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JOINS, CORONAS AND THEIR VERTEX-EDGE
WIENER POLYNOMIALS

MAHDIEH AZARI AND ALI IRANMANESH

Abstract. The vertex-edge Wiener index of a simple connected graph G is defined as the
sum of distances between vertices and edges of G. The vertex-edge Wiener polynomial of
G is a generating function whose first derivative is a g—analog of the vertex-edge Wiener
index. Two possible distances D; (i, e|G) and D;(u, e|G) between a vertex u and an edge
e of G can be considered and corresponding to them, the first and second vertex-edge
Wiener indices of G, and the first and second vertex-edge Wiener polynomials of G are
introduced. In this paper, we study the behavior of these indices and polynomials under
the join and corona product of graphs. Results are applied for some classes of graphs
such as suspensions, bottlenecks, and thorny graphs.

1. Introduction

Throughout the paper, our graphs are considered to be finite, simple, and connected.
In theoretical chemistry, the physico-chemical properties of chemical compounds are often
modeled by means of molecular-graph-based structure-descriptors, which are also referred
to as topological indices [15, 25]. The vertex version of the Wiener index is the first reported
distance-based topological index which was introduced in 1947 by Wiener [26, 27], who used
it for modeling the shape of organic molecules and for calculating several of their physico-
chemical properties. The Wiener index W (G) of a graph G is defined as

WG = Y duvlG),
{u,v}cV(G)

where d(u, v|G) denotes the distance between the vertices u and v of G which is defined as
the length of any shortest path in G connecting them. We refer the reader to [8, 10, 12, 13, 23]

for more information on the Wiener index.

The Wiener polynomial [17, 24] of a graph G is defined in terms of a parameter g as

{u,v}cV(G)
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The first derivative of this polynomial at g = 1 is equal to the Wiener index, i.e., W/(G;1) =
W (G). Details on the Wiener polynomial and its applications can be found in [9, 11, 14].

The edge versions of the Wiener index based on the distance between edges in a graph G
were introduced in 2009 [7, 19, 20]. The first and second edge-Wiener indices of G are denoted
by W,, (G) and W, (G), respectively and defined as

We, (G)= ) dilefIG), i€1{0,4},
{e,fISE(G)

where for distinct pair of edges e = uv and f = zt of G, the distances dy(e, f |G) and dy(e, f|1G)
are defined as

do(e, f1G) =1+min{d(u,z|G),d(u, t1G),d (v, z|G),d(v, t1G)},

d4(e»f|G) = maX{d(u,Z|G), d(u) t|G)) d(V)ZIG)) d(V, t|G)}~

It is easy to see that, dy(e, f1G) = d(e, fIL(G)), where L(G) is the line graph of G. This im-
plies that, We,(G) = W(L(G)). For details on the edge-Wiener indices see [1, 2, 3, 4, 22] and
especially the recent survey [18].

The first and second edge-Wiener polynomials of G are denoted by W, (G; q) and W,, (G; q),
respectively and defined in terms of a parameter g as

We Gig)= Y, q“@l19, iefo,4)
{e,fISE(G)
One can easily see that, W, (G; q) = W(L(G); q) and the first derivative of the edge-Wiener
polynomials at g = 1 are equal to their corresponding edge-Wiener indices, i.e., W;l_ (G;1) =
W,,(G), i €10,4}.

Motivated by definitions of the vertex version and edge versions of the Wiener index, the
vertex-edge Wiener indices were defined based on distance between vertices and edges of a
graph [6, 20]. Two possible distances between a vertex u and an edge e = ab of a graph G can
be considered. The first distance is denoted by D; (1, ¢|G) and defined as [20],

Di(u,e|G) =min{d(u,alG),d(u,b|G)},
and the second one is denoted by D, (u, e|G) and defined as [6],
D> (u,e|G) = max{d(u,al|G),d(u,b|G)}.

Based on these two distances, two vertex-edge versions of the Wiener index can be defined.
The first and second vertex-edge Wiener indices of G are denoted by Wy, (G) and W, (G),
respectively and defined as

Wye,(G)= ), Y DiuelG), i€fl,2}.
ueV(G) ecE(G)
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The first and second vertex-edge Wiener polynomials [1] of G are denoted by Wy, (G; q)
and Wy, (G; q), respectively and defined in terms of a parameter g as

Wi, Gy = Y. Y gPdD jeq12y.
ueV(G) ecE(G)
The first derivative of these polynomials at g = 1 are equal to their corresponding vertex-edge
Wiener indices, i.e., W,,, (G;1) = Wy, (G) , i € {1,2}.

In [2, 5], some mathematical properties of these new indices and polynomials were inves-
tigated and in [6], the vertex-edge Wiener indices of some chemical graphs were computed.
In this paper, we are interested in the type of relationship that exists between the vertex-edge
Wiener indices and polynomials of the join and corona product of graphs and their compo-
nents. Then, we apply our results to compute these indices and polynomials for some classes

of graphs by specializing the components in joins and coronas.

