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RECENT DEVELOPMENTS ON PSEUDO-DIFFERENTIAL
OPERATORS (II)

DER-CHEN CHANG, XIAOJING LYU AND BERT-WOLFGANG SCHULZE

Abstract. The analysis on manifolds with singularities is a rapidly developing field of
research, with new achievements and compelling challenges. We present here elements
of an iterative approach to building up pseudo-differential structures. Those participate
in operator algebras on singular manifolds and reflect the properties of parametrices of
elliptic operators, including boundary value problems.

Introduction

The relationship between partial differential operators and their symbols is the origin
of the calculus of pseudo-differential operators, where the symbols are not necessarily poly-
nomials in the covariables. Basics have been well-known through the works of Kohn and
Nirenberg [29], Hormander [26], and many other authors. Standard material can be found in
numerous textbooks on this topic. From the very beginning of its development the pseudo-
differential analysis interacted with other fields of mathematics and applications in natural
sciences, especially, geometry, topology, and physics. New aspects and recent achievements
are outlined in [13]. In the present Part II we give more insight into pseudo-differential tech-
niques from the analysis on manifolds with singularities, with new starting points and future

possibilities and challenges.

The classical ideas around ellipticity of operators, parametrices, and index on smooth
closed manifolds are an inspiration also for the singular analysis. The same is true of other
traditional structures occurring in machineries for solving parabolic or hyperbolic problems.
The singular geometries in such contexts cause new and partly unexpected problems. Al-
though those are sometimes really hard, the new symbolic structures and iterative ideas that

are created so far are very beautiful. Also the remarkable progress during the past decades is
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an encouragement to participate in these fields. In this exposition we focus on what is nec-
essary for elliptic operators. Later on in other parts of this series we also turn to anisotropic

symbolic structures and parabolicity.

The interactions between classical pseudo-differential analysis and other fields of math-
ematics have attracted mathematicians since a long time. One of the most impressive exam-
ples is the index theory of elliptic operators and of boundary value problems (BVPs) on mani-
folds. In the article [21] Gelfand pointed out that the Fredholm index of a Shapiro-Lopatinskij
elliptic BVP is a function of the involved principal symbols alone. This lead to the question,
known as Gelfand’s program, how to express the index purely in terms of suitable equivalence
classes of symbols. In the subsequent development more aspects and objectives have been
included in the discussion, in particular, operator algebras, complex analysis, algebraic topol-
ogy, homotopy theory, and K-theory. The development culminated in the Atiyah-Singer index
theorem, cf. [3]. These achievements first concerned elliptic operators on a smooth closed
manifold, where the ellipticity of a classical (pseudo-) differential operator is determined by
its homogeneous principal symbol (and topological data of the underlying manifold). Later
on the development integrated boundary value problems for operators with the transmission
property at the boundary, cf. Boutet de Monvel [7]. It has been assumed in this paper that a
topological obstruction for the interior symbol vanishes, cf. Atiyah and Bott [4] for the case
of differential operators. During this period also operators without the transmission property
have been investigated, see the theory of pseudo-differential BVPs of Vishik and Eskin [59],
[60], and Eskin [18], based on a higher-dimensional analogue of Wiener-Hopf techniques.

Also questions about parametrices and the index have been considered in these works.

A “well-organized" pseudo-differential theory should be able to express the parametrices
of elliptic operators within a corresponding operator algebra. This is the case in “standard"
pseudo-differential operators on a closed smooth manifold. Then the ellipticity of the corre-
sponding operator is equivalent to its Fredholm property in standard Sobolev spaces. If the
manifold is non-compact and smooth, ellipticity and parametrices can be formulated as well.
However, the nature of “coefficients" of operators and also the kind of smoothing operators
close to the non-compact ends of the manifold are very essential for Fredholmness and in-
dex in (which kind of?) Sobolev spaces. The difference between different notions of ellipticity
and index theory can be illustrated by comparing different compactifications of the respective
manifold. For instance, if M is a smooth compact manifold, v € M a single point, then M\ {v}
can be first compactified to My := M itself. However, when v is regarded as an embedded con-
ical singularity we write M rather than M. Another compactification M, of M\ {v} consists
of a manifold with smooth boundary, where 0 M, is a sphere of dimension dim M — 1. While
for My we have the usual pseudo-differential calculus on M in the smooth sense across v, on

M, there is the calculus on M \ {v} with M; as a manifold with conical singularity v, which
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is rather different from the smooth one close to v. Moreover, M, admits the completely dif-
ferent calculus of BVPs. We then have even different choices of non-equivalent theories, e.g.,
BVPs with or without the transmission property at the boundary. The spaces My, M; and M,
are examples of stratified spaces, and the indicated pseudo-differential structures are deter-
mined by corresponding symbolic hierarchies, the components of which are contributed by
the involved strata. We can also compactify M\ {v} in such a way that the boundary is a man-
ifold with edges or corners, i.e., stratified again. Then for operators and their ellipticity we

need symbolic hierarchies of more than 2 components.

The idea of this paper is to pick some crucial parts of recent inventions in singular analy-
sis which are necessary for the indicated pseudo-differential structures and to establish new
insight and contributions to building up singular operators in corresponding algebras with

symbolic structures.

1. Manifolds with singularities
1.1. Hierarchies of stratified spaces

Manifolds appear in numerous models of physics. For instance, the boundary of a smooth
domain in Euclidean space R” is a manifold of dimension z — 1. It is then of interest to study
harmonic functions in the domain with respect to their behaviour at the boundary. Denot-
ing the domain including its boundary by M, we have an example of a smooth manifold with
boundary, while the open interior is a smooth manifold in the “usual” sense, i.e., every point
has a neighbourhood that is differomorphic to R". Dirichlet or Neumann problems for the
Laplacian are classical examples of elliptic BVPs. Those can be represented by a row matrix

operator
A

Tj

o = , (1.1)

n 0
i=19x?
function to the boundary, T; for the restriction of the normal derivative to the boundary. As
is well-known, smoothness of right hand sides of «/u = '(f, g), i.e., f € C*®°(M), g € C®(OM),
entails smoothness of solutions u up to the boundary. This is a special case of elliptic regular-

ity. More generally, f € H S=2(int M), geH s=12g M) (for compact M and s > 3/2) gives rise to

j =0,1, where A stands for the Laplace operator A =} , and Ty for the restriction of a

u € H*(int M). However, if M is not smooth, for instance, a cone or a cube, then it is far from
being obvious, in which kind of spaces we can formulate elliptic regularity, and, in particular,
how to substitute the smoothness of solutions up to the singular points of the boundary. Also
unique solvability or Fredholmness of the operator can break down. What concerns the sym-
bolic structure of parametrices close to the boundary, even in the case of a smooth boundary,
the answer in terms of interior and boundary symbols is not obvious, although known by
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Boutet de Monvel’s calculus, cf. [7] or Rempel and Schulze [35]. Non-smooth, e.g., piecewise
smooth boundaries, require the tools of the singular analysis, for instance, of operators on
stratified spaces. Other important problems are mixed, transmission and crack problems, cf.

[27], [24], which require the analysis on manifolds with conical and edge singularities.

A prototype of a mixed elliptic problem is the Zaremba problem for the Laplacian. In this
case the boundary is subdivided into submanifolds (0M)., i.e., dM = (0M)_ U (OM), with
common boundary (0M)_ N (0M). := Z of codimension 1 which is in simplest cases smooth.
In the Zaremba problem there are posed Dirichlet conditions on (0M)_, Neumann condi-
tions on (OM) .. This problem for a smooth interface has been investigated also in [10] from
the point of view of the edge calculus of BVPs, where the interface is the edge. It is also impor-
tant to admit interfaces with singularities, e.g., with conical points, edges, or corners. Then
the corresponding configuration is a stratified space of a higher depth. These examples show
that singular manifolds play the role of underlying spaces for interesting analytic objects, here
BVPs for (pseudo-)differential operators. More examples come from particle physics, quan-

tum chemistry, material sciences, and other fields of applications.

For a topological space B we set
B“:=([®Rs xB)/({0}xB) and B":=R, xB. (1.2)

The space B is often called the link of the cone B* or of the open stretched cone B”. In our

considerations below we fix a splitting of variables
(r,-) € B

and only admit other splittings, regarded to be regular with respect to the fixed one, when the
transition (r,-) — (7,%) is smooth up to r = 0 in a sense to be defined below after Definition 1. In
an iterative manner we construct categories 91 of stratified spaces of increasing singularity
orders, with 91y, being the system of smooth manifolds. We then assume that ;_; for k €
N, k = 1, is already introduced, and we pass to 1.

Definition 1 ([48]).
(i) A (paracompact) topological space M belongs to 91 for k € N, k = 1, if there is a subset
Sp(M) € M, si. (M) € My, such that M\ sp.(M) € M.
(ii) There is a neighbourhood V of si(M) in M with the structure of a locally trivial regular
B%-bundle over si.(M) for some B € Mj_;.

Definition 1 (ii) refers to bundles over a smooth manifold X, where the fibre is a cone.
The meaning is similar to a vector bundle E over X with bundle projection 7 : E — X and fibre
F which is, say, a finite-dimensional complex vector space. A possible definition is based on
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a system of trivialisations 7' U := E|y = U x F, where U runs over an open covering of X and
on a given cocycle of transition maps )(‘b;’U :(UNV)x F— (UNV) x Fwith U, V belonging to
the open covering. For B instead of F we denote the corresponding bundle by E~. In order
to define regular singularities (not cuspidal ones) we ask the existence of bundles E* with
fibre B”, E° with fibre B, and E with fibre R x B, such that both E” and E° are subbundles of E
determined by the inclusions of fibres B < R x B and B < R x B, the latter realised as {0} x B,
and that then the transition maps for E*

X@,Aui(UﬂV)xBA%UﬂV)xBA (1.3)

are Sbtained as quotient maps X{E,AU = _)([‘E,fU/ Xﬁ?U, whoere )([‘E/fU is the cocycle of transition maps
for E;, the subbundle of E with fibre R, x B, and )(‘b; v is the induced cocycle for EY as a sub-
bundle of E,.

In addition we require homogeneity of
vy NV x Ry x B)— (U V) x R, x B) (1.4)
in the sense B B
iy (6010 = 1y, (1)
forevery 6 e Ry and (x,r,-) e (UNV) x (R, x B). In other words, fibres R, x B or B2 are trans-
formed via transforming the Cartesian product R, x B by idz, x B, where f: B — B is an iso-
morphism in 9;_;. Isomorphisms § can be defined in an iterative manner, beginning from

B € 9y where isomorphisms are simply diffeomorphisms. The iterative definition of isomor-
phisms in M for k e N, k = 1, is straightforward.

Remark 1. A topological space M belongs to 901y for k€N, k= 1, if

(i) M is stratified, i.e., there is singled out a sequence
s(M) := (so(M), s1(M), ..., sk (M) (1.5)

of subsets s;(M) € M belonging to Mo, j=0,...,k, such that

k
siM)(siM) =@ forall j#I, M=Js;M),
j=0
and
dims;(M) >dims;(M) for j<l for 0=<j<k-1. (1.6)
(ii) We have
k
Mj:=M\ |J siiM)ed; for 0<j<k-1,
i=j+1

and s;(M) for j = 1 has a neighbourhood V; in M; with the structure of a locally trivial
B].A_l—bundle over s;j(M) for some Bj_1 € M;_;.
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In fact, by virtue of Definition 1 (i) we have Mj_; = M\ s;(M) € 9My_1. Thus sp_1 (M) :=
Sk—1(Mjy—_1) givesrise to My_j := Mj_1\sx_1 (M), etc. In order to verify (1.6) we identify a neigh-
bourhood of any point of s;. (M) with B,f_l xQy for an open set Q. € R, g := dim s (M), Br—1
€ My_1. Then sg_;(M) can be locally identified with sk_l(Blf_l) x Qp = sk_l(Bl’c\_1 x Q) =
R+ x $g—1(Bg-1 x Qg). Thus

dims;_1 (M) =1+ dim sy_q(B_1) + dim s;. (M)

which yields dim sy_; (M) > dim s (M). Applying the same conclusion to My_; and then iter-

ating the arguments we obtain the inequalities (1.6).

1.2. Examples and remarks

Let us set
dim M := dim so(M).

Example 1.

(i) Let M be a smooth manifold with boundary 0 M. As in the above-mentioned Zaremba

problem we assume that
OM = (0M)_uU(©OM)s, OM)_N(OM); :=Z,

i.e., the boundary is subdivided into submanifolds (6 M) . with common smooth bound-
ary Z of codimension 1 on dM. Then we have M € M, and so(M) = M \0M, s;(M) =
OM\ Z, s,(M) = Z.

(ii) Asnoted before a topological space can be stratified in different ways. E.g., we have M =
R" € My. However, if we embed in R a smooth hypersurface S of some codimension
=1, then we have M = R"” € 0; and so(M) = M\ S, s1(M) = S. In particular, S can be the
origin; then R" becomes a manifold with embedded conical singularity, and we have
M=R"eM,.

(iii) For any B € 91;_; we have B® € 91 and

sp(BY) = v

with v being the vertex of B2 represented by {v} x B in the quotient space in (1.2), and

Sk—j(B®) =Ry x s_j(B), j =1,..., k. Moreover,
B® x X e My

for every X € My, and s;(B~ x X) = 5;(B*) x X, j=0,..., k.
(iv) For M e My, k=1, we have M\ so(M) € M j_;.
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Theorem 1. For M € My, N € M; we have M x N € M4 ;.
Let M € 91;. and define
the stretched space M e, associated with M (1.7

and the double
2M e M. (1.8)

In order to see the meaning we first look at the case M = B® x X for some B € M;_;, X € M.
Then we set
M:=R, x BxXeM; and 2M:=Rx B x X € M;_;.

Concerning M € 1. in general, from Definition 1 and the subsequent considerations we eas-
ily see that the B-bundle over si (M) can be invariantly attached to M\ s (M) which yields M.
Recall that the B-bundle is at the same time a subbundle of a corresponding R x B-bundle.
Therefore, the construction of attaching that can be performed for another copy of M\ si(M),
anegative counterpart of the former space. We then obtain M =: M as before and a negative

counterpart M_. Both can be glued together along the common B-bundle to the double 2M.

2. Corner-degenerate differential operators
2.1. The principal symbolic hierarchies

In the present section we consider natural (pseudo)-differential operators A on a strati-
fied space M € 91 and illustrate the way on how A, first given on sy (M) and with a controlled

“corner behaviour" close to M \ so(M), acquires from the stratification

s(M) = (so(M), s1(M), ..., sp(M)) 2.1
of M a principal symbolic hierarchy

0(A) =(00(A),01(A),...,0((A). (2.2)

Other principal symbolic effects appear when the underlying space M has conical exits at
infinity. We shall see below, that there is a relationship between operator-valued edge sym-
bols acting on an infinite open stretched cone X" for X € 9y, and corresponding parameter-
dependent symbols at the singularity of X* “in the finite". Therefore we also look at the exit
behaviour of symbols and operators as a background information on the nature of operator-

valued components of (2.2).

We consider here scalar operators, but the notions easily extend to operators between
distributional sections of vector bundles. Let us start with the case of differential operators.
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For X € M, by Diff*(X) we denote the set of all differential operators A on X of order u €
N, p = 1, with smooth coefficients. Then o((A) is the homogeneous principal symbol of order
¢ as an invariantly defined smooth function on 7* X\ 0, the cotangent bundle of X minus
zero section, indicated by 0. For u = 0 we set Diff’(X) := C*°(X) and interpret o(-) as the

corresponding function.

Let us first consider some examples and observe structures in special cases. A smooth

manifold M with boundary belongs to 91, and we have

$(M) = (so(M), s1(M)) for so(M)=M\0OM, s1(M) =0M.

