r > 0 such that
L+ [9llLr(r)

p> 2 NONLEORT) gy < 1, 5.6
1— HEHL1 || HL ( )

where L = fol ||F(s,0)||ds. Then the FBVP (5.2) has a solution on J.

Proof. The FBVP (5.2) is equivalent to the FII

£(t) € / H(t, 5)F (s, 2(6(s))) ds + / H(t, 5)G(s,z(n(s))) ds, t€ J,  (5.7)

where H(t,s) is the Green’s function associated with the linear homogeneous BVP

(5.8)

{ac”(t)zo ae teJ
z(0) = 0=2'(1).

It is known that the Green’s function H(t, s) satisfies the inequality
|H(t,s)] < 1.

Now the desired conclusion follows by an application of Theorem 4.1 with ¢(¢) = 0, u(t) =
1,0(t) =1 for all t € J and kyi(t,s) = ka(t,s) = H(t,s) for all ¢t,s € J. The proof is
complete.
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