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ON THE SLANT HELICES ACCORDING TO BISHOP FRAME
OF THE TIMELIKE CURVE IN LORENTZIAN SPACE

BAHADDIN BUKCU AND MURAT KEMAL KARACAN

Abstract. T.Ikawa obtained the following differential equation
DrDrDyT—-KDypT,K =x2 — 72

for the circular helix which corresponds the case that the curvature x and torsion 7 of timelike curve @ on the
Lorentzian manifold M; are constant [5]. In this paper, we have defined a slant helix according to Bishop frame
of the timelike curve. Furthermore, we have given some necessary and sufficent conditions for the slant helix and

T.Ikawa's result is generalized to the case of the general slant helix.

1. Preliminaries

Let M be an 3-dimensional smooth manifold equipped with a metric (,), where the met-
ric {,); means a symmetric non-degenerate (0; 2)-tensor field on M with constant signature. A
tangent space Tp(M) at a point P € M is furnished with the canonical inner product. If the sig-
nature of the metric (, ) is i, then we call M an indefinite-Riemannian manifold of signature i
and denoted by M;. If (,) 1 is positive definite, then M is a Riemannian manifold. Especially if
i =1, then M is called a Lorentzian manifold. A tangent vector x of M; is said to be spacelike,
if (x, x)1 > 0 or x = 0, timelike, if (x, x); <0 and null or lightlike if (x, x); = 0 and x # 0 3, 4].
A curve in an indefinite-Riemannian manifold M; is a smooth mapping « : I — M;, where
I is an open interval in the real line R'. As an open submanifold of R', I has a coordinate
system consisting of the identity map u of I. The velocity vector of a at s € I
a'(s) = da(u) € Ta(s)(M;)
du s a(s) i)
A curve a(s) is said to be regular if ' (s) is not equal to zero for any s. If a(s) is a spacelike or
timelike curve, we can reparameterize it such that (a’(s),a’(s))r = 1 and (a@/(s),a@’(s)); = —1,
respectively. In this case a(s) is said to be unit speed or arc length parametrization [3, 4].
Let R3 = {(x1, X2, x3) : X1, X2, X3 € R} be a 3-dimensional vector space, and let x = (x1, X2, x3)
and y = (1, y2, y3) be two vectors in IR3. The Lorentz scalar product of x and y is defined by

(5, )L =—X1)1 +X2)2 + X3)3,
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E? = (R3,(x, yy1) is called 3-dimensional Lorentzian space, Minkowski 3-Space or 3- dimen-
sional Semi-Euclidean space.For any x, y € E3, Lorentzian vectoral product of xand y is de-
fined by

XALY = (X2)3=X3Y2,X1)3 = X3Y1,X1Y2 = X2y1)[2].

Let a(s) be a timelike curve in M;. Denote by {7, N, B} the moving Frenet frame along the
curve a. Then T, N and B are the tangent, the principal normal and binormal vectors of the
curve a respectively. If a is a timelike curve, then this set of orthogonal unit vectors, known
as the Frenet-Serret frame, has the following properties

as)=T

DrT =N
DrN=xT+1B
D7yB = —TN,

where D denotes the covariant differentiation in M; and {7, N, B} are mutually orthogonal vec-
tors satisfying the following equations

In a Lorentzian manifold M, a curve is described by the Frenet formula. For example, if
all curvatures of a curve are identically zero, then the curve is a geodesic. If only the curvature
x is a non-zero constant and the torsion 7 is identically zero, then the curve is called a circle.
If the curvature x and the torsion 7 are non-zero constants, then the curve is called helix. If
the curvature x and the torsion 7 are not constant but % is constant, then the curve is called a
general helix [3, 4].

2. Introduction

The Bishop frame or parallel transport frame is an alternative approach to defining a mov-
ing frame that is well defined even when the timelike curve has vanishing second derivative.
We can parallel transport an orthonormal frame along a timelike curve simply by parallel
transporting each component of the frame. The parallel transport frame is based on the ob-
servation that, while T'(s) for a given curve model is unique, we may choose any convenient
arbitrary basis (V] (s), N2 (s)) for the remainder of the frame, so long as it is in the normal plane
perpendicular to T'(s) at each point. If the derivatives of (N;(s), N2(s)#) depend only on T'(s)
and not on each other we can make N;(s) and N»(s) vary smoothly throughout the path re-
gardless of the curvature [1]. Therefore, we have the alternative frame equations

T’ 0 ki ko T
Nll =1k 00 N 2.1)
N’2 ko 0 0 No

where
<Tr T)L = _17 <N17N1>L = 1) <N2!N2>L = 1'
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One can show that

K(s) = /K2 + k2,

0(s) = arctan(ﬁ),
k1

_dos)

T(s) ds

[2], so that k; and k; effectively correspond to a cartesian coordinate system for the polar
coordinates x, 6 with 6 = [7(s)ds. The orientation of the parallel transport frame includes
the arbitrary choice of integration constant 8y, which disappears from 7 (and hence from the
Frenet frame) due to the differentiation [1].