The neighbourhood V in Definition 1 (ii) in this case can be identified with [0,1) x 0M, a
collar neighbourhood of M, and the cone bundle is trivial in this case, namely R, x M, the
normal bundle of the boundary. We tacitly assume that M is Riemannian and 0 M equipped
with the induced Riemannian metric. The space B € 9 is a single point. Consider a differ-
ential operator A on M of order p with smooth coefficients up to the boundary, and write A

in local coordinates x € R, x Q for an open set Q € R for g := dimdM in the form

A=) aq(x)D§ (2.3)
lalsp

for coefficients a, € C° (R, x Q). There is then the standard homogeneous principal symbol

oA, = Y ag(x)E® for (x,6)€RyxQx R\ {0}).
lal=p

In addition we have the homogeneous principal boundary symbol

aA@M= Y dwe©,)DEn® for (ym)eQx R\ 0)). (2.4)

lal=p,a=(a’,a")

Here x = (r,),¢ = (p,n), @ = (a/,a") e Nx N9, g = n— 1. We can interpret (2.4) as a family of
continuous operators

oAy, H'R:) — HH(R,) (2.5)

for every s e Rfor H*(R,) = H*(R)|g, , with H*(R) being the standard Sobolev space of smooth-
ness s on the real axis. For (2.4) homogeneity means

o1(A) (1, 6n) = 8 k501 (A) (3K (2.6)

for all 6 € R,, where
(ksu)(r) :=6"%u(dr), 5 R, 2.7)
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Remark 2. As is well-known, g-ellipticity of A, i.e., o¢(A)(x,&) # 0 for all (x,¢é) € T* M\ 0, has
the consequence that (2.5) is a Fredholm operator for every (y,1) € Qx (R7\{0}) and s > u—1/2
(even surjective in this case). As far as it concerns the behaviour of operators for r — oo, the
“conical exit" of the half-axis to infinity, this comes from the ellipticity of subordinate interior

and exit symbols for every fixed (y,7) € Q x (R?\{0}), namely,

0y (01 (A (Y,M)(P) = aup0,y)p! #0 forall peR\{0},
o1 (AFMP = Y aww0,p ™ #0 forall peR, 2.8)

lal=p,a=(a’,a")

Oye(01(A) (1M () = auo0,y)p" #0 forall peR\{0}.

The boundary symbols of an elliptic operator are responsible for the nature of additional
elliptic boundary conditions of trace and potential type, and also for a topological obstruc-
tion of Atiyah and Bott, formulated in [4] for the existence of Shapiro-Lopatinskij elliptic con-

ditions for elliptic differential operators.

In the context of the edge symbolic calculus below, we will deepen the impression on the
role of conical exits to infinity of a manifold. Let us recall a well-known result.

Let

A=) aq(X)D§ (2.9)
lalsp

be a differential operator in R**! 5 ¥ with coefficients a, (%) € Sgl(IR{;‘“), where X formally
plays the role of a covariable, and let a, ) (X) be the homogeneous principal symbol of a, (X)

of order zero in X # 0. Set

oy(AFE = Y agu®E for (%8eR™! x ®R™\{0}), (2.10)
lal=p

0e(AEH = Y aqo®E for (%Ee®™\{0) xR, 2.11)
lalsp

Ope(AFE = Y ago@E for (£,8)e®™\{0)x R\ {0}. (2.12)
lal=p

Moreover, let
HS8 (R := () S HS(R"™)), s,g€R.

It can be easily verified that A:.%([R"**!) — .%(R"**!) is continuous and extends to a continu-
ous operator

A: HSE (R — HS~H8 R (2.13)

for every s,g € R.
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Remark 3. The Euclidean space R""! is an example of a manifold with conical exit to infinity
|X| — oco. The symbols (2.10) illustrate on how the operator (2.9) “acquires" from the conical
exit a symbolic structure

O0E(A) = (0e(A),0y,e(A),

here the pair of (principal) exit symbols. The homogeneities are altogether

oy (A)(X,68) = *oy (A (X,E forall (%E)eR™ x ®R"\ {0},
0e(AAX,E) = 0e(A(%,E forall (%8 e ®R™\{0)xR", (2.14)
Oy, e(AA%,68) = 6oy (A) (%, forall (%, e ®™\ {0} x R"\{0}),

and 1,6 € R.. An adequate compactification of R™*1 in this context is a closed ball B, where
int B corresponds to R"*! itself, while dB can be identified with the sphere S" = {%/|%| : X # 0}.

The operator (2.9) is called (g, e, 0y ¢)-elliptic if oy (A) (X, 5) # 0 for all (%, E) e R x
R™I\{0}), 0e(A) (%, ) #0forall (%,) € R\ {0}) xR"*!, and o7y ¢ (A) # 0 for all (%,¢) € (R 1\
{0} x R™1\ {0}).

Theorem 2. The following conditions are equivalent:
(i) Ais(oy,0e 0y,e)-elliptic,
(ii) The operator
A: HS R — HHR™ (2.15)

is Fredholm for every s € R.

Let us now turn to natural differential operators on a space M € 91;. Those will be ex-
pressed locally close to si(M) in “stretched variables". As such they will be degenerate in a
similar way as operators in polar or cylindrical coordinates that are originally smooth across

an embedded conical or edge singularity.

A differential operator

A=) aq(X)D§ (2.16)
lal=p

of order u € N with smooth coefficients in R**! 5 % in polar coordinates (r,x) € R, x S” for
X # 0 takes the form

H .
A= r—uz aj(r)(— ri)] (2.17)
=0 or

for coefficients a;(r) € C°°(@+,Diff“_j (X)) and X = S" in this case. The minus sign at the

Fuchs type derivative rd, is motivated by the Mellin transform.
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More generally, an operator of order y with smooth coefficients in R**! xR9 3 (%, ), g > 0,

A= ) a.%y)D§, (2.18)

lal=p
in polar coordinates for X # 0 becomes edge-degenerate, i.e.,
0 .
A=r" Y ajny(- ra—)](rDy)“ (2.19)
Jjtlalsu N

for coefficients a;jq(r,y) € C® (R, x RY,Diff*~U+lal(x)), x = ",

Example 2.
(i) The Laplacian
1 52
_2
j

in R”*! in polar coordinates (r, x) € R, x §” in R”*!\ {0} has the form

0x:

A=r ((r )2 4 (n— 1)r3+Asn) (2.20)

where Agn is the Laplace operator on S”.
(ii) The operator

in polar coordinates takes the form

r—.
or
(iii) The Laplace-Beltrami operator belonging to the Riemannian metric

dr® + r2gX+dy2

on R, x X x RY, where gx is a Riemannian metric on X has the form

(Zam( )+Z(raZ %)

for coefficients a;(r) € C°°(@+,Diff2_j(X)).

Definition 2. Let M € M, k= 1.

(i) For dim s (M) = 0 the space Diffgeg(M), peN, is defined as the set of all A€ Diffgeg(M \
si(M)) that are close to s (M) in the splitting of variables (r,-) € Ry x X, X € MMy_;, of the
form

[ )
A:r_”Zaj(r)(—rg)], (2.21)
=0 or

for coefficients a;(r) € C® (@+,Diffgggj (X)).
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(ii) For dim si(M) =: g > 0 the space Diffgeg(M), peN, is defined as the set of all
A€ Diffg . g(M \ sx(M)) that are close to sx(M) in the splitting of variables
(r, V) eRy x X xQ, X € My_1,Q <RY, of the form

_ 0.
A=rt 3 ajny(-r3-) (rDY”, 2.22)
jt+lalsu r
for coefficients ajq(r,y) € C®(R, x Q,Diffge_gj (X).
We now define p
k(A2 =) aj0)z (2.23)

J
for dims;(M) =0, ze'g(={z € C:Rez = p} for some f € R), and

0

a .
o A@m=r Y aj0,(- ra—)](rn)"‘ (2.24)
jtlalsu r
for dim sg (M) > 0, (y,1) € T*Q\0. The symbol o (A)(z) takes values in Diffgeg(X) for dim s (M)
=0, and in Diff} (X") for dim s¢(M) > 0, cf. (1.6).
By virtue of
Diffy, (M) < Diffy (M \ s(M))

we can determine also o_;(A) with respect to si_; (M) which is of dimension > 0, cf. (1.6).
For k = 2 we can continue this construction, and we finally obtain k + 1 components of o (A),
namely, (2.2), where g (A) € C*°(T* (int M) \0) is the standard homogeneous principal symbol
of A on sp(M). The other components o j(A), j > 0, are operator-valued and associated with
sj(M). They are of analogous form as (2.24), parametrised by (y,7n) € T*s (M) \ 0, and take
values in Diff" (B.A_l), cf. notation after Remark 1 for 0 < j < k. As such they define families

degj
of continuous operators

0 (A1, : CP(s0(B1) = C3°(s0(Bj_y)). (2.25)

Let us set
(tsu)(r,?) :=u(dr,-), 0 eR, (2.26)

which defines a group ¢ := {i5}s5er, of isomorphisms
151 C3°(s0(Bj- 1)) — C°(s0(Bj- ). (2.27)
The symbols (2.25) are homogeneous in the sense

0j(A)(y,6m) =150 j (A (i, SRy, (2.28)

also referred to as twisted homogeneity of order p.
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Remark 4. In the well-known edge pseudo-differential calculus, created in [42], for B €
it is common to take the group « = {ks}sepr,, defined by x5 := 6 2 15. Such a modification
does not change the meaning of homogeneity. However, in pseudo-differential theories with
twisted symbolic estimates a suitable additional power of § makes sense, and this will be also
the case for higher singularities. Moreover, the involved distribution spaces are affected by
the choice of the §-power. For instance, if B € 9 is compact, then « is a group of unitary
operators in L?(B%) := r= B I2(BN).

Remark 5. Let A € Diffy, (M), 4 € Diffy (M); then A4 € Diffy (M), and we have o(AA) =
o(A)o(A), with componentwise composition and the rule o (AA) = THo(A)o (A) when
dim s (M) = 0 for (TP f)(2) := f(z+ B) for BER.

2.2. Fourier and Mellin representations of differential operators

After having introduced typical differential operators on a singular manifold M € 9, it
is an obvious question on how to formulate spaces of pseudo-differential operators L* (M)
containing Diffgeg(M) for p € N, such that Up L*(M) is an algebra which is closed under the
construction of parametrices of elliptic elements. Such a program has many aspects, and the
details, even in the case of a manifold with conical or edge singularities, show that a notion
L*(M) isloaded with other data, e.g., weights, or extra trace and potential data along the strata
sj(M), 0 < j < k, equipped with symbols, likewise involved in the ellipticity. In particular, op-
erators in L#(M) should consist of block matrices that integrate potential and trace operators,
similarly as in boundary value problems, e.g., for the Laplacian with Dirichlet or Neumann
conditions. Throughout this discussion the notion “algebra" is used here in the sense that al-
gebraic operations are possible within the structure when the operators fit together, e.g., rows

and columns in the middle of matrix compositions.

The operators in such algebras are to be designed in such a way that they induce con-
tinuous operators in natural distribution spaces. While differential operators essentially act
“as they are", i.e., by local differentiations, pseudo-differential operators have to be specified
by quantisations (operator conventions) that modify the operators in “naive" representation
via Fourier or Mellin transform by some smoothing operators in order to achieve an expected
continuity property, say, in weighted Sobolev spaces, or subspaces with asymptotics. In ad-
dition, besides differential operators there can appear other operators, contributed by the
strata, either in compositions or parametrix constructions, such as ideals of smoothing Mellin
plus Green operators, which are in general non-compact. Those have a non-trivial symbolic
structure, and also the Fredholm index of elliptic operators can be affected by such contribu-
tions. Some phenomena of that kind can be illustrated in the framework of quantisations of
(in general, operator-valued) symbols.
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An operator A € Diffgeg(M) for dimsg(M) = 0, cf. (2.21), can be written as a Fourier

(pseudo-)differential operator on the r half-axis R

Au(r) =Op,(p)u(r) = r_“ff TP p(r, pyu(r)dr' dp (2.29)

for an operator-valued symbol

p(r,p)=p(r,rp) for p(r,p)e C°°(@+,Diffgeg(X; Rp)). (2.30)
Here C®°(R,, Diffgeg(X ;Rp)) is the set of all operator functions of the form
H .
pr,p):=)_ a;j(r)(-ip), 2.31)
j=0

for coefficients a;(r) € C* (@Jr, Diffg;gj (X)).In (2.29) as argument functions we can take for the
moment u(r) € Ci°(R, Ci°(K)) for any K € so(X), C;°(K) = {u € Ci°(so(X)) : supp u € K}.

Another useful representation refers to the Mellin transform on the half-axis
o dr
Mu(z) := r u(r)T, (2.32)
0

where u(r) € CgO(R+,C§°(K)) entails Mu(z) € d(C,Cgo(IO) and Mu(z)lrﬁ € Sp(l“ﬁ,Cgo(K)) for
any real §. Here
Fp::{ZEC:Rez:,B}. (2.33)

Distribution spaces on T’ B such as the Schwartz space & (I' 6 E) with values in a Fréchet space
E are interpreted as spaces defined as pull back of corresponding spaces referring to R under
the map I'p— R, z—Imz. Other examples in that sense are 2 (I'p), or spaces of pseudo-
differential symbols
SHRy x QxTgxRY)

of order i, depending on variables (r, y) € R; x Q and covariables (z,1) € [px R9. The moti-
vation for such a notation is that we distinguish spaces for different §, #’. Another notation in
this context is that we say that a family fz of elements, for instance, in (I, E), uniformly be-

longs to that space for ¢ < 8 < ¢/, if that family is bounded in # (R, E), under the identification
of the latter space with #(T'g, E). For instance, the property

Mu(2)Ir, € (T, C° (K))

for u(r) € Cg° (R, C3°(K)) is uniform in compact f-intervals.

Let us call
Myu:= Mulrm_y (2.34)
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the weighted Mellin transform with weight y € R. Recall that

M g(r) = fr r“glz)dz, (2.35)

37
dz = (2mi)~'dz. Weighted Mellin pseudo-differential operators are defined as
Opl, (Nu(r) := My (f(r,2) My u(z)) (2.36)

for Mellin symbols f(r, z) € S¥(R x I'1/2-y), later on also for f(r, r',z) € SH(R; x Ry x Tir2-y),
or more general, also operator-valued symbols. Note that

Opl,(f) :=r"0pp (T Hr ™Y (2.37)

for (TP f)(z) := f(z+ B) for any € Rand Op,, := OpY,, or

—(1/2-y+ip) dr'
op! (Nulr) =ff(§) ! pf(r,1/2—y+ip)u(r')r—tdp. (2.38)

We apply Mellin operators for symbols of the form

H .
frz):=) ajnz (2.39)
j=0

with the same coefficients a;(r) € C* (@Jr, Diffg;gj (X)) asin (2.31). For (2.29) we then obtain
A=0p,(p)=0pl,(f), (2.40)

regarded as a map
A: C° Ry, C3°(K)) — C° (R4, C5°(K)) (2.41)

for any K € sp(X). Because of the holomorphic dependence of f on z the choice of the weight
v is not essential. However, as soon as we want to extend (2.41) to weighted Sobolev spaces,
the weight becomes important. The symbol o (A4)(z), cf. (2.29), is equal to

o, (A)(z) = f(0,z). (2.42)
Assuming for the moment y = 1/2 the relationship between
f(rz) and p(r,p)=p(r,rp)

involved in (2.40) can be illustrated by the correspondence between z and —irp =: b(r, p),
where

0
o= Opl/2(z) = Op,(b). (2.43)



16 D.-C. CHANG, X. LYU AND B.-W. SCHULZE

This yields
1/2 £ 1/2 j
Opy, () = ) aj(nOpy (2))
=0 (2.44)

H .M ,
=Y a;j(r©Op,) =Y a;(r)0p, ")
j=0 j=0

for b*/ := b#,b#,...#,b with j factors of the Leibniz product between symbols b(r, p), in the
composition of Fourier pseudo-differential operators. In other words,

K .
p(r,p) =Y aj(r)(-irp)*. (2.45)
Jj=0

Note that in this case the Leibniz products are “exact”, i.e., finite sums, since the factors are
polynomials in the covariable p.