2. Main results

In this section, we study the behavior of the vertex-edge Wiener polynomials and their

related indices under the join and corona product of graphs.
In what follows, for a given graph G we denote by Ng(u) the neighborhood of a vertex

u in G, i.e., the set of all vertices of G adjacent with u. The cardinality of Ng(u) is called the

degree of u in G and is denoted by deg; (). One can easily see that,

Y. INg(w) N Ng(v)| =3A(G),
uveE(G)

where A(G) is the number of all triangles in G.

We denote by M; (G), the first Zagreb index of G which was introduced by Gutman and
Trinajsti€ [16] in 1972, as

Mi(G)= Y degs(w?= Y [degs(w)+degs(v)].
ueV(G) uveE(G)

2.1. Join

The join G; + G2 + -+ + G, of graphs Gy, Gy, ..., G, with disjoint vertex sets V(Gy), V(Go),
...,V(Gy) and edge sets E(G1),E(Go),..., E(Gy) is a graph with the vertex set V(G1) U V(Gg) U
-+-UV(Gy) and the edge set E(G1)UE(G2)U---UE(Gp)Ufuv|lu e V(G;),ve V(G)),1 =i # j< n}.
All distinct vertices of G; + G + - - - + G, are either at distance 1 or 2. The vertices at distance 2

are precisely those of G; that are not adjacent in G;, for 1 <i < n.
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Theorem 2.1. Let Gy,Gy,..., Gy, be graphs with |V (G;)| = v; and |E(Gj)| =e;, 1 <i < n, and let
G=G1+Gy+-+Gy, N=Y" ,vj,and E=}" | e;. Then

Wye, (G; @) =(N* +2E= Y v) +[Y. Mi(G) -3 A(G) + Y v?

i=1 i=1 i=1 i=1

—@N-1DY vi-) vie;+ N* (N-1)+E(N-2)|q
i=1 i=1

+[3Y.AG) =Y, Mi(G)+ Y viei]q*
i=1 i=1 i=1

n

n n n
Wie, (G @) =[3Y A(GH+2)Y v?-BN+1) Y v:-3) vie
i=1 i=1 i=1 i=1

n n
+N*(N+1D)+EBN+2)]q-[3Y AG)+ ) v}
i=1 i=1
n n
~(N+1) Y v5-3) vie;+ N*+2E(N+1)]¢°.

i=1 i=1

Proof. By definition of the join, the polynomial W,,, (G;q), r € {1,2}, can be obtained by
adding four polynomials as follows:

n n n
. _ D, (u,elG D, (u,elG
Woe, G)=3, Y 3 q”™ D+ ¥ > Y g™
i=1ueV(G;) eeE(G;) i=1j=1ueV(G;) eeE(G/)
J#i
Z qu(u,eIG)
u,acV(G;) be V(Gj) e=ab

Y ¥y y e,

1 ue V(G;) aeV(G;) beV (Gi) e=ab
i,j

+
M=
M=

17

—

—~

ol

+
M=
M=
M=

Il
—

~. .
~ =
e
I

ol
=~
N

Now, we proceed to evaluate each polynomial, separately. So, we consider the following
four cases:
Casel.letue V(G;)ande=abe E(G;),1<i<n.Then
0 uefab},
Di(u,elG)=1 1 ue(Ng,(a)uNg, (b)) —{a,b},
2 otherwise,

ue {a, b} U (Ng, (@) n Ng, (b)),

1
Dy(u,e|G) =
2 { 2 otherwise.

Hence,

n
D (u,elG)
q
l';l L{EVZ(G,') eEEZ("Gi)
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i Y [ Y o+ > g+ > 7

=1e=abeE(G;) ue{a,b} u€(Ng; (@)UNg,; (b))—{a,b} ue V(Gi)—(NG,- (@)UNg,; (b))

=2E + [Z Mi(G) =3 ) AG)—2E|g+[ Y vie;— Y Mi(G) +3Y AG)] g%,
i=1 i=1 i=1 i=1

and

Z Z qDZ(u,eIG)
i=1ueV(G;) eeE(G;)

n
1 2
= [ 2 q'+ 2 q’]
i=le=abeE(G;) ue{a,blu(Ng, (a)NNg, (b)) ueV(Gi)—l{a,b}u(Ng,; (@nNg, (b))]

—

=[2E+3 Z AG)]q+ [Z vie;—2E-3) A(G)]q*
i=1 i=1 i=1

Case 2. Let u € V(G;) and e € E(Gj), where 1 =i # j < n. Then Dy(u,e|G) = Dz(u,e|G) = 1.
So, for r € {1,2},

ii Z Z D, (u,elG) i“i Z.q

i=1j=1ueV(G;) eeE(G/) 1j=1ueV(G;) eeE(Gj)
i#i J#i
n n n
=q) viy ej=q) vi(E—e;)=(NE- Zvle)q
i=1 j=1 i=1 i=1
j#i

Case 3. Let u€ V(G;) and e = ab, where a€ V(G;), be V(Gj),1<i # j < n