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SHORT NOTE ON CONVEXITY OF POWER MEAN

LADISLAV MATEJICKA

Abstract. In this paper, we give an answer to the conjecture posed in the paper [Antal
Bege, Jozsef Bukor, Janos T. T6th, On (log-) convexity of power mean, Annales Mathe-
maticae et Informaticae 42 (2013) pp. 3-7, http://ami.ektf.hu].

1. Introduction

Within the past years, the power mean has been the subject of intensive research. Many

interesting results and inequalities for the power mean can be found in the literature. Mildorf

(see [2]) studied the function f(p,a) = M,(1,a) = (“2“" ) ” and proved that for any given real
number a > 0 the following assertion hold:

(A) for p =1 the function f(p, a) is concave in p,

(B) for p < —1 the function f(p, a) is convex in p.

In the paper (see [1]), authors studied the log-convexity and the log-concavity of power mean

and proved:

Theorem 1. Let f(p,a) = My(1,a). We have

for p < 0 the function f(p, a) is log-convex in p,
for p = 0 the function f (p, a) is log-concave in p, (1)

for p < 0 the function f(p, a) is convex in p.

Authors also have posted the following conjecture.
Conjecture. Let My (a, b) be the power mean of order p of two positive real numbers, a and
b, which is defined by
L )% ,  P#0
vab, p=0,
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M,(a,b) = (
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then
inf {p: M,(a,b)i for variable p} = 2 @
a= inf {p: a, b) is concave for variable p} = —,
a,b>0 P P P 2
1
B = sup {p: Mp(a,b) is convex for variable p} = -. 3)
a,b>0 2

Our aim is to prove this conjecture.

2. Solution of conjecture

We prove (2),(3). Without loss of generality, we assume that 0 < b < a. Denote s = %.
Suppose p # 0. We have

aP + bP

M, (a, b) :( ),, = aM,(1, ).

It is clear that M, (a, b) is concave (convex) function in p for given a,b > 0, b < a if and

only if M (1, s) is concave (convex) function in p for s = %, O<s<l.

Some calculations give

0 sPIns 1 1+sP
— (M,(,s) = Mp(l,s)[ (—)

)

ap p+sh) P22
0% (M a s)) ML) ( sPIns 1 n(1+sp))2
ap2 ~ P T PR p 4+ sP)  p? 2
2 1+ sP sPIns sPIns(plns—1-sP)
+ —31n -= + 5 5
p 2 p“(1+ sP) p=(1+sP)

% (M,(1,5) S 0 is equivalent to

sPIn sP 1+sP))\?
Fp$) =T~ 2
1+ sP sPIns?  sPIns?P
+p |21 - + Ins? —1-sP)| <0.
p n( 2 ) 1+ sP (1+sp)2(ns sP)| s

Put G(p, 1) = F(p, t7) and

1+t tint tint
g(t)=2In -

+ Int—-1-1),
2 1+1¢ (1+t)2(n )

then g(#) <0forO0<t<land t>1.
Really, g(1) =0 and
(1-01n?(z)

! _
§0=—01p3
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implies that g(#) <0for0< tand ¢ # 1.
From (1) we have

Oirslgl{p:F(p,s)<0}:Oirslgl{p>0:F(p,s)<0}
= inf {p>0:G(p,t)<0},
sup {p:F(p,s)>0} = sup {p>0:F(p,s) >0}

0<s<1

= sup {p>0:G(p,1)>0}.
o<t<

From this we get G(p, t) < 0 is equivalent to

2
ht (42t —1n (454))

g0 —2In(4t)+ s Mt gpp_y—y

= H(?).

p<—

We show that H(t) is an increasing function on (0,1). So, we obtain a = hm H(t) and B =
—

lim H(1).

—1-

Now, we use the following Theorem 2 (see [3]).

Theorem 2. Let f,g : [a,b] — R be two continuous functions, which are differentiable on
(a,b). Further, let g' # 0 on (a,b). If é is increasing (or decreasing) on (a, b), then the func-

f)-fb) and f)-fla

110NS =g () g00— g(a)

are also increasing (or decreasing) on (a, b).

Because of h(1) = 0 and g(1) = 0 it suffices to show that L(¢) = h/gg is an increasing

function on (0, 1). Some calculation gives

q 2(fnt —in(150))
v(t) (t-1)Int
1+¢

L(r) =

1 .
(1)

From ¢g(1) = 0 and v(1) = 0 we have that it suffices to show M(¢) =

tion on (0, 1). Some calculation gives

w(t) 2Int
r@  2Int+r-1

M(t) =

Because of w(l) =0and r(1) =0 it sufﬁces to show that Q(f) = )

! 2(1 )
o t T From Q'(¢) = —t2(2+t+%)2 > 0, we have Q(f) is an

increasing function, so H(t) is also an 1ncreasmg function. It implies

on (0,1). Easy calculation get Q(¢) =

. In2 . o _
a= tlirgl+ H() = - and = tIHIll— H() = tll»nll‘ Q) ==

The proof our conjecture is complete.
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Remarque. We note, that the results in the paper ([1]) can be obtained also by classical way.
Using the same notation we have

1 1+sP
g(P,S)=lnf(P,S)=lnMp(1,S)=Eln 28)
where s=7,0<b<a.
Easy calculation gives
0 (0. 9) 11 (1+s’”) 1sPIns
Pl ,8) = ——1n - )
apg’” p? 2 pl+sP
02 (0. 9) 2l (1+s’”) 2 s”lns+1 sPIn?s
—g(p,s) = —=In -— — .
Ongp p3 2 p2l+sP  p(1+sP)?

Put ¢ = s? then

1
= Ek(l’)

0 1
a—ng(P,S)——3

1+t\ 2tlnt tln®t
2In -
p

+
2 1+t (1+1)?

From k(1) = 0 and from

2 _l+t+Int Int(1-0lnt+2(1+0) (1-0ln*t

/ e —_
km_1+t 2 (1 + 1)2 1+ )3 (1+1)3

we have k(¢) <0 for £ >0and ¢ # 1. It implies the results of ([1]).

Open Problem. It is evident that for p < 0 the function M,(1, a), a > 0, is also exponentially
convex for variable p. But, what are equal to

iilfo {p: My(a,b) is exponentially concave for variable p},
a,b>

sup {p: M,(a,b) is exponentially convex for variable p}.
a,b>0
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