Remark 6. For every n € N there are numbers s, , Sy, i such that

n n
T =Y sur(rdp)k, (r0)" =Y Syertok.
k=0 k=0

The numbers s,  and S, ; are known as the Stirling numbers of first and second kind, respec-

tively. More details may be found in [16, Section 2.2.1].
The symbol o (A) in the terminology of (2.23) is

0k (A)(2) = f(0,2). (2.46)

Let us now do similar things for operators A € Diffgeg(M), dimsg(M) = g > 0, cf. Defini-
tion 2 (ii). An operator (2.22) can be written as a Fourier (pseudo-) differential operator on the
r half-axis R,

Au(r,y) =Op,, (P u(r,y) = r_“f[ TPV (ko myu(r, Y)dr'dy dpdn  (2.47)

for an operator-valued symbol

p(r,y,p,m) = pr,y,rp,rn) for p(r,y,p,7) € C° Ry x Q,Diffgeg(X; R;—f)). (2.48)
From (2.48) we pass to another operator-valued symbol
Op, (r #p)(3,m) € SH(Q x RY; CP(K™), CP(K™) (2.49)

for K =Ry x K, K @ sp(X). We then have

Au(y) = O0p,Op,r *p) (M ut, y) =ff !V IM0p, (rFp) (y,put, Y)dy'dn.  (2.50)
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Analogously as in boundary value problems we now form a higher principal edge symbol, in
fact, another representation of (2.24),

oA @M = Op,(r " po)(y,m) € SP(Q x (RY\ {0}); C(K™), C°(K™)) (2.51)
for

po(r,y,p,n) = pO,y,rp,rn). (2.52)

Applying Mellin operators for symbols

fy,zm=Ffryzrm for fryzm:= Y aj.rnz'a% (2.53)

jtlalsu

it follows that
A=0p,Op}, T *Hy,m), (2.54)

ie.,

—(1/2—~y+ip) - p dar'
Au(r,y) =ff(%) T gity-y MEry, 12—y + ip,n)u(r’,y’)r—tdpdy’dn, (2.55)
The edge symbol in this case can be written

ar(A W, = Opy, ™ fo)(y,m) (2.56)
for
for,y,zm) = f0,y,2,rn). (2.57)

Let us point out that both in (2.47) with (2.48) and in (2.54) with the symbol (2.53) the
involved r-variable is treated as a left variable, i.e., contained as a multiplication operator
by r from the left. Clearly there are also right symbols where r under the oscillatory integral
turns to r/, but for the moment we ignore such a representation. For y = 1/2 the relationship
between

fr,y,zzm) =fry,zrn and p(r,y,p,n) = pr,y,re,rn)

involved in (2.47) follows from

Op,OPYZ(AM = Y, ajalr, y)Op)F((2))0p, ((rm™)

jtlalsu
= Y aja(ny)Op,(=irp))Op, (rn®), (2.58)
jHlalsp
i.e., we obtain
pry.em =Y ajary(-irp)*m®. (2.59)

jHlalsu
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2.3. Mellin pseudo-differential operators

Consider pseudo-differentialoperators based on the weighted Mellin transform M,

r\-1/2—-y+ip) . dar'
Au(r) =ff(7) f,r12—y+ lp)u(r')Td‘p, (2.60)

cf. also formula (2.55). We shall see that there are many choices of amplitude functions.
In particular, we may have f(r,7',z) € Lfc Dy (X;T'1/2—y) for a closed smooth manifold X. The
elements of the pseudo-differential calculus based on the Fourier transform have analogues
for Mellin pseudo-differential operators. In particular, every operator (2.60) can be written as

a properly supported operator, modulo a smoothing one.

Remark 7. For (6,u)(r) := u(Ar), A >0, and a Mellin amplitude function f(r, r’, z) we have

520p}, (N8, =0p),(f)
for fa(r,r',2) = f(Ar, AT, 2).

Remark 8. By virtue OfMyu(%—'}/'f'ip) = fr(%_y”p)u(r)dr/r and u(r) = fr_(%_“ip)Myu(%—
Y + ip)dp for a properly supported operator A = OpL(f) we have

. . . 1
Au(r) :fr_(%‘V”p)(r(%‘Y”P)Ar_(%_“‘p))Myu(E—y+ip)dp. (2.61)

Thus
fp 2= rEYHP) Ap=Gor+ip) (2.62)

is a left Mellin symbol of A.

3. Kernel cut-off and Mellin quantization
3.1. Kernel cut-off based on the Fourier transform

Pseudo-differential operators on spaces M € 1, i.e., with conical or edge singularities,
contain symbols that are holomorphic in the covariable z € C belonging to the Mellin trans-
form on R;. We saw in Subsection 2.2 that differential operators A € Diffgeg(M) on M € My
locally close to si (M) can be expressed both in terms of the Fourier and the Mellin transform.
We now deepen the relations between Fourier and Mellin symbols of degenerate pseudo-
differential operators. In addition we study here kernel cut-off which creates holomorphic
symbols with remarkable properties. Kernel cut-off is a generic term for systems of operators
acting on symbols. The method has been introduced in [41] and later on widely applied in the

analysis of operators on manifolds with conical or edge singularities, cf. [43] or [45]. In this
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subsection we refer to technical details on the kernel cut-off technique, contributed by Seiler
[54] and Krainer [31].

Let us start with a definition of kernel cut-off in connection with the Fourier transform. In

order to motivate the construction we first consider a scalar symbol with constant coefficients

a@®) e Sf‘d) R™). (3.1)

The associated pseudo-differential operator
Op(@)u(x) = f f !N g@)u(x)dx' dé
in R” has the distributional kernel k(a) (x — x') for
k(a)(0) := f e adc. (3.2)

In (3.2) we interpret a(¢) as an element of &’ ([R?); then k(a) (@) € &' (Rg). We often refer to the
following standard properties of the Fourier transform:

(=0)k(a)(0) = k(D¢ a)(0), Dgk(a) () = k(“a)(0), aeN" (3.3)

Lemmal. We have
1@ k(a)©) € 5”([@3) (3.4)

for every excision function y(6) in R".
Proof. We employ the identities
162N 106 = (_DNAéVeiB{’ Aéweiﬁf = (DM |gPM 08
for every N, M € N. This yields after integration by parts
XOIBPAY k@ ©) = OO -1 [ 1M aa

= (=D"™*My6) f % AY (€M a&)ag 3.5)
as well as
1O k(@6) = xO) -1V |01 f e AY a&)ag 3.6)

which follows from the second equation of (3.5) for M = 0. Since (3.6) holds for an arbitrary ex-
cision function y and every N from Aév a(&)) € SF2N(R™) we conclude k(a)(0) € C®°([R"\ {0}),
in particular, sing supp k(a) < {0}. This is equivalent to the pseudo-locality of the operator
Op(a), i.e., the singular support of its distributional kernel is contained in diag(R" x R").
Therefore, in order to verify (3.4) it suffices so show that

supjg=cl101°V Ay k(a)(0)]
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is bounded for some C > 0 and suitable sufficiently large M, N. But this follows from the ab-
solute convergence of the integrals on the right hand side of (3.5) for arbitrary M by choosing
N so large that u+2(M - N) < —n. O

Let
w(@):=1-%)

which is a cut-off function, i.e., y € Ci°(R"), () = 1 in a neighbourhood of 6 = 0. We call
VE(p)a(&) := Fy—¢ (@k(a)(S) (3.7
a kernel cut-off operator and Vr(y) := Fy—¢(xk(a))(§) a kernel excision operator.

Proposition 1. The operator (3.7) induces a continuous map

VW) : Sy R") — Sig, ®"), (3.8)
where
Ve a() = a({) mod S™(R"). (3.9)
Proof. We have
k(a)(0) =y (@) k(a)©@) + x(0)k(a)(9). (3.10)

Then (3.9) follows from (3.4). Because of

al€) =Vr()a() + Ve(y)a()

and the continuity of Vr(y) : Silc . (R™) — S™°°(R") which is a consequence of Lemma 1 we
obtain the continuity of (3.8). O

We have v (0) k(a)(0) € &'(R7) and
supp(wk(a)) compact. (3.11)

Thus Vr(yw)a() admits the interpretation of an operator Vi (y) : Sﬁ‘c . (R — of (C?) for ¢ :=

¢ +16 € C", such that Vr(y) dlim¢=0 = Vr(y)a(l). We shall see below that

Ve@)a¢+id) e Siy RY) and  Ve(y)a( +id) = a§) mod sfg)l([@") 3.12)

for every fixed 6 € R", uniformly in compact sets in RY.

It is desirable to extend the definition of Vx(:) to arbitrary ¢ € C5°(R"), and even to ¢ in
the space

C®R™p :={p e C*[R"): sup |Dfp(0)| <ooforall @ e N"} . (3.13)
OeR”
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Clearly, for ¢ € C*°(R™)y, in general we lose the existence of holomorphic extensions to the

complex space C".

Observe that Vr(¢)a(l) = Fo—:(p(0)k(a)(0)) (&), can be written as an oscillatory integral

Ve(p)a(é) = f e % p6)] f % aehae'ydo = f f e % @) a(E - EAOdE. (3.14)

In order to unify the terminology we call Vg (¢p) a kernel cut-off operator also when ¢ is more
general than a cut-off function, and the same notation is used for V(¢). This concerns again
an extension of Vi (¢)a(¢) for ¢ € Ci°(R") into the complex space C" 3 { = ¢ +i6 which defines
an operator Vg () : Stlc ) R — o (C?) such that

VEe(@)alme=0 = Vr(@)a(s). (3.15)
In our applications we will employ several generalisations of kernel cut-off operators, in par-
ticular, to parameter-dependent symbols

aé, 1) € iy RYETH, (3.16)

leN. For k(a)0,A) := feiefa(f,)t)df we then have
k(a)©,1) € ' Ry, and x(0)k(a)(0,1) € SRy,
i.e., for an excision function y (6)

VE(paE,A) = Fo_: (k@) D) € SR = STORED.

Then Vg(y) :=1—- Vr(y) for w(0) = 1-x(0) is a corresponding kernel cut-off operator in the

parameter-dependent set-up, where
Ve(w)a@, 1) = a& 1) mod S R").

More generally for ¢ € C*°(R"), we form

Ve(@)a(E, 1) = ff e % p@)alc — & 1 dOAE. (3.17)

For ¢ € Cg°(R") it follows that Vi (¢)a(¢, 1) extends to a function Vr(¢)a({, 1) which is holo-
morphic in { € C", and, as we shall show below,

Vi(p)a+i6,1) € Sty RY3h

for every § € R”, uniformly in compact sets, and

VE(@)a(E +i6,1) = Vi(g)a(¢, ) mod St R"

for every 6 € R".
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Remark 9. We have
D?,AVF((P)a(f,A) = VF((P)DgAa(f, A) (3.18)

for every a e N/,

In fact, using the first identity of (3.3) we obtain

DEVr(@)a(,A) = f e 0 p(0)(-0)k(a) (6, 1)dO
- [ e “0p@)kDF a0, A0 = Veg)DF até, 1),

Clearly the derivatives in A also commute with the kernel cut-off operator.
If E is a Fréchet space with a countable semi-norm system (p;) jen, We set

C®R",E)p :={p € C*R",E) : sup p;(Dg¢(0)) <ooforall @ e N", 1 € N}.
OeR”

Remark 10. We saw that the kernel cut-off operators Vg (¢) act with respect to the covariables.

This allows us to extend the constructions to symbols

a(x,&,A) € Sty (U xRYHH,
depending on further variables x € U, U < R open. The idea is simply to apply Vr(¢) to
a(xo,§,A) € S(CD(

bohc estimates unlformly in x € R™. Since those symbol spaces are functions in C*(R™,

IR””) for every fixed xo € U. We also can take U = R™ and require the sym-

(cl) ([RE”” ))p the essential information comes from the case with constant coefficients.

Let us now complete the information on kernel cut-off operators and give the outstand-
ing proofs, starting with the oscillatory integral (3.17) for any ¢ € C*°(R")},. Our main applica-

tions concern the case n = 1. This will be assumed from now on.

Theorem 3. The kernel cut-off operator Vi : (p,a) — Vr(@)a defines a bilinear continuous

mapping

Vi : CPR)p x Shy RS — Shey RS, (3.19)
and Vi (p)a(¢, 1) admits an asymptotic expansion
N DL k
Ve(@)a,A) ~ ) o Do@0)0ga(¢,A). (3.20)
k=0

(@ ®3) = CORE, Sigy o x Ry) for S, By x Ry :=
C°°(|Rg, ) (Rg))b, defined by (¢, a) — @(0)a(é — ¢, 1), is bilinear continuous. In order to show

the continuity of (3.19) it suffices to verify that Vr(p)a € S

Proof. The mapping C*°(Rg)p x S

(c l)([R{”l) and to apply the closed
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graph theorem. Since D? 21 VE(@a(g,A) = Ve(p) (D? ,a(, 1) for any p € N'*!, it suffices to
show
[VE(@)a, D] < c(§, (3.21)

forall (u,A) € R1*! for a constant ¢ > 0. We regularise the oscillatory integral (3.17) as follows:

Ve(@)a(E,A) = ff e %0y 72((1- 02 Np(O)tan (€, & M dod,

where
an(€,&, ) =1 -0)1@) N aE -, 1) (3.22)
for N € N sufficiently large. The function (3.22) is a linear combination of terms (0%(5)‘21\’ )

(ai: a)( =&, A) for 0 < j, k < 2. For the following conclusions we recall Peetre’s inequality (¢’ +
EMS < BIENISE™S for all &, &" € R, s € R. We have (¢ — & WWF < C(&)HI(&, 1yH, when we write
€ -E 1) = (A~ (,0). It follows that

016 PN O @) =& M1 <1046 *NII0Fa) € ~E D)

< (&) 2NE & WH < c(&IHTEN gy

for some ¢ > 0. This implies analogous estimates for the function (3.22). For N so large that
1 —2N < 0 we obtain the estimate (3.21).

In order to show (3.20) we employ the Taylor expansion
N

PO =Y E(a K0 (00° +0N  pn11(0),
k=0

for pn+1(0) = & fo (1 - NN @) ) (10)dt. The function ¢y+1(0) belongs to C*(R)y,. Integra-
tion by parts in (3.17) gives us

N

Ve(@)a(E, 1) = zﬁw 9)0) ff e 90k a(¢ ~ & 1)dOAE

k=0

+ f f e 0N+ (0)alE — & 1) dOdE

Nk
Z( D (D9<p)(0)(aka)(£ )+ (DN Ve(on Do) T al, ).
k=0

In the latter equation we employed the identity

ok, = [[ e 0kae - aoat

and the expression (3.17), applied to ¢y+1. From the first part of the proof we know that
Vr(@PnN+1) (6?7“ a)(¢, A) is a symbol in S¥~N+D(RI*]) This completes the proof of (3.20). O
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Corollary 1. Lety(0) € Ci°(R) be a cut-off function onR (i.e., w = 1 in a neighbourhood of 0),

and sety.(0) = y(e0) for0 < e < 1. Then for every a(é,A) € S( D (R'*!) we have

liil(l) VE(We)a,A) = alg,A) (3.23)

in the topology of S, (R'*1).

(ch

In fact, we have lim,_.¢g . = 1 in the topology of C*°(R)y,; then (3.23) is a consequence of
the continuity of (3.19) for a fixed symbol on the left hand side of (3.19).

Corollary 2. Let @ € C*°(R)y, have the property 6’664)(0) =0 forall0< k < N. Then Vi (p) defines
a continuous mapping

VE(@) : Sk R — s @

This is a consequence of the asymptotic expansion (3.20), combined with the continuity
of (3.19) for fixed ¢ on the left hand side of (3.19).

Corollary 3. Let x(0) be an excision function. Then Vg (y) defines a continuous operator

In particular,
1Ok(@)6,1) € # Ry

for every a(é,A) € S" (R,

(cD (

Remark 11. By virtue of the way to regularise the oscillatory integral (3.17) it is also possible
to generalise Ve (¢) to functions ¢ € C*°(R) satisfying the estimates

IDEp©)] < c(0)" forall keN,
for constants ¢y > 0; the number v € R is arbitrary and fixed.

Definition 3. Let S*

@ (C x RY) denote the space of all h({, A) € </ (C, S"

) (IR )) such that

Bl € Sty (Is X RY) (3.24)

(ch

for every 6 € R, uniformly in compact é-intervals; I5 = {{ € C:Im{ = 6}.

The spaces S, (C x R') are Fréchet in a natural way. For any K € R we set Co(K):={ue

(ch
C*(R) : supp u < K} which is a Fréchet space.