3. The slant helices according to bishop frame of the timelike curve

Definition 3.1. A curve a with x # 0 E® is called a slant helix if the principal normal line of
a make a constant angle with a fixed direction [7].

Definition 3.2. A regular timelike curve a : I — Ef is called a slant helix provided the
spacelike unit vector N of the curve a has constant angle 6 with some fixed spacelike unit
vector u; that is, (IN1(s), u) = cos6 forall s€ I.

The condition is not altered by reparametrization, so without loss of generality we may
assume that slant helices have unit speed. The slant helices can be identified by a simple
condition on natural curvatures.

Theorem 3.1. Leta: [ — E? be a unit speed timelike curve with non-zero natural curva-
tures. Then « is a slant helix if and only if% is constant.
2

Proof. Let « is a slant helix in E? and < N, u >= const.. Then a is a slant helix; from the
definition we have
(Ny,u) =const.,

where the spacelike vector u is a unit vector, called the axis of the slant helix. By differentiation
we get
(Npwy =<k T, uy = ki (T, u) = 0.

Hence
(T,u) =0.

Again differentiating from the last equality, we can write as follows
(T',u) = (e Ny + kp N, )

= k1 (N1, u) + k2 (N2, u)
= k1 cosO + ko sinf = 0.
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Therefore we obtain

as desired.
Suppose that % = —tan6. Then we can write u € Sp{N;, N2}, i.e.,

u= Njcosf + N,sinf.
Differentiating the last equality.
u = (k1cosO+ kpsinf)T =0.
So the spacelike vector u is a constant vector. Thus, the proofis done.

Theorem3.2. Leta : [ — E? be a unit speed timelike curve.Then « is a slant helix iff

"

det(N,,N;,N, ) = 0.

Proof. (=:) Suppose that % be constant. We have equalities as

Ny=kT

Ni/ = k/lT+ ki1(kiN1 + ko INR) = k/lT+ k%Nl + k1ko N>

!

N, = k| T+ k; (ki Ny + ko No) + 2k ky Ny + k2 (ky T) + ky ko No + ky ky Na + k1 ko (ko T)

n

N, = (ky + K> + k k2) T+ k1 ky) Ny + (2K, kz + Ky k) No
So we get

1 0 0
det(N,,N,,N,) =k} |+ ki ko
* 3kik, 2k ks +kik,
det(N,, Ny, Ny ) = K22k, ki ks + k2 ky — 3k1 ky k)
= I3 (kyky — ko ky)
= k3 (ky ko — ki ky)
k’lkz—klk’z] )

= ki’[ kg 2

- ]E()

Since «a is a slant helix, % is constant. Hence, we have

n

det(N,, N, N, ) =0, k #0.
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(«<:) Suppose that det(Ni,N1 N, )=0. Then it is clear that the % = const. since (%)I is zero.

Theorem3.3 Leta: I — Ef be a unit speed timelike curve. Then « is a slant helix iff

n

det(N,, N,,N, ) =0.

Proof. (=:) Suppose that % be constant. From eq. (2.1) one can find
Ny=k,T
and

N, = K, T+ kT =k, T+ ka(ki Ny + ko No) = (k) T+ (ki k) Ny + (K2)Na

N, = (KaT+k,T) + (ko ko Ny + ki Ky Ny + ki ko N}) + 2ka ky No + K2NG)
= ky T + ky (ky Ny + ko No) + ky ko Ny + Ky ky N + ky ke (K T) + 2k Ky No + K2 (K T)
= ky T+ k1 ky Ny + ko ky No + ky ko Ny + Ky ky Ny + K2 ko T+ 2k ky No + K3 T

= (ky + K2k + K3) T + k1 Koy + Ky ko) Ny + (3ko k) No.
Moreover, we have
" mn 1 0 0
det(N,, N, N, ) = k5 | A ki ks
<« 2kiky+ Kk 3kak,
= K3 (3k1 kaky — 2Ky ky o — Ky ko ko)
= — k3 (k; ko — Ky k)
k, k» — ki k.
_ 3% 21,2
B kz[ k2 ] 2
ki1y
_ _15pig
= szzg(kz) .
Since « is a slant helix curve % is constant. Hence, we have

n

det(Ny, N, N, ) =0, ko #0

"

(«<:) Suppose that det(Né, N, N, ) =0. Then it is clear that the % =const. since(%)/ is zero.