Theorem 4. For every K € R the kernel cut-off operator Vg : (¢, a) — Vi (@) a induces a bilinear
continuous mapping

Vi: CP(K) x Sty RS — Sk (C xR, (3.25)

(ch (
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Proof. We have
k(@)(6, 1) = [ 0 g, N)de € ' RLY),

and ¢(0)k(a)(0, 1) has compact support with respect to 6 for ¢ € CSO(K), K @R. Thus
Ve(@)a(,A) = [ e 9p(0)k(a)(0, 1)dO extends to a function
Vr(@)a( +i6,1) = f ~i0¢ 99 5(0) k() (6, 1)d6 = Vir(@5)alé, ), (3.26)

s0) :=e%p@B)e Co°(K), which is holomorphicin { = ¢+i6 € C. Theorem 3 yields Vr(¢)a(§+
io, ) € S( )
continuity of

(IR”Z) for every . Since 0 — ¢ represents a continuous mapping R — C°°(K) the

1+1 1+1
Vi : C(K) x Spgy R ) — St R

implies that (3.24) is uniform in compact §-intervals. The closed graph theorem gives us also

R . . 0 1
the continuity of (3.25) with respect to the Fréchet topology of the space S ) (C xR"). O

Corollary 4. Lety € COO(R) be a cut-off function, and a(¢, ) € S (R xR!). Then we have

(ch

h((,A) = Vie@)al,A) e S*, (C xRH (3.27)

(cD (
and

h(E+i6,A)|s—0 = a(é,A) mod S™°R'*). (3.28)

In fact, the relation (3.27) is a consequence of Theorem 4, and (3.28) follows from
a(f) A’) - h(f» /’L) = VF(I - 1//)61(5, /1)7
together with Corollary 2.

Corollary 5. Let ¢ € C3°(R) and define
hs (6, A) := VE(p)a( +i6,A)
for any fixed 6 € R. Then a — hg defines a continuous map

R - s* (R (3.29)

u
§ ()]

(ch
and we have

ho(€,A) = hs(E,A) mod S, R, (3.30)

(ch

In fact, the continuity (3.29) is a direct consequence of the continuity of (3.25). Moreover,
the relation (3.30) is a consequence of the asymptotic expansion (3.20) applied to the function
e (8), cf. the formula (3.26).
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Lemma2. Let h({,A) € St‘d) (C xRL H, H), and set hs (&, A) := h(¢ + i8,A). Then the mapping,

H 1+1
R— Sy R 5, 6 — hg,

is continuous.

Proof. By virtue of the holomorphy of 4 in { we have

1
(ho — ha,) () = (68— B) fo Dehays0-5,) (& A)d6.

Let 7 be one of the semi-norms of the Fréchet topology of S#(R'*!). Then for |6 — 8| < ¢ for
any € > 0 we have
nt(hs — hs,) <16 — 8ol sup{m (D¢ hs) : 16" — 5ol < €}.

By assumption we have hg(¢,1) € S#(R'*!) uniformly in compact & -intervals. The same
is true of Dghg. This shows n(hs — hs,) — 0 as 6 — 6, and we obtain the continuity of
R — SH(R*!), since 7 is arbitrary. In addition, for classical symbols we have to show the con-
tinuous in 6 dependence of the homogeneous components (1) (- ) (¢, 1) € SE=D R\ {o})
and of the remainders

N
hs(@& ) = Y x(E& s u-jy (&,A) € SFNHD R
j=0

for some excision function y. Taylor expansion of i in § at § = 0 gives us

o1 J i, sN+1 ta-ev N+1
j:0 . .

The first part of the proof shows that the remainder rs is continuous in § with values in
SH=INTD(RI*) Moreover, the homogeneous components ks ,—j) in (,A) #0, j =0,..., N,
coincide with the respective homogeneous components of the sum on the right hand side of
(3.31). Those are polynomials in § with coefficients in S~/ (R'*!\ {0}) and hence continuous
iné.

Choose an excision function y (¢, 1), write Xh(;,(“_k) = XZj.V:O %(Dg{ ho)('u_k)(if forO0<k=<
N, and consider yhs = XZ}V:() %(Dgho)ﬂ + x15. Then
N 1 . X
hs = xhs+ (1= hs = (1= hs+xrs+x Y ﬁ(Dého)éf.
j=0J"
Subtracting from (3.31) the sum of the terms y i () over k=0,..., N, yields

hs—x Y hou-r=(L—hs+xrs)+x Y. F(Dé ho— Y (Dg ho) (u-k) )67 (3.32)
k=0 j=0J: k=0

The first term on the right is continuous in 6 with values in SH=(N+1)(R1*]y The second term

N+1

is a polynomial in & with coefficients in S*~(N*D(R!*) and as such also continuousin §. [
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Proposition 2. For every h({,\) € S", (C x R") we have

(ch

O,V e sty (C xRY

(here 0; is the differentiation of h as a holomorphic function with values in st ) ®Y).

Proof. Let us set hs(n,A) := h({+id,A). By Lemma 2 the mapping R? — Stll)l l+l) &,0)

— (0¢hs)(€, M), is continuous, and we have (0:hs)(E,A) = (0¢h)(n+i6,A). Thus { — 0;h €
C(C(,Sﬁnl(ﬂ% )N (Cq, S,

4 (C, Sty ®))). Since

) ([R{ )). Then Cauchy’s integral formula yields 0, h({, 1) €

(6(”1)5 = agh(s e S* (RHI)

(cD)

uniformly in compact §-intervals, it follows that 0, h({,A) € S” 1(C’ x R). O

Theorem 5. Let h({,A) € S“ (C’ x RY) and fix 5 € R; then

(i) hse S(cl) ([Ri“l) for some e = 0 (¢ e N in the classical case) implies h € st
(ii) hse S (R“l) implies h € St (C xRY).

ly.
b (CxRY;

Proof. Without loss of generality we may assume 6 = 0. Let us apply the Taylor expansion at
6=0:
N

hE+is,) =) %(aého)(é,ﬂ)éj +6N+1f
=0 J! 0

1 _ N
@ (’:) (6?’*1h)(€+i95,)t)d9.

By virtue of Lemma 2 and Proposition 2 the remainder is continuous in 6 with values in

Sf‘c ) (N+1) ([R{“l) In the case (i) it follows that h € C(C, Sf DE(IR )) and, in the case (ii), h €

C(C, S“ ([R? ) Then Cauchy’s integral formula gives us

he o (C,S" FRY) and h e o« (C, S" (R,
(ch cl
H—e
S (ch)
O-intervals. This shows the assertion. Oa

respectively. In addition we obtain hs € (IR”I) and hs € S“ (IR{“Z), uniformly in compact

3.2. Kernel cut-off based on the Mellin transform

We now turn to the Mellin version of kernel cut-off operators. By using the elementary
relationship between Fourier and Mellin transform the Mellin kernel cut-off can be reduced to
the one based on the one-dimensional Fourier transform. However, because of some specific

modifications we prefer to formulate some basics once again in direct form.

Let us start with a scalar symbol f(z) € S"  (I'y). Concerning notation such as (2.33) we

(ch
refer to the material around the Mellin transform in Subsection 2.2. For convenience we first
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focus on the weight y = 1/2. Later on we draw consclusions for arbitrary weights. Recall that

the Mellin operator Op}v/l2 (u(r), cf. (2.36), is interpreted as a Mellin oscillatory integral, or
1/2 _ * h N—ip . / 1y
OpY2(fu(r) = { r/r') f(zp)dp}u(r)dr I, (3.33)
0 -0
Then -
m(f)(s) :=f s flip)dp = Mf/lgf(s), (3.34)
—00

cf. (2.35), is a distribution on R, 3 s. Interpreting 7 (R,) := M},

of the Schwartz space, we have m(f)(s) € 7' (R;) with I'(R,) being the dual of J (R;), the

Mellin analogue of the space of temperate distributions. Note that

& ([Ty) as a Mellin analogue

. ; 0. ;
(logs)! m(f)(s) = m(D} f)(s), (- sa)]m(f)(s) =m((ip)! f)(s), jeN. (3.35)
Setting s:= e‘g, 0 € R, it follows that

m(f)e?) = f e!P0 fip)dp = k(f(i-))©), (3.36)

—00
cf. notation (3.2). In this section a cut-off function will be any y (s) € CgO(IRJr, s) thatis equal to
1 in a neighbourhood of s = 1. Moreover, an excision function will be any y(s) € C*°(R. ) such
that 1 — y(s) is a cut-off function. From Lemma 1 we know that y(e %) m(f)(e~?) € #(Ry) for

every excision function y(s). In particular, we obtain
sing supp m(f) < {1}.

Set
C®Ry)p={pe C®[R;): SUPeRr, I(sas)j(p(s)l <ooforall jeN}. 3.37)

Observe that the function pull back under the diffeomorphism R — R, 8 — e~? =: s induces
an isomorphism
C*[R)g — CCR)p, (3.38)

cf. (3.13). For any ¢ € C*°(R;)g we set
VM (@) (f) := Mijz,s—z(@m(f))(s), (3.39)
called a Mellin kernel cut-off operator.
Proposition 3. The operator Vi (v) for a cut-off function v induces a continuous map
V(@) : Sigyy To) = Sy (To), (3.40)

where
V() f = f mod S™°(Ty). (3.41)
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Proof. We have m(f)(s) = w(s)m(f)(s) + y(s)m(f)(s) for y(s) = 1 —w(s). Then (3.41) follows
from
x(m(f)(s) e T Ry). (3.42)

Because of f = Vi (w) f + Vi (x) f and the continuity of Vi, (y) : St‘cl) (Tp) = S™°(T'p) whichisa

consequence of (3.42) we obtain the continuity of (3.40). Od

We have v (s)m(f)(s) € ' (R4) and
supp(ym(f)) compact. (3.43)

Thus Vi (v) f(ip) admits the interpretation of an operator Vi () : Sfc D (Tg) — A (C,) for z:=

B+ipeC,suchthat V(W) flrez=0 = Vm (W) f (ip). We shall see below that
V@) f(B+ip)eSly (Tp) and V@) f(B+ip)=f(ip) mod Sy (To) (3.44)

for every fixed § € R, uniformly in compact sets in Rg.

The expression V() f (ip) will be interpreted as a Mellin oscillatory integral

V(@) f(ip) = Mij2,5—p(s) f s fliphdp' = f f s"P(s) filp— pds/sdp. (3.45)

For our applications below we admit parameter-dependent amplitude functions with param-
eters A € R!. First let
fip,A) € STy xR, (3.46)

Theorem 6. The kernel cut-off operator Vi : (@, ) — V(@) f defines a bilinear continuous

mapping

Vig : C®(Ry)p x Sy (To R)) — Ste), (To R, (3.47)

and Vi (@) f (ip, 1) admits an asymptotic expansion
1

V(o) flip,A) ~ )

o ((s05) ) (13X f(ip, A). (3.48)
k=0 "™*

Proof. We reduce the proof to that of Theorem 3. The expression (3.45) will be applied to
f(ip,A) =: a(p,A), and we substitute s = e~?. Then we obtain

V(@) flip,A) = ff e P pealp - p,1)dodp. (3.49)

By virtue of the isomorphism (3.38) we can apply Theorem 3 which gives us the bilinear con-
tinuous mapping (3.47). For the asymptotic expansion (3.48) it suffices to apply (3.20), using
the relations agcp(e‘e) = (—s05)%¢p(s), and @(e ) g=0 = p(1). O
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Let us generalise the kernel cut-off operator V), to the weighted Mellin transform M,, cf.
the formula (2.34), applied to amplitude functions f(1/2—y +ip,A) € Sfc 1 1y X RY). Instead
of (3.45) we form

:ffs”z_”ip(p(s)s_(1/2_7+ip/)f(1/2—y+ip',/l)ds/sdp'

= ffsiﬁ(p(s)f(I/Z—y+i(p—p’),)t)ds/sdﬁ. (3.50)

Corollary 6. Theorem 6 has a straightforward generalisation to the weighted Mellin transform,
cf. (2.34), and instead of (3.47) we obtain a bilinear continuous mapping

Vi : CP(R)p x Sy (T1ja—y xR = Sfey (172 x RY, (3.51)

and V() f(1/2 -y +ip, ) admits an asymptotic expansion

o0

1
Vml@ far2—y+ipA)~ Y. ﬁ((sas)k(p)(l)agf(l/Z—y+ ip,A). (3.52)
k=0 ™"

Corollary 7. Lety(s) € C°(R,) be a cut-off function on Ry, and sety(s) := y(s°) for0<e < 1.

Then forevery f(1/2—y+ip,A) € Sfcl) (T1/2-y % R') we have

lin(l)VM(wg)f(llz—y+ip,/1) =f/2-y+ip,A) (3.53)
E—
in the topology ofStf:D (Ty/2—y x RD).

In fact, we have lim,_o v, = 1 in the topology of C*°(R.)g; then (3.53) is a consequence
of the continuity of (3.51) for a fixed symbol on the left hand side of (3.51).

Corollary 8. Let ¢ € C®°(R,)g have the property (sds)*¢(1) = 0 for all0 < k < N. Then Vi (¢)
defines a continuous mapping

f—(N+1)

(CD (r1/2—y X [Rl)'

V(@) : Sk (T1jay xR — S
This is a consequence of the asymptotic expansion (3.52), combined with the continuity
of (3.51).

Corollary 9. Let y(s) € C*°(R,)p vanish of infinite order at s = 1. Then Vy(x) defines a contin-
uous mapping

V() 1 Sfgy T172-y x R) = ST 12—y xRY) = S T1j2-y xR)).

In particular,
XSO (5,1 € TRy 5, FRY))

forevery f(1/2—y+ip,A) € S’(JCD (Fl/z_YXRI). Here TV (R, ) := M;lép(l“%_y); the formerJ (R4 s)
corresponds to T V% (R, ).
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Definition 4. Let S"

@ (€% R’) denote the space of all h(z,A) € </ (C, Sf’c ) ([R%fl)) such that

Bl i € Shy (T5 xR (3.54)

for every 0 € R, uniformly in compact §-intervals.
The spaces Sﬁ: (€ x R!) are Fréchet in a natural way.
Recall that for any K € R, we set C3°(K) := {u € C*(R,) : supp u € K}.

Theorem 7. For every K € R, the kernel cut-off operator Vs : (@, f) — V(@) f induces a bi-
linear continuous mapping

Vi : CP(K) x Sty (T x RY) — St (Cx RY. (3.55)

forany BeR.

Proof. For simplicity we consider the case f = 0. Let us first go back to the analogue of the
formula (3.50), namely,

V(@) fip,A) = f (5] f S flip! Adsls) dp.

In this case we have
m(f)(s,A) :fs_iplf(ip/,/l)ds/sEff’(Réj),

and ¢(s)kpy(f) (s, A) has compact support with respect to s. Thus

V(@) f(ip, ) = f $P(s)

m(f)(s,A)ds/s extends to a function

Vul@) f+ip,A) = f sSSP p(sym(f) (s, N dsls (3.56)

which is holomorphic in w = § + ip € C. The arguments are analogous to the corresponding
case of Fourier transforms of scalar distributions with compact support. We have

h(Oo+ip,A):=Vy(p) fO+ip, L) =Vuy(ps)f(ip,A) (3.57)

for s(s) 1= s%¢p(s)€ Cg°(K). From (3.50) we have V(@) f(6 +ip,A) € S'(ucl) (Ts x IR{;) for every 6.

Since § — @5 represents a continuous mapping R — C3°(K), the continuity of

Vir: CP(K) x Sk (Do x RY) — Sk (Ts x RY)

implies that (3.54) is uniform in compact §-intervals. The closed graph theorem gives us also

.. . . 0 1
the continuity of (3.55) with respect to the Fréchet topology of the space S o (€ *xRY). O

The following results can be proved in an analogous manner as those in the final part of
Subsection 3.1.
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Corollary 10. Lery € C3°(R,) be a cut-off function, and f (z, ) € SZ: pTs x RY). Then we have

h(z,A) := V@) f(z,A) € Shy (C xR (3.58)
and

h(z, Dlp,xp = f(z,4) mod ST x R). (3.59)
Corollary 11. Let ¢ € Ci°(R.) and define
hs(ip,A) = (V@) )6 +ip,A)
for any fixed 6 € R. Then f — hs defines a continuous map

Sf‘d) Ty x RY) — st‘c o x RY (3.60)

and we have

ho(ip,A) = hs(ip,A) mod Sk, ' Ty x RY). (3.61)

Lemma 3. Let h(z,A) € Sé‘cn (C xRY, and set hs(ip,A) := h(6 +ip,A). Then the mapping, R —

Sé‘CD Ty x R}, 6 — hgs, is continuous.

Proposition 4. For every h(z,A) € St‘c (€ x R’) we have

@,h)(z,A) € sf‘cf)l(e: x R

(hered, is the differentiation of h as a holomorphic function with values in Sﬁ: D RY).

Theorem 8. Let h(z,A) € Sf’d) (€ xRYH and fix 6 € R; then

(i) hse Sﬁgf (I's x RY) for some e =0 (e € N in the classical case) implies h € Sﬁ;f (C xRY;

(ii) hse ST xRY) implies he S(CxRY).

3.3. Mellin quantization

By Mellin quantisation we understand the representation of Fourier by Mellin pseudo-
differential operators. This does not concern the push forward of an operator under the dif-
feomorphism R — R, ¢t — e~ !, but the shape of Fourier-based pseudo-differential operators
on the r half-axis as an open subset of R in terms of the Mellin transform with respect to the
same half-axis coordinate. In Subsection 2.2 we discussed aspects of such a change for differ-
ential operators. From the mere pseudo-differential viewpoint the change from the Fourier
to the Mellin picture is nothing else than a change of the phase function from (r —r')p to
(logr’ —logr)p. However, the control of symbols is far from being completely trivial, since
such a change produces (smoothing) remainders with a singular behaviour at r = 0 that can
affect (or destroy) a desired mapping property of operators close to r = 0.
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Let us now give a striking example for “unexpected" effects that appear under replac-
ing the Fourierbythe Mellin transform in pseudo-differential operators in dimension 1. First

consider operators
Op(a)u(r):ff e gy u(rhdr'dp (3.62)

for symbols a(p) € S, (R). Let us form the truncation of Op(a) : L*(R) — L*(R) to the half-axis
Op™(a):=1r"Op(a)e” : L*R,) — L*(R,) (3.63)

where e* : [2(R,) — L?(R) extends functions by zero from R, to R and r* : L2(R) — L2(R,)
restricts to R, . Eskin in his book [18] found out a Mellin representation of (3.63) locally at r =0
in terms of Mellin pseudo-differential operators with meromorphic Mellin symbols, modulo
Hilbert-Schmidt operators, including the behaviour under compositions and the nature of
parametrices for elliptic operators. Later on this structure has been deepened in different

directions, see, in particular, [36], [37], [38], and also Theorem 3.64 below.

The half-axis R, € 90; is a manifold with conical singularity r = 0 and conical exit to
infinitiy r — co. We then have the cone algebra over R, which is in its simplest form furnished

by zero-order classical pseudo-differential operators
A=wO0py (Mo + (1 -w)An(1-0")+M+G, (3.64)

Opy (1) = 0pY, (), elements h(r, z) € C®(Ry, S, (C)), cut-off functions »” < w < @’ on the half-
axis, Aint € Lgl(IR{+) with exit property of order 0 at r = oo, and smoothing Mellin plus Green
operators M + G with discrete asymptotics at r = 0. The operator M is essentially a smooth-
ing Mellin operator with meromorphic symbol, not necessarily compact in L?(R), while the
Green operator is an asymptotics generating compact smoothing operator. The notation
comes from Green’s function in solution formulas of boundary value problems. A specific
part of such operators is a pseudo-differential operator locally along the boundary with Green
operator-valued symbol. In Sections 4 and 5 below we encounter Green operators for bound-
ary value problems with the transmission property at the boundary. This calculus, cf. Boutet
de Monvel [7], and the monograph [35], is also based on the truncation convention, using the

operators et and r* in direction of the inner normal R,

Theorem 9. [44] The operator (3.63) is an element of the cone algebra on R, where the half-axis
is regarded as a manifold with conical singularity, the origin.

A similar truncation result holds on a manifold M with boundary of dimension > 0. In
this case M is interpreted as a manifold with edge, where the edge is just the boundary. The

pseudo-differential calculus of boundary value problems on M is then a special case of the
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edge calculus. The corresponding operators are more general than those with the transmis-
sion property at the boundary. Typical examples of operators of the latter kind will be dis-
cussed later on in this exposition. Those are of independent interest. The tools for the case
without the transmission property and the edge calculus in general are another chapter of the
singular analysis. We will develop step by step more details on these operator structures. Let
us only recall for the moment that the corresponding algebras are designed to express para-
metrices of elliptic operators within the calculus. In particular, this is the case for the edge
algebra, with its two-component principal symbolic structure (o¢,01), where o, takes values

in the above-mentioned cone algebra.

Theorem 10 ([47]). Let M be a manifold with smooth boundary, 2M it double, and A a classical
pseudo-differential operator on 2M, say, of order zero, and let A:=r" Ae™ be the corresponding
truncated operator with e being the extension by zero from int M to 2M andr* the restriction
toint M. Then A is an element of the edge algebra on M where the boundary is interpreted as

edge.

We now outline a few aspects of the Mellin quantisation in concise form.

Let us set

, rt forr=1r/,
M(r,r):= (3.65)
(r—r""logr—logr') forr #r'.

Then we have M(r, ') € C®°(R+ xR;) and M(r,r") > 0 for every (r,r') e Ry x R;.
Lemma 4. For every k € N\ {0} we have
oK M(r, )| yrzy = cpr ™1 (3.66)
for suitable constants ci € R, in particular,
(r'0,) ' M(r, )= € C°Ry), and  r¥1oX (M (r, 1) 2 € CO@RY). (3.67)

Proof. Set1+x=r/r',|x| <1forr,r' € R;. Then

;o 0 ( 1)]+1
logr —logr’ =log(l+x) = Z

(1)f+1 (r—r"J
ri

25

Thus
_logr—logr’ & (=D (r=rhHk
B r—r' _k;) k+1 plk+l

M(r, 1)

It follows that 6’§M(r, pep = KI(=D*k + 1)~k which gives us (3.66). Then the first
relation of (3.67) follows from Remark 6. By induction we see that 0’;,(M (r,r)7Y is a linear
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combination of expressions M(r, r')‘m‘lﬂ?zldiiM(r, r') where m < k and Z;Zl ji1 = k. Thus
6’:,(M(r, r)71,.—, is a linear combination of terms pmtlpe—m=k o < m < k, which show the
second relation of (3.67). Oa

Given any a(&,A) € SH(R'!) and ¢ () € CP(R,) we form
(Quip)a)ip, A):= f f e et TP (s)alg, D dsdé. (3.68)
RJR
Moreover, for any f(ip, ) € S*(I'o x R!) and y(s) € Cy°(R) we form
(% ir e ise o ds
(QrFW) I, A) = Ose ewmﬂmMTﬁ. (3.69)
Theorem 11. (i) The expression (3.68) yields a separately continuous mapping

Qur: G (Ry) x iy R — S{(, (To xR), (9, @) — Qu(p)a. (3.70)

There are coefficients cyj(p) (only depending on (Oé(p) (1), I €N, but not on the symbol a)

such that
. x & i Ak+j
Qu@alip, ) ~pMal-p, )+ Y Y ckjlp)(=p) (0, a)(—p, M), 3.71)
k=1j=0
(0, N) e R,

(ii) The operator (3.69) yields a separately continuous mapping

Qr: C®R) x Sty (To xRN — Sty ®xRY, (W, f) = Qr() - (3.72)

There are coefficients dkj (v) (only depending on (aéw) (1), I eN, but not on the symbol f)
such that

oo k . .
QEWINED ~yWFEEN+ Y. Y dij) (=i @ p=ig, ),
k=1j=0

N e R
(iii) Ifp andy areequalto 1 in a neighbourhood of 1, then we have

Qu(@)Qr) f = f mod STy x RY,
Qr(W)Qur(p)a=a mod S™® (R x RY).

Proof. We will show that Q,; and Qf generate linear mappings (3.70) and (3.72), respectively,
and we will obtain the separate continuity.
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We mainly look at general symbols. Then the asserted asymptotic expansion (3.71) shows
that Qj, transforms classical symbols to classical ones. Using the function (3.65) and substi-
tuting & — —M(s,1)(p +¢&) = (1 — s) " 'logs (p + &), taking into account that the amplitude func-
tion has compact support in s, it follows that

o ; d
QM((ﬂ)a(ip,/l)szfO S"w(S)sM(s,l)a(—M(s,l)(p+é),/1)Tsd§ (3.73)

In fact, replacing ¢ in e~ /% s7° by —s~Hogs (p + &) gives us for the first factor

e is8 = gmisCsTlogs (p+0)) = illogs(p+8) = ipgi The regularisation of the oscillatory integral
(3.73) gives us a symbol in S#(T'y x RY). Let us now derive the asymptotic expansion (3.71).
From Taylor’s formula, applied to a(M(s,1)(p + ¢, 1)) with respect to ¢ at £ = 0 under the inte-
gral in (3.73) we obtain for every N e N

N
Qum@a)ip,n) =) brlip,A)+ry1(ip,A)

k=0
where
N G L A e k1 Ak ds
bi(ip,A) = s8N p(s)sM(s, 1) (0 a) (=M (s, 1) p, \) —d¢,
k' JrJo s
. La-oN oy e N+ N+2
rzv+1(lp,/1)=f (-1 ff $ETT () sM (s, 1)
o N rJo

O @M Do+ 16,0 S agat.

Using standard properties of oscillatory integrals we obtain ry1(ip, 1) € S*~N*+D (g xRY) and

-k
k!

bi(ip,A) = (s'35) {p(s"s' M(s', 1)1 (OF @) (- M(s', 1) p, M}l y=1.

which implies the claimed asymptotic expansion.

The proof of (ii) is analogous to (i) when we employ that Qg(y) f can be written in the

form
i _ip s d
(QF(W)f)(f,/l)=fRfR r‘”e"‘fe_”fz//(r)M(r,1)_1f(—M(s,1)_1(i(§+r)),)t)7rdr. (3.74)

Finally, for (iii) we observe that, using compact supports in s and r in the respective oscillatory
integrals,

QmQrf(ip, M) Zf[e_”‘fe"‘(s_ipcp(s){f[ ri’eir‘fe_i‘fw(r)f(ir,/l)?dt}dsdf

:ffs_ip(p(s)(fe_isf[fe”‘tw(r)r”g]df)f(ir,)t)drds
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= fs_ip(p(s)(Fg_.sFr__l,é[r_ll//(r)r”])f(i‘r,/l)d‘rds
:ffs_ip(p(s)w(s)s”f(ir,)L)dr% =f/ ri(p_r)(tpw)(r_l)f(ir,A)dr?

o d
= fR fo rP @ (o -9, WA = Vi @an) fip, 1) (3.75)

with Vi () being the kernel cut-off operator for ¢pps(r) := (pw) (r~1, cf. (3.45). In an analo-
gous manner we can show that

QW) Qu(@)alé, ) = fR fR ¢ () (=0 + Dal( - p, )dOdp
= Vr(pr)ai, ) (3.76)

which is the Fourier kernel cut-off operator with the cut-off function ¢r(0) = (@y)(—0 + 1),
see the formulas (3.44), (3.45) and (3.14), respectively. O

Remark 12.

(i) Let ¢1,¢2 and ¥, be functions in Cgo(lR+) that are equal to 1 in a neighbourhood of
1. Then for every a(p,n) € SH(R™!) we have

Qu(p1)a = Qulgpz)amod STy xR,

and for every f(z,n) € SH(['g x RY

Qr 1) f = Qr(w2) f mod ™[R x RY).

(ii) If ¢ and v are functions in C8°(|R2+) that are equal to 1 in a neighbourhood of 1, then for

every u € R the mappings Qas(¢) and Qp(y) induce isomorphisms

Qu(@) : Sty R 1S™C®™) — St (Tg x R)/S™((Tg x R

and
Qr(Y) : Sfyy (Mo x RN/S™ (Mg x R) — S{() R xRN/ SR xR,
respectively.
Theorem 12. Let ¢,y € Ci°(R,) be equal to 1 near 1.

(i) Fora(r,p,A):=al(r,rp,A), alr,p,A) € C°°(R+,S“(R%T/{)), and
frip,A):=Qup)a)rip,A) (3.77)

we have ,

Op, (@) —OpY2(f)(A) = Op, (1 —cp(%))a) %)

as operators Ci°(R;) — C*(R,).
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(i) Let f(r,ip,A) € C®(R,,SHTo x RY), and

a(r,p,n) :=QrW) f(r,rp,A).

Then we have !
Op* (/)W) - Op, (@) = Op}*(a —W(%))f) @)

as operators C°(Ry) — C*([R,).
Proof. (i) Let us write
r/ r/
a(r,p,A) = w(;)a(r,p,ft) +(1- (p(;))a(r,p,/l). (3.78)
Then the assertion is proved if we show that

!
Op,(cp(r?)a) (M) =0pL2(HN) (3.79)

as operators Ci°(R+) — C*(R,). For u € C3°(R,) we have

/ 0o ’ ,
op, (e @) utn = [ [P (D) atrp, utrar dp
RJO
® T -ip ' . dr’ 1
:fﬂfo (p) D(r,r,zp,/l)u(r)7dp:op12w(m)(/1)u(r)

for D(r,7r',ip,A) := M(r, ") r'o(r'IT)a(r,—M(r,1")p, A). Here we substituted T = — M(r, ') p and
then replaced again 7 by p.

We now define
fr1,A):= r”(Op]%w(D)(/l)(r')_”)(r)=ff s"fD(r,sr,i(éH),A)%dé. (3.80)
RJO

The right hand side of (3.80) follows from r”ff reiPmr, !, ip,n)r’ip r"”dr’/r’d‘p for the ex-
pression in the middle and the substitutions s = r'/r,& = p—71. Observe that (3.80) makes sense

1
since the factor ¢(r'/r) produces a properly supported operator. Then we have Op;,(D)(A) =
1
Opjzw(f) (1), cf. the formula (2.62) for y = 1/2. From

M(r,r)y=rrQ—=r/r) og(r/r)

we obtain M(r,sr) = r~}(1 - s)"!log(1/s) and M(t,1) = t~*(1—-1/1)"logt. Thus

ff siED(r,sr,i(f+T),/1)@d§=ff s%r71 (1 -9 og(1/s)srep(s)

RJO s RJO (3.81)
ds ’

d(r,—(l—S)_llog(I/S)(€+T),/1)Td§=QM(tp)il(r,iT,M,
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cf. (3.73). In other words, we proved the relation (3.77).
(ii) Analogously as (3.78) we write

rl

farin, ) =y(=) finin, )+ (A —w(%))f(r, i, )

which reduces the assertion to Opg\}(w(r’/r)f)()t) := Op,(a)(1) as CgO(R+) — C*°(R,). For

ue CgO(R+) we have

/ 0o ' / dar'
Op}\f(w(r—)f)(/l)u(r)z ff (L,)_”U/(r—)f(r,iT,/l)u(r')—r,dT
r rRJO r r r
:f[ ei(r_r,)rg(r,r',r,/l)u(r')dr'dr,
RJo

for
!/

gr,r', T, )= (r'M(r, r'))_lw(%)f(r, M, 7Yt ). (3.82)

Because of the factor y(r'/r) the operator Op,(g)(1) is properly supported, and hence, when

we form
a(r,t,1) = e‘irT(Opr(g)(/l)e”/T)(r)=ff e_i(r/_l)fg(r,rr’,g+T,)L)dr’d<f, (3.83)
rJo

it follows that
Opl, (w1 f)(Mu(r) = Op, (@D u(r).

Formula (3.74) together with (3.82) shows that a(r, 7, 1) is as asserted. O

Remark 13. Note that for a(r, p,A) = d@(rp, A) it follows that f(ip,n) = (Qum (@)@ (ip, ), i.e., [
is independent of r.

Theorem 11, Remark 12, and (12) can be generalised in many ways.

First of all we may admit symbols smoothly depending on several variables, for instance,
the relations (3.70) and (12) generalise to

Qum : CP®Ry) x Shy Ry x QxR — ) @, x @ x CxRY (3.84)

and

Qr : CPRy) x Sig Ry x QT xR — S R, xQx C xR, (3.85)

Y

respectively, for any open set Q < R7. A similar observation is true of Remark 12 and Theorem
12.
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Remark 14. Theorem 12 (i) can be regarded as a Mellin quantisation, Theorem 12 (ii) as an

inverse Mellin quantisation.