Next we consider general slant helices in the Lorentzian manifold M; . Then we have equal-
ities

as)=T
D7yT =ki N1+ ko N> 3.1)
DrNi=k T ’

DrNo =l T
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for any s € I, where N; and N, are vector fields and k; and k; are functions of parameter s.

Theorem3.4. Leta : [ — E? be a unit speed timelike curve on M, is a general slant helix iff
D7 (DrDTNy) = ADTN; +3k/1DTT. (3.2)

where

"

A=K2+k—l, kf+k§=1<2.
1

Proof. Suppose that «a is a general slant helix. Then, from (3.1), we have

Dr(DyNy) = Dy(kiT) = ky T+ k; Dy T
= k,l T + k1 (k1 N7 + ko N)
Dr(DrNy) = ky T+ K2 Ny + k1 ko No (3.3)
and

Dr(DrDrNy) = k| T+ k; Dy T +2ki ky Ny + k2 D1 Ny + ky ko No + ky ky Ny + k1 ko (ko T)

D7(DrDyNy) =k, T+ky Dy T +2ki k; Ny + k2D Ny + ky ko No + ky ky No + ky k3 T

Dy(DrDrNy) = (ky + ki K3) T + k2D Ny + 2k ky Ny + (ky ko + ki k) No + kyDr T (3.4)

Now, since « is a general slant helix, we have

ky
— = constant
ko

and this upon the derivation gives rise to
! !
kiko = k1k,.

If we substitute the values

1
T=—DrN; (3.5)
k1

and
(k1k2) = 2k1 k2,

in (3.4) we obtain
n ]. ! ! !
Dr(DrDrNy) = (k, + Ky kg)(k—DTNl) + k2D Ny + (2ki ky Ny +2k ko Na) + K, D T
1

n

= (k—l +K3) D Ny + KE Dy Ny + @Ky Ky Ny + 2k ko No) + Ky Dy T
1
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(k—l 12| Dr Ny + 2K, (ki Ny + ko No) + K, Dr T
1

(k—l +x%| DNy +2k, Dy T+ K, Dy T
1

"

Dr(DrDrNy) = (k_i +x%| Dy Ny +3K, D1 T.

"

k :
Dr(DrDrNy =k + k—l)DTNl =3k Dy T.
1

So we get as desired.

Conversely let us assume that (3.1) holds. We show that the timelike curve « is a general
slant helix. Differentiating covariantly (3.5) we obtain

1
DyT = DT(k—lDTNl)

k 1
DrT =-—-DrNy + —DyDr Ny
2 K
and so,
1 ) ky 1
DyDyT = (— —) DNy - - DDy Ny — DDy Ny + — DD D7 N, (3.6)
2 2 2 b

If we use (3.1) in (3.6), we get

! 1 3k
DyDyT = (— —é) DNy - —LDsDr Ny + —ADN: + k—lDTT
1 1

ky ket
= (- ﬁ) + é]DTNI - Z—kIlDTDTNl + &DTT
K2k k? ky

DrDrT = by Al pen 2k, k; T+k2 Ny + k1 ko N: 3kllkN 3kllkN
D7 _[(_k_f)+k_1] T l_k_f(l +ki N1+ ki ko 2)+(k—11 1+k—l 2 2)

! ! ! !

K\ A K, \2 L 2Kk . 3Kk
- [(—k—%)+k—l]DTN1—2(k—l) T2k Ni= == No +3K Ny + = = o,
Substituting (3.3) and (3.4) in this last equality we have
Ky oA ke, o kike
DrDyT = [(—k—%) +k—1]DTN1—2(k—1) TN N, 3.7)

On the other hand we can write Dy (D7 T) as follows

Dr(DrT) = kyDrNy + k3T + ky Ny + ky N (3.8)
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From comparision the (3.7) and (3.8) we obtain the equalities below

kike
a7
ko F
and so ) )
k,  k
1 2
— == 3.9
ko K (3.9
Integrating (3.9), we get
k
=L = const.
2

Thus «a is a general slant helix. Hence, the proof is done.
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