For any a(¢, 1) € Lgl(X; R*!) and p(s) € CgO(R+) we form
Qu@a)(ip,\) = fR fR e 17952 (s)a(¢, N dsdg, (3.86)

(z,1) eCxR!, z= 1/2—y+ip. Moreover, for any f(z,1) € Lgl(X;l“l/z_y xR') and w(s) € CgO(IR{+)
we set

o0 . d
Qr) ) = fr fo sze’“‘”“w(wf(z,ﬂt){dz, (3.87)
1/2—-y
&) eC xR

Theorem 13.

(i) The formula (3.86) induces a separately continuous mapping
Qu: CPRy) x LY (XGR™ ) — Mg (X;R7)
(p,a) — Qur(p)a. There are coefficients cij(¢,y) (only depending on (6lt<p) (1), leN, and

Y € R, but not on the symbol a) such that

oo k . ,
Qu@a)1/2—y+ip,n) ~pDal-p,m+ Y Y, ij((P,Y)(_P)J(alg+]d)(_P,T]), (3.88)
k=1j=0

(p,m) ER™I,
(i) The formula (3.69) induces a separately continuous mapping

Qr 1 C°(Ry) x LY (X;T 12—y x RY) — LY (X;C x RY),

W, ) — QrW) f. There are coefficients dj(y,y) (only depending on @y, 1eN, and
Y € R, but not on the symbol f) such that

QrWNHEN ~yD)f/2-y =i

oo k . .
+Y Y di i@ par-y-ig,), (389
k=1j=0

N eRL
(iii) Ifp andy areequaltol in a neighbourhood of 1 then we have

Qu@Qr@W)f = f mod L™°(X; T2y x RY),
QrW)Qu(p)a = amod L™®(X;R').

The following theorem is a Mellin quantisation result for edge-degenerate symbols.
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Theorem 14. Let ¢ € C°(R4) be equal to 1 near 1 and fix a weight y € R. For p(r,y,p,n) :=

pUry,ro, ), Py, B, € COMy xQ, L OGRS and hr, y,2,m):= h(r,y, 2, ), 71, y,2,7):=

Qr () p(1, 7, 2,7) belonging to C®° (R, x Q, Mg (X;RD)), we have
Op, (p)(3,m) — OpL, (M) (y,m) = Op, (L — (' M) p) (¥, ), (3.90)
where h(r, ¥, 2,7 € C® (R, x Q,Mg(X; R and
Op,((1- (p(r//r))p) (3,m) € CP(Q, L™°(X";RY)). (3.91)
Proof. The proofis a direct consequence of Theorem 12 (i). O
Remark 15. Let i(r, ¥, 2,7 and p(r,y, p,7) be as in Theorem 14 and set
po(r,y, p,m := B(O,y, 0, 1), ho(r, y,2,1m) := h(0, y, 2, 7).

Then we have Op,.(po) (y,7) — OpL(ho)(y, n)=0p,((1- @(r'Ir) po) (y,m); the right hand side is
again an element of C*®(Q, L™°(X"; RY)).

Theorem 15. Lety € Cgo(R+) be equal to 1 near 1 and fix a weight y € R. For h(r,y,z,n) :=
h(r,y,z,r1), h(r,y,2,7) € CCR+ x Q, Mg (X;R1)) and p(r,y, p,m) := p(r,y, rp, 1), p(r,, 6,71) =

QrW)h(r,y,p, ) belonging to C°(R, x Q, Lgl(X; Ré}q)), we have
Op!, (M) (y,m) —Op, (p)(y,m) = Opl, (L =y (r' I N K) (y,m), (3.92)
where
Opl, (L =y (r' Ir)h)(y,m) € C(Q, L™ (X";RT). (3.93)
Proof. The proof is a direct consequence of Theorem 12 (ii). Oa

Remark 16. Let h(r,y,z,7) and p(r, y, §,7) be as in Theorem 15 and

po(r,y,0,m), ho(r,y,2,1m)

as in Remark 15. Then we have Op, (po) (y,7) — Op?,, (1) (y,1m) = OpL, (L =y (r'/ 1)) ) (3, 1); the
right hand side is again an element of C*®(Q, L™°(X";RY)).

4. Boundary value problems are edge problems
4.1. Boundary value problems for differential operators

Let us develope here some essential tools for understanding ellipticity of boundary value
problems (BVPs). For instance, consider an embedded submanifold M < R" with smooth
boundary 0M = X and assume that M is either compact or the half-space

R :={xeR":x,=0}.
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In order to see some examples, let A be an elliptic operator in R”, first a differential operator
of order 2m, m e N\ {0}. Among the best studied cases is the Laplacian A=A = Z}’zl aa—;z with

j
Dirichlet boundary conditions. The Dirichlet problem

Au= f in intM,
Tou=g on X.
for Tou := ulx is elliptic with respect to a principal symbolic hierarchy

o(A):=(oy(f),04(H))

A
for of = (T ), where oy (/) () = 0y (A)(§) = —|€|?, & # 0 in this case is called the interior sym-
0
bol and concerning notation in the following theorems, see [45, Definition 3.2.6].
2 H2(Ry)

axzn):HS(m) - @
C

—Inl?+

os(A)M) = (
Yo

the boundary symbol, you := u(0),n = ({1,...,{n-1) # 0, sisassumed to be > 3/2 (the concrete
choice will be unessential). The representations of oy, («/) and 03(</) refer to representations
in @Z, however, similarly as the invariance of oy (-)(x,¢) as a function on T*M\ 0 also the
boundary symbol 0 4(-)(y,n) is invariantly defined as an operator function on T*(X)\ 0.
Ingeneral, if A=} 4 < 1 Aa (x) DY is an elliptic differential operator of order 2m then the bound-
ary conditions are usually formulated in terms of differential operators Bj, 0 < j < m—1, of
orders 0 < mj < 2m - 1, given in a collar neighborhood of the boundary X. The boundary
conditions then have the form

Tu:= (B] ulaM)j:()
. A
and the column matrix (T) represents the boundary value problem

Au= f in intM, Tu=g on X.
As the pair of interior and boundary symbols we have in this case

oy(A 6 = Y, aa(x)EY, E#£0,
lal=p
and
05(A)

)
Ua(T)) ¥

os(L)(y,n) = (
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for
03(A)(y,m) := 0y (A)(¥,0,1m,Dy,)
oo(D)(y,mu = (4 (B))(y,0,n, Dx,)ulx,=0) -

1 # 0. Again the components of o (<f) = (0 (A),05(A)) are represented in coordinates in @Z,
and the boundary symbol is operator-valued,

H7HRy)
o5y, H (Ry) — ® (4.1
Cm

s>u—1/2.

Definition 5. The BVP </ is said to be elliptic in the sense of Shapiro-Lopatinskij ellipticity
of the boundary conditions T with respect to the operator A if A itself is elliptic in the usual

sense and (4.1) is a family of isomorphisms.

Elliptic BVPs in the sense of Definition 5 have been studied by numerous authors. Let us
mention the classical papers of Lopatinskij [33], Agmon, Douglis and Nirenberg [1, 2], Seeley
[52], Schechter [40], Solonnikov [56, 57], or the monograph of Lions and Magenes [32].

4.2. Pseudo-differential boundary value problems with the transmission property

In contrast to the case of ellipticity on an open smooth manifold and the comparatively
simple structure of parametrices, cf. [13], it is not so easy to foresee the shape of a pseudo-
differential algebra of boundary value problems, containing the parametrices of elliptic BVPs
for differential operators. We outline here elements of the work of Boutet de Monvel [7].
More insight and useful generalisations have been developed in the monographs of Rempel
and Schulze [35] and Grubb [23]. Later on, in connection with the development of the edge
pseudo-differential calculus in [38] and [42] it turned out that BVPs are specific edge prob-
lems, see also the article of Schulze and Seiler [47]. This is also the motivation of the headline
of the present Section 4. Later on, in subsequent parts of this exposition we will return many
times to this aspect. The first novelty, as we saw in the preceding subsection, is the presence
of a second principal symbolic component. Besides the interior symbol oy ("), we have here
the boundary symbol o5(-) which determines the ellipticity of the respective BVPs. Similar
phenomena occur in ellipticity of BVPs on a manifold with edge or higher singularities. Then,
according to the higher stratification of the underlying singular manifold, we have a corre-
sponding larger number of principal symbolic components. If M is a manifold with smooth

boundary the stratification consists of

intM and oM =X,
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The strata are open smooth manifolds of different dimensions, and we have a disjoint union
M=intM U 6M.

Let M be an open smooth manifold, and let M — M be an embedding as a smooth submani-
fold with boundary. Then it makes sense to consider an A € Lgl(M) with its interior principal
symbol o (A) € C>®°(T* M\ 0),

oy (A) =0y (A7 inemno  for A:= Alincwm,

and to interpret M < M as an additional input which generates a second principal symbolic
component o4 (A). Locally near a point x € dM we can identify M with R”, M with R”~!, and

M with @Z. Then, as in Subsection 4.1, for a differential operator A =3 4|< 1 Aa (x)D¢ we set

oy (A)(x,8) = ), aq(x)E, 4.2)
lal=p
05(A) (1,0 =0y (A)(1,0,1,Dy) : H (Ry) — HH(R,), 4.3)

for x = (y,1) e R?, y e R""!, t € R,. While the interior symbol is (positively) homogeneous in
the standard sense, namely,

oy (A)(x,68) = 6 0y (A)(x,8),
6 € R;, the boundary symbol is twisted homogeneous in the sense
0a(A)(1,6n) = 8 x504(A) (MK,

5 € R,. Here (xsu)(t) := 6?u(51) determines a group action on the spaces H*(R;), s € R.

As we see the boundary symbol (4.3) takes values in differential operators on R..

Remark 17. Let Abe elliptic, i.e., 04 (A)(x,¢) # 0 for ¢ # 0. Then the operators (4.3) are elliptic
on R, for n # 0, where
oy (A1 (1,0,n,D) =1 05(A) "V (3,m) (4.4)

is a pseudo-differential parametrix over R...

In the case of a pseudo-differential operator on R; it is not a priori clear how we define
an action in the opposite direction of (4.3), namely, H*"#(R;) — H*(R,). We adopt here the
truncation operator convention. To this end we observe that

a(y, t,n,1):= Y aq(y, D@, 1)* 4.5)

lal=p
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belongs to S’:l([R%t x R;) for every fixed (y,7). For any such symbol we define
op™ (@) (y,m :=1"op(@ (y,me” : C°[R;) — CP([R,) (4.6)

with e being the operator of extension by zero to the opposite half-line, i.e.,

+ ufort>0
e u= ,
Ofort=<0

andr* f := f|g,, the restriction of distributions to R... Moreover,
op(a)(y,mv(r) := ff e q(y, 1, D v()di dt

for dt = (27)~'dt. This notation is valid for arbitrary symbols a(y, #,7,7) € S{R" ™' xR x
IR,’;’T), and we obtain a family of continuous maps (4.6). The same is true of a, 1(y,n,r) =
al'(y,0,m,1) € S;l“ (R;) for every fixed y and i # 0, as it appears in (4.4) for (4.5), coming from
an elliptic operator A. However these symbols in 7 are very specific. We have in this case for
n#0

a_l(y,O,n,T) #0

for all T € R. Moreover, we see in this case for ay(y,n,7) := a(y,0,1,1)

op™ (ao) (y,mop ™ (ag ") (y,m) = op™ (apay M) (y,m) =1 4.7)
since
op+(a0)op+(a61) = r+op(ao)eJrrJrop(aal)eJr = rJrop(a())Op(olal)e+

which is a consequence of the locality of op(ay) as a differential operator, i.e., suppop(ap) f <
supp f, applied to f := e+r+op(a51)eJr u. This conclusion is valid for any u € HS"#(R,) for
s—p>—1/2, since then e*u € &'([R) and suppe*rtop(a;')e* u < R, with op(a;')e* u being
applied in the distributional sense, cf. [45] and [13].

Definition 6. An a(t,7) € Si‘l([l% xR), p € Z, is said to have the transmission property at ¢ = 0 if
the coefficients a;—f () € C*°(R) in asymptotic expansions

w .
a(t,7) ~ Z a;—f(t)(ir)“_f as T — +o0o
j=0

(i = v/—1is used for technical reasons) satisfy the conditions

Dfa}(0)=Dfa;(0) forall jkeN.

In a similar manner we define the transmission property of a symbol a(t,7) € Sgl Ry xR).



46 D.-C. CHANG, X. LYU AND B.-W. SCHULZE

In particular, if a(z) € SQ(R) is a symbol with constant coefficients (i.e., independent of t)

then the transmission property means

+_ —_ .
a; =a; forall jeN.

Remark 18. Every a(t,71) € Sgl([R x R) has an asymptotic expansion for coefficients a;fr(t) €
C*(R,) that are completely independent, and Theorem 16 shows that for every choice of
constants a}“ and a;, j €N, there exists a symbol with thee coefficients. So we see that gener-
ically the transmission property is violated. Both the cases with and without the transmission
property are important for several applications.

Theorem 16. Let a(t) € Sffl (R) have the transmission property. Then the truncated operator

opJr (a) induces continuous maps
op™(a): H'Ry) — HH(R,)
forallseR, s>—-1/2.
Let us now return to (4.4). We then obtain a continuous operator
0o(A) () : HHR,) — HYR,) (4.8)

for every s € R, s—u > —1/2. Moreover (4.7) tells us that (4.8) is a right inverse inverse of

05(A)(y,m). Thus 05(A)(y,n) : H*(R,) — HH(R,) is a surjective operator for 1 # 0.

In higher dimensions for symbols over Q x R, Q < R? open, the transmission property is
defined as follows.

Definition 7. A symbol a(y,t,n,7) € S’:l(Q xR xRy ;) for n=q+1, peZ is said to have the

transmission property at ¢ = 0 if it satisfies the conditions
DfDHag-j(1,0,0,1) — (V¥ 7 %a,_;(5,0,0,-1)} =0 4.9)

forallye Q,¢=®,71),forall ke N, a € N9, jeN (recall that a, ;) denotes the homogeneous

component of a of order u — j). Let
QxR xR") (4.10)
be the space of all symbols of that kind. Moreover, set

Sp(@Q xRy x R™) := {alg, g oo : @€ SEQxRxRM}.
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Let us now apply spaces of operator-valued symbols
SH(QxR7; H, H),

cf. [13, Definition 3.5], here for the case H := H*(R,), H:= HS"M(R,), or the Fréchet space
F([R,) in place of H or H, endowed with the group action k = {ks}scr, defined by (xsu) (1) :=
512u(st).

Proposition 5. Let Q  R7 be an open set, and assume that a(y, t,n,T) € Sfr(Q xR, x R") is
independent of t for t > c for some constant ¢ > 0. Then we have

op (@) (ym) € SMQxR" H R,), HH(R,))
foreveryreal s> —1/2, and
op* (@M e SHQxR"EL®R,), S R.)).
The operator-valued symbol op™ (a) is classical when a is independent of t.

The technicalities to prove Proposition 5 may be found in [45].

On a manifold M with smooth boundary we have the double 2M, obtained by gluing to-
gether two copies of M along the common boundary. Consider Lg ,(2M), the space of classical
pseudo-differential operators on 2M of order p€ R.An A € Lgl(ZM ) for u € Z is said to have the
transmission property at M if modulo an operator in L™°°(2M) it has close to the boundary
in local coordinates (y, t) € Q x R the form

A=0p(a)
for asymbol a(y, t,n,7) € Sfr(Q x R x R™). The space of all elements of Lg ,(2M) with the trans-
mission property at 9M will be denoted by Lfr (2M), and we set
Li(M):={A=r1"Ae*: Ae L|,2M)}.
Here, similarly as before, e means extension from int M by zero to 2M, and r* restriction of

distributions from 2M to int M.

From the definition it follows that modulo a smoothing operator (i.e., an operator with
kernel in C*°(M x M)) close to the boundary any A € Lﬁ(M) can be written as Opy(opJr (a)) for

I

anae S (QxRx R;[). This gives us the following

Proposition 6. Let M be a compact manifold with smooth boundary. Then every A € Lﬁ(M)
induces continuous operators

A: H*(int M) — H*"H(int M)

for every real s> -3, and
A:C®(M) — C®(M).
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If M is not compact, we have a similar result referring to comp/loc-spaces, or to operators
C3° (M) — C*(M).

For a pseudo-differential calculus of boundary value problems, here with the transmis-
sion property, it is essential to compose operators within the structure including a control of
symbols. Similarly as for differential operators, cf. (4.2), (4.3), also A€ Lfr(M) has a principal
symbolic structure

0(A) = (oy(A),04(A),

consisting of interior and boundary symbol, where oy, (A4)(x,<) is the standard homogeneous
principal symbol of A of order u, while o5(A)(y,n) is the boundary symbol, is defined as the
operator function

oo(A)(y,m) :=op* (awli=0) (3»m) : HKRy) — HTH(R,) (4.11)

for n # 0. It turns out that compositions generate remainders, so-called Green operators. The
notation comes from Green’s function in solution formulas to elliptic boundary value prob-
lems. More precisely, if we construct the solution of an elliptic BVP <« by computing the in-
verse «/ ~'which is a special parametrix of </, then Green operators appear in a natural way.
We saw such Green contributions already in [13, formula (4.4)], namely, G := Op,,(g) for the
operator function g(n), here with constant coefficients. In general, Green symbols g(y,n) are
defined as follows.

Definition 8.

(i) An operator-valued symbol
gy € SLQxRT LR, L*R,))

is called a Green symbol of order u € R and type 0 if g(y,n) and its pointwise L?(R,)-

adjoint g*(y,n) constitute elements
gy.m,g*(yme SZ(Q xR%L*(R), S R,)), (4.12)

SR =S R,
(ii) An operator-valued symbol

g(y,m € SHQxRT; HYR,), L*(R,)) (4.13)

for d e N, s—d > —1/2, is called a Green symbol of order p € R and type d if there are
Green symbols g;(y,n) of order u— j and type 0, j =0,...,d, such that

da’

d
gym=) gyn—
j=0 d

" (4.14)
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Remark 19. Observe that a g € £ (L?(R,)) which induces continuous operators g, g* : L>(R,)
— L (R+) has a kernel kg(t,1') € S [R4)87,S Ry) = SRx Rl 5, L., gu(t) = [57 kg(t, 1)
u(tdt forall ue L2(R,). This implies that a g as in Definition 8 (i) defines a symbol (4.13) for
every s > —1/2.

Let ,%’é’d(Q x R9) denote the space of all Green symbols of order u and type d, and form
G := Opy(g), called a (local) Green operator with such a symbol. On a manifold M with
smooth boundary we define the space B&"O’d(M) as the set of all operators of the form

d dj
Z ij for arbitrary Cj with kernelsin C®° (M x M).
j=0

Here d/dt means the derivative in normal direction to dM. Now the space of Green oper-
ators Bg’d(M) on M of order p and type d is the set of all G € L™*°(int M) that are up to a
Ce B&oo'd(M) locally near the boundary of the form Opy(g) for some g € %g’d (Q xR9). Green
operators G can be constructed from local terms by using charts on M near 0 M, a subordinate

partition of unity, etc. We set o (G) =0 and

035Gy =gy,

where g, (y,n) is the (twisted homogeneous) principal symbol of g(y,7), as a classical operator-
valued symbol of order p.

Definition 9. The space B*“(M) is defined as the set of all A+ G for any A € L} (M) and
G € B (M). We set

oy(A+G):=0y(A), 04(A+G):=04(A)+0s(G).

The operators in B*4 (M) constitute an ingredient of the space of BVPs on M with the

transmission property at 0 M.

Theorem 17. Let A€ B*% (M), B € BV¢(M); then we have AB € B**V:-f (M) for f =max{v+d, e},
and
oy(AB) =0y (A)oy(B), 03(AB)=043(A)oy(B).

If A or B is a Green operator so is AB.

Ellipticity of an element in A € B*%(M) is determined not only by oy (A) but also 05(A).
An operator Ais called oy -ellipticif o, (A) # 0 on T* M\0 (with 0 indicationg the zero section)
The boundary symbol 04(A) is operator-valued, it defines a family of continuous operators

os(A)(y,n): H'R:) — HH(R,) (4.15)
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for any fixed s > d —1/2, and (y,n) € T* (M) \ 0, and an analogue of the invertibility of o, (A)
for boundary symbols would be the invertibility of (4.15). However, the invertibility of (4.15)
under the condition of o -ellipticity of A is only true in exceptional cases. In general we have
the following

Lemma5. Let A€ B*%(M) be oy -elliptic. Then (4.15) is a family of Fredholm operators for all
s>max{u,d} > —-1/2, and

dimkeroy(A)(y,1m), dimcokeros(A) (¥, 1)
are independent of s.

The way of organising a bijective boundary symbol in connection with A € B%#4(M) is to
pass to a 2 x 2 operator block matrix

A+GK
r Q

o = (4.16)

with a Green operator G, a so-called trace operator T, a potential operator K, and a pseudo-
differential operator Q on M. The structure of those operators is close to the one of Green
operators. Therefore, we simply enlarge Definition 8 as follows.

Definition 10. An operator-valued symbol
gm :=(g,m (M im=12€ SHQ xRT H R,) & C-, [ (R,) & C/*) (4.17)

for some j_, j, eNanddeN,s—d > —%, is called a Green symbol of order u € R and type
dif g1 (y,n € %"é’d(Q x RY), cf. Definition 8, g;2(y,1n) € Sgl(Q x RY;CJl-, #[R,)), g1, €
SE(Q xR7; HS(R,),C/+), where the i-th component of g21(y,7) is of the form

d db
82,1y, = Z Lip(ymM——
b=0 dt

for symbols #;,,(y,m) := k; ,(3,1), ki, (1) € Sffl(Qqu;C,y(@Q), i=0,...,j+, while g25(y,n) €
SH(QxR;CJ-, ).

The group actions in the spaces on the right of (4.17) are defined as ks ®id ;= for (ksu) (6 1)
=612u(61), 6 €R,.

On a manifold M with smooth boundary we define the space B_ " . (M) as the set of all

potential

operators with kernel in C*°(M x dM). Moreover, we define the space B” . (M) of potential
potential

operators K : C*°(0M) — C*°(M) that are modulo an element of B_%° . (M) locally near the

potential

boundary of the form Opy(gl,z) for some g1 » as in Definition 10 (for j_ = 0).
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B—oo,d

Moreover, we define the space B,

(M) as the set of all operators of the form

d d j
Z D jﬁ for arbitrary D; with kernels in C*®(0M x M).
j=0

Here d/dt means again the derivative in normal direction to dM. Now the space of trace op-
erators B”’d (M) on M of order u and type d is the set of all operators T : C*°(M) — C*(0M)

trace
B—oo,d

that are up to an element of B

(M) locally near the boundary of the form Op y(ggyl) for
some g1 as in Definition 10 (for j, =0).

Let Bg'd(M; Jj-, j+) be the space of all operators

(4.18)

GK
rQ

where G € Bg’d(M), moreover, K is a row vector of potential operators and T a column vec-
tor of trace perators, with j_ and j; components, respectively, and Q is a j; x j_-matrix of
operators in L}, (0M).

Definition 11. Let B9 (M; Jj-, j+) denote the set of all operator block matrices ¢ of the form
(4.16) for arbitrary A e B4 (M), where the remaining entries are as in (4.18).

Similarly as for upper left corners we have a pair o(«/) = (0 (), 05(/)) of principal
symbols, where o, (¢f) (x,$) := 0 (A) (x,), is the interior symbol, while the boundary symbol
04(Z)(y,n) is a family of block matrix operators

H[Ry) H7HR,)
) ym: & - ® , (4.19)
(]:j, (]:]+

05(A+G) 05(K)

ool )y 1) =
FEIMZ 50 05(Q)

s—d>-1/2.

For operators in B4 (M, j-»Jj+) we have a similar composition result as Theorem 17,

where we assume that rows and columns in the middle fit together.

Definition 12. An operator «f € B*4(M; j_, j.) is called (oy,0p)-elliptic, if its upper left cor-
ner is oy-elliptic and if (4.19) is a family of isomorphisms for all (y,n7) € T*(0M) \ 0, and

s>max{d, u} — %

Theorem 18. For an operator «f € B (M; j_, j,) the following properties are equivalent:

(i) o is(oy,0,)-elliptic,
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(i) the operator «f induces a Fredholm operator

HS (M) HSH(M)
o ® — ) (4.20)
HS(OM,C/-) HSM@OM,C+)

for every s > maxid, u} — 1/2.

Theorem 19. A (0y,0,)-elliptic operator of € B4 (M, J-» j+) has a parametrix
R € B~Ha&R(M; j+, j-) in the sense that

Rl —.F € BLOMM; -, ), AR~ € BLOW(M; s, jr)

for di, = max{d, u}, dg = max{d — u,0}.

5. Examples and additional comments on boundary value problems
5.1. Stratifications and higher symbols for the Laplacian

A good example of boundary value problems is the mixed elliptic boundary value prob-
lems for elliptic differential operators in a domain M in R” with smooth boundary 0M = X.
Here we focus on the Zaremba problem for the Laplace operator where X is subdivided into
sub manifolds X, with common smooth boundary Y of codimension 1, X = X_ U X; and
Y = X_nX;. On intX_ we pose Dirichlet, on int X; Neumann conditions. This problem
has been investigated for a very long time, see Zaremba [61] and the subsequent develop-
ment. For applications it is also interesting to admit domains with non-smooth boundary,
e.g., polyhedral domains, and also interfaces with singularities.

Mixed elliptic problems can be studied from the point of view of pseudo-differential anal-
ysis with symbolic structures reflecting not only the operators in the domain and the bound-
ary conditions but also the role of the interface Y which is here interpreted as an edge em-

bedded on the boundary X. With the Zaramba problem we associate a stratification
s(M) = (so(M), 51 (M), 52(M)) 6.1

of M, where M = sy(M)Us; (M)Us, (M) for the strata s,(M) := Z, s1(M) := Y\ Z, so(M) := M\Y.
Those are smooth manifolds of different dimension. According to the general philosophy of
pseudo-differential operators A on such spaces, especially, differential operators, we observe
a principal symbolic hierarchy

0(A):=(00(A),01(A),02(A)) (5.2)
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that determines the ellipticity. Generalities on operators on stratified spaces M of some sin-
gularity order k € N are developed in [46], [48]. Here k = 0 indicates smoothness, k = 1 conical
or edge singularities, k = 2 corners of second order, etc.. The components of (5.2) are as-
sociated with the strata in (5.1). In particular, o((A) is the standard homogeneous principal

symbol of A over so(M), moreover, o1 (A) is the boundary symbol, in the present case refer-
02

ring to intY,, and o2(A) is the edge symbol. For instance, if A is the Laplacian Z;‘zl 32 in
i
R” = {x = (x1,..., Xn) € R": x,, > 0}, we have 0¢(A) = —|¢|* with ¢ being the covariable of x,
02
o1 (A =~ + — (5.3)

2
0xs

where 7 is the covariable of y = (x1,...,X,-1) € R”~! when we represent the operator in local
coordinates x = (), x,) close to the boundary, with x, € R, being the local variable normal
to the boundary. We see that (5.3) is operator valued, and we take it as a family of operators
HS[R,) — H2(R,) parametrised by 1 # 0 (and s € R not too small, see the explanations in
[47] with respect to the interface). Finally, if we locally represent Z as the hyperplane defined
by x,-1 =0, x, =0in x = (2, x,-1, X,) € R} with { € R"~2 being the covariable of z € R"~2, then
the symbol 02(A)(({) is the family of operators

02 N 0>
ox3_,  0xj

a2(A) Q) = —1{* + (5.4)

operating as H® ([Rii) - H S_Z(Ri), parametrised by ¢ # 0 (and s € R again not too small), where
R2 = {(xp1,Xn) €R?: X1 € R, x,, > 0}

The idea of the analysis of elliptic boundary value problems is to add conditions (such as
Dirichlet or Neumann conditions) over s; (M) and to understand the nature of parametrices.
As soon as we have no jump of the boundary conditions and impose the Shapiro-Lopatinskij
condition then we are in the framework of “smooth" elliptic boundary value problems. The
boundary operators also have a symbolic structure, and there is a well-known pseudo- dif-
ferential calculus of boundary value problems, cf. Boutet de Monvel [7] and the material of
Section 4, that contains the elliptic elements themselves together with their parametrices. In
this case it is adequate to consider 2 x 2 block matrices (4.16) with A in the upper left corner,
in general, together with so-called Green operators. Moreover, T represents the boundary
(or trace) condition while an additional potential operator K appears, and Q is a pseudo-
differential operator on the boundary. The boundary symbolic map o, then also applies to
the other entries in (4.16).

In the Subsection 5.2, we analyze the first order pseudo-differential operator R that is ob-

tained by reducing the Neumann boundary condition to the boundary. The operator R, often
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referred to as the Dirichlet-to-Neumann operator, has been widely studied by many authors.
Here we look at X; and realize R by a specific edge quantization as an element of the edge
pseudo-differential calculus with Y as the edge, operating in weighted edge spaces.

Moreover, as we have seen in Chang, Habal, and Schulze [10], the Dirichlet-to-Neumann
operator R has no the transmission property with respect to any interface on X. Therefore,
we cannot expect that the truncated operator r* Re* induces continuous maps H*(int X,) —
H*"Yint X,) (say, for s > —1/2). Hence, this also provides us a good example of BVPs with no

transmission property

5.2. The Dirichlet-to-Neumann operator for the Zaremba problem

Let M be the closure of a smooth bounded domain in R” with smooth boundary M = X.
We reduce boundary problems in M to the boundary, first in terms of operators in Boutet de
Monvel'’s algebra [7] and then by using tools from the calculus of BVPs on a manifold with con-
ical or edge singularities. The ‘standard’ idea is as follows. Let «f; = YA Tp,i=0,1, denote
the row matrix operators representing two elliptic BVPs for an elliptic operator A with trace
(or boundary) operators representing boundary conditions satisfying the Shapiro-Lopatinskij
condition. Assume that A is a second order elliptic differential operator in R” with smooth
coefficients, in the simplest case the Laplacian and Tyu := u|x and T; u := 8, u|x are Dirichlet
and Neumann conditions, respectively, with d, being the derivative normal to the boundary.
For convenience we start with the assumption that ) is invertible, say, as an operator

C®(M)
Ay:CP(M) — @&
C*(X)

(as for the Laplacian and in numerous other cases), and by
Py =(Py Kop)

we denote its inverse. In particular, we have APy = 1, AKy = 0. Roughly speaking, Py is Green’s
operator and Kj is the Poisson kernel of this boundary value problem. This yields

1 0
) (5.5)

where T Kj is often called the Dirichlet-to-Neumann operator.

To illustrate phenomena we consider the case A = A. However, the ideas here can be

applied to more general elliptic operators A. We have

R:=T1Koe L(X), oy (R =clnl (5.6)
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for a constant ¢; here oy (-) denotes the homogeneous principal symbol of the respective op-
erator an 7 the covariable on X (the absolute value refers to a Riemannian metric on the
boundary). The operator R is elliptic, as we see from (5.6). In general the ellipticity of op-
erators obtained by reducing an elliptic BVP to the boundary follows from the ellipticity of
both factors in (5.5). Explicit computations for other concrete BVPs reduced to the boundary
may be found in [24, page 26].

In more complicated situations below, i.e., when we replace < by a mixed boundary
problem with jumps of the conditions along an interface Y of codimension 1 on the bound-
ary, the intention will be (similarly as in the smooth case) to express parametrices within a
controlled operator algebra with symbolic structure. In the simplest case there is no jump
at all, i.e., we have a reduction of «; to the boundary by means of <, in the form (5.5). The
idea is then to construct a parametrix df_l) =: 9, of o] in terms of the known parametrix (or

inverse) &, of &) and a parametrix RCD of R. First we obtain a parametrix of (5.5) as

(=1
s ) = 1 0 _ 1 0 '
Ty Py T1 Ko —REV T Py RCD

Then &7 itself follows in the form

Py =Py Pp)V = (Py Kp)

1 0
—RGD TP RCD
= (Py-KoR"V TPy KoR“V)=:(P, Ky). (5.7)

In the consideration below we interpret </ and </ as continuous operators

M H2(int M)
doz( ):Hs(intM)—> ® ,
To
HS—I/Z(X)

and
H*"%(int M)
,Qﬁ:(A):HS(intM)—> ® ,
n HS312(x)

first for s > 3/2. By results in [7] or [35], we know that the operators 2%; = (P; K;) belong to
Boutet de Monvel’s calculus of pseudo-differential BVPs with the transmission property at the
boundary, more precisely, P; = F + G; with F = r* Fe* being the truncation of a fundamental
solution (or a parametrix) F of A in R” to int M. Here e is the operator of extension by zero
from int M to R” and r* the operator of restriction of distributions to int M. Moreover, G; is
a Green operator and K; a potential operator in Boutet de Monvel’s calculus. The advantage
of this viewpoint is that we have the principal symbolic structure of such operators, more
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precisely, the pair o = (0¢,01) of symbols where o is the standard homogeneous principal
symbol of operators over M (smooth up to the boundary) while o, represents the so-called
principal boundary symbol. Moreover, we can freely compose operators in Boutet de Mon-
vel’s algebra; this was done in (5.5) as well as in (5.7), and the symbols are (componentwise)
multiplicative. Concerning 7T; and the other operators in lower left corners, those are trace
operators in Boutet de Monvel’s calculus, and they have boundary symbols as well. Paramet-
rices 22; of «/; belong to the inverted symbolic components, i.e., o) =0(2), i=0,1,as
a componentwise relation.
In the construction of R = T; Ky, the reduction of the Neumann condition to the boundary
by means of the solution of the Dirichlet problem, it is not essential that 24 is the inverse of
<. We are mainly interested in Fredholm operators between the chosen Sobolev spaces, and
it suffices to employ 2% as a parametrix of «. By interchanging the role of o« and «/ for a
1
ToP1 Toky
ing operator in Boutet de Monvel’s calculus. Let us ignore such remainders in the following
0 1
ToP; TOKl) Ty Py T Ko
tity modulo a smoothing operator, which implies that R™Y := TyK; € L3 (X) is a parametrix

parametrix &, of the Neumann problem we obtain &/ =

) modulo a smooth-

compositions. Then the composition (<#y2?;) (e Py) =

) is the iden-

of R=T1Kp € L(lzl(X ). Let us now replace < by the Zaremba problem

C*®(M)
A ®
&= D_|:C®(M) — C®(X_), (5.8)
N, ®
C™(Xy)

for D_u:= (Tow)lintx_, N4+ u:= (T1w)lint x, where X := 0M is subdivided into submanifolds X,
X_ with common boundary Y = X, n X_, in the simplest case assumed to be smooth. Then
by virtue of (5.5) together with «/,2? = id s () we obtain

D_Ky=1 onintX_,
N;Kop=R onintX,.

(5.9)

Thus the reduction of the mixed condition gives rise to R on the manifold X, with boundary
0X, =:Y and the identity on X_. The relation (5.9) shows that in the reduction of the mixed
conditions T :=Y(D_ N,) to the boundary the resulting operator on the boundary has a jump;
it is equal to the Dirichlet-to-Neumann operator R on X, and to the identity on X_. Apart
from the identity one of the main tasks is to solve a boundary value problem for R on X,
with Y = 0X, as the boundary. However, R fails to have the transmission property at the
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boundary;, it has in fact, the anti-transmission property, cf. [50] and it is hard to imagine that
Boutet de Monvel’s calculus extends to this case. This problem has been studied by many
mathematicians, cf. Vishik, Eskin [60] or Eskin [18], see also [24], [36], and [47]. In the present
paper we develop an approach that is based on a Mellin quantisation, already indicated in
Dines, Liu, and Schulze [15]. Here we employ this method for the construction of a parametrix
of (5.8) within a variant of edge calculus where Y plays the role of an edge. For the complete
solution of this problem, we refer to the paper [10].

5.3. The Dirichlet-to-Neumann operator for the -Neumann problem

Let Q be a bounded domain in C"*! with € boundary, i.e., there exists a real-valued
function p € C*°(Q) such that

00 =1{zeC": p(z) =0}

with dp(z) #0, V z € 6Q.

One of the basic problem in several complex variables is to solve the inhomogeneous
Cauchy-Riemann equation
oU=f in Q (5.10)

with “good" bounds on Q, where f is a given (0,1)-form f = Z;’;’ll fjdaj. Obvious, the right-
hand side of (5.10) has n+1 data but the left-hand side of (5.10) has only one function. There-
fore, the system (5.10) is over-determined when n = 1. It follows that the equation (5.10) is
solvable only when f satisfies a consistence condition, i.e., d f = 0. Moreover, solution for the
equation (5.10) is highly non-unique. Suppose U is a solution of (5.10), then U + Fis also a
solution whenever F € #(Q) where /#(Q) is the set of all holomorphic functions defined on
Q.

Denote «/?(Q) = L?(Q) n.#(Q) the Bergman space. Then we can fine a “canonical solu-
tion" U by requiring that
ULA#Q) in o*Q)
which minuses the L?-norm among all solutions. In order to find the canonical solution, let

us consider a first-order differential operator D and ¢,y € €°°(Q), then the formal adjoint D*
of D can be defined as follows

f(ng)u‘/dv:f gb(D*w)dV+f P(Aly)do,
Q Q 0Q

where A’ is a Oth-order operator defined on 0Q. In our case D = 0 is the Cauchy-Riemann
operator. Hence,
dom(0*) = {y € €°(Q): A'y = 00ndQ}.
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Note that with U = 8* u, then for F € #(Q)
(0" u, F) = (u,0F) = 0.
This means that is we solve the equation
00*u=f, wuedom(d*), (5.11)

then we solve (5.10) with a canonical solution.

In fact, problem (5.11) is equivalent to the case df = 0 of the system

Ou=(00*+0"0)u=f,

_ _ _ (5.12)
uedom(0*), du e dom(d*).

To see that, 0 =9 = 0(00* +8*8)u = 00*0u, and so

The system (5.12) is not over-determined. For general u € BOD(Q), the system (5.12) is called
that “0-Neumann problem". Here B*?(Q) is the collection of all (0,g) forms defined on
Q. The formalism of the d-Neumann problem was introducing by D.C. Spencer in the early
1950’s. Under certain assumptions on Q, J.J. Kohn [28] obtained the first result in 1963 and
1964:

lull sy < C(||f||HS(Q) + 1l u”LZ(Q))’ seR.

Moreover, the estimate is sharp in L%, Unlike the elliptic case, the solution u does not gain
two in all directions. Therefore, the system (5.12) has great interests from the point of view of

partial differential equations.

There are essentially three aspects to this problem:
». Existence of solutions;
«. Find the solving operator N (and hence 0*N);
«. Sharp estimates for N and 0* N.

Let g be a smooth Hermitian metric on C"*!. Then there is an open neighborhood V of

0Q such that if p denotes a signed geodesic distance in the metric g to 0Q2, then

Q"=QnV={zeU: p(z) >0}
vp(z)#0 forall zeoQnV.
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We choose a smooth orthogonal basis for (0, 1)-form on V, given by @1, ...,0,+; with
Wp+1 = \/zap .
Welet Zy,..., Z,41 be the dual basis of antiholomorphic vector fields on V. Then
s Zy Z1y ey Zn

are tangential to 0Q. If % is the vector field dual to the one form dp, then

is the complex normal.

Let{Z;, Zj, T}j=1,.,n be abasis of the complex tangent bundle of Q2N V. The vector fields
[Z, Zi] in terms of this basis is give by

n n
(Zj, Zk) = cjxV-1T+ ) ajkzg +) b;kZ[.
/=1 /=1

The Hermitian form (cjy) is called the Levi form.

The domain Q is called pseudoconvex if each point of Q has a neighborhood on which
the vector field T can be chosen so that (cji) = 0. If the Levi form (cjx) > 0, then Q is called

strongly pseudoconvex.

To simplify our discussion, we just assume that Q is strongly pseudoconvex in this sub-
section. In this case, Q has a foliation. By a result of Chern and Moser [14], Q and 6Q2 can
be locally approximated by the “Siegel upper half-space" and the “Heisenberg group" respec-
tively in C**1. Readers can consult Stein’s book [58] for background of Heisenberg group and
its connection with analysis in several complex variables. The domain consists of all z € C"*1,
n =1, so that

1. . < 2
Q= {1, 20, Zns1) €C" 1 M2 > Y 122
j=1

Its boundary is the “paraboloid"
1 < 2
0Q = {(zl,...,zn,,zn+1) €eC™: im(zpe1) = ) 124 }
j=1
In this case, the vector fields Z; can be written as

Z-—i+iz-2 j=1,...,n
U PP T
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and the complex normal Z,,4, is

Z (iﬂ':r)—i(aﬂ'i)
= 2 \ap T V2\ap ot
where p =im(z,.1) -2 i=1 |z |? is the “height" function and T = % is the “missing direction".

Because the vector fields split into tangential and normal part, we may consider a (0, 1)-

form u as follows:
n+1 n

U= Ujdj= ) UjdDj+ Ups1Dpe1.
j=i j=1

Then the 6-Neumann problem is the following boundary value problem:
Ou=f in Q
Uns1 =0 on 0Q

Zn1 () = [SW]jne1 =0 on  0Q

for j=1,...,n. Here

n
[(S)]jne1 = ; Ef’nﬂuj, ji=1..,n

=1

and the matrix S is defined by the equations
dig = )y 5,0 Ao
j<k

Then the operator O which is basically the complex Laplacian which can be written as
[0, 0--0 0
00,---0 0

0 0--0, O
[0 0 -+ 0 Oy
+(hps1lne1 + SN (Zps1w) = (S(Zps1w) +€(Z, Z)u+ ()

where h,,41 is a smooth function which comes from the volume element. £(Z, Z) u represents
terms of first derivatives of u along horizontal directions and € (u) represents terms ofu mul-

tiplying by smooth functions. Here

El—l
4—2.

n n
(2)2)+ 212)) = Zna Znr + (3, Aj =240 )iT
Jj=1 Jj=1

for¢=1,2,...,nand

1 n _ _ — & .
O,41 = -3 Z(Zij+Z]‘Zj)—Zn+IZn+1+(ZA].)lT
j=1 =
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We shall construct a solving operator N = (Ny,..., Ny41) for the 0-Neumann problem so that

modulo smooth error u; = Nj(f;) for j=1,2,...,n+1.
The “normal" component 1, is the solution of a Dirichlet problem for an elliptic oper-

ator:
in Q
on 0Q

Ons1lns1 = foa1

Up+1 =0

From previous discussion, the structure of this solution is well understood.
We note that a parametric for the (n+1)-component N, of the Neumann operator N is

given by
Np+1(z,60) = G((w,9) '+ (2,0;0— 1) - G((w, ) ' - (2, ); p + )

where G(z, t;p) = %(ZIZI2 + 12+ p%)~". Hence,
H 0°*Nus1(f)

SER,
0x;0xy H H:(Q)

< Cpll fll sy

forl=<j,¢<2n+2,ie., Ny gains 2 in all directions.
Now we are left with solving the following nonelliptic boundary problem: Given f on Q,

find a function u on Q such that

62u+62u+A finQ
-_— -_— u=7 1m
002 oz ¢
(5.13)
(a—u—ia—u)(x £,0) =0
op or) 7
where
1 n _ _ n
AFEZl(zjzj+zjzj)+(zl/1j—mg)ﬂ
J= J=
for¢=1,...,n.

In order to solve the problem (5.13), we may assume the solution u is given by
u(x, t; 0) = G(f) + P(up)

where G is the Green’s function for the Dirichlet problem and P is the Poisson operator. Here

up is the “boundary value" of u which we need to determine.
On the other hand, u satisfies the d-Neumann boundary conditions, i.e., RZ,;(u) = 0,

j=1,...,nwhere R is the restriction operator to 9Q2. Therefore,

0=RZps1() = RZy11G(f) + RZp 11 Puyp)
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i.e.,
O (up) = RZp41 P(up) = —RZn11G(f).

The operator O, is called the Dirichlet-to-Neumann operator associated to the d-Neumann
problem. This is a 1st order pseudo-differential operator defined on Q. Hence, in order to

solve the d-Neumann problems reduces to invert the operator O, .

After detailed calculation, one can see that he principal symbol of the operator Ol is

a(|:|+)=\;§(r A)—T(z/\, Z/lk)

where 71 = o (-iT) and

n
A= J 12423 |o(Z))2.

j=1
Obviously, O is elliptic when 1 < 0 but doubly characteristic on half of the line bundle
2T ={(z, 4,1 T>A)

on the cotangent bundle T* (69).

) On the other hand, we may also construct the Dirichlet-to-Neumann operator O_ of the
0-Neumann problem on
={zeU: p(2) =0}.

The principal symbol of O0_ is
o(0-) = —=(r+4) + =24 - z Ak)
V2 V2
It is a 1st order pseudo-differential operator doubly characteristic on the half of the line bundle
2T ={(z, ;1) T<—A}

but elliptic on the characteristics of O,.. An important phenomena is

O, oO_ = —0p + zero order terms
and

0O_ o0, = —0p + zero order terms.

Here Oy, is the sub-Laplacian on (0, 1)-forms defined on the boundary Q2. More precisely,
|:|’1 0---0
/ .o
0|25 0|
0 0 ---0,

with

121 _ _ n
:_EZ Zij+Zij)+i(ZAk—2/1[)T
]:1 k=1
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for £ =1,...,nand of = [«/yg] of the form
SR S
Aap = Z aaﬁZk+ Z baﬁZk"'Caﬁ-
k=1 k=1

In order to find a full parametrix for the d-Neumann problem, one needs to invert (J;, on 0Q.

When 7 > 1, the sub-Laplacian Oy has an inverse Kby a _result of Folland-Stein [20] (see also Beals
and Greiner [5] and Berenstein-Chang-Tie [6]) and then the 6-Neumann problem has a parametrix

Nj=G+P(-KO-RZy:1G)+S-0s, j=1,...,1
where S_ is a smoothing operator.
When n = 1, we know that
1/, - - _ _
Ow) = - 5(lel + lel) —iT()+ (21, 21, 9)
= _ZIZI((P) +5(Z1,Zl;(P)

In this case, O, is not invertible since it is intimately connected with the non-solvability of the Lewy
equation. However, by a result of Greiner and Stein [22], one can construct an operator K, so that

KDb = DbK = I—%b

where €6}, is the Cauchy-Szeg6 projection.

Let us consider Oth-order pseudo-differential operators: E* and E~ with symbols in the class S(l),l)
such that the principal symbol of E* equals to 1 on the set

{a< ir}

and whose principal symbol equals to 0 on the set
1
{A > ET}
The important fact is that

Eto%, = 6,0E" =0,  approximately,

and hence the projection €}, is subordinate to projection E~ = I — E*; moreover O is elliptic away
from its characteristic variety. Thus there exists a pseudo-differential operator of order —1, 2g-, so
that

Qp-o0" = E~  approximately.

It is then easy to see that —E* o KOO~ + Q- is an approximate inverse to 0%, i.e.,
(-EToKO +2p-)0" =-E'KO 0" +2p-0" = —E'K(-0Op)+E~ + T,
=—E"(-I+%p)+E +T
=E"+E +T_1-E*6),
=[-E*€,+T 1=I1+T.
Hence, the d-Neumann problem has a parametrix (see Chang-Nagel-Stein[11]):

N1 = G+P(-K*O_RZG)+S-os, j=1,...,10
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where S_ is a smoothing operator and
K* = —Qp-+E*KoO"~ (5.14)
where Qg- denotes the parametric for O" in the supportof E- = I-E*, i.e,

Qp-0o0" = E™ + T_w.

Finally, under the hypothesis that Q is a smoothly bounded, strongly pseudoconvex domain, it
can be proved that the Neumann operator satisfies

o. N: HS(Q) — H1(Q);
o P(Z,Z)N: H5(Q) — H*(Q). Here P(Z,7) is any quadratic monomial in tangential vector fields.

As a consequence of the above subelliptic estimates, one can show that the solving operator 8* N
of the canonical solution of the inhomogeneous Cauchy-Riemann equation satisfies the following es-
timates:

« 0*N: HS(Q) — H*3(Q);

. X0*N: H¥(Q) — H*(Q) for any tangential tangential vector fields X.

The above results had been generalized to many other situations, see for example, [8]. We will not
discuss this here.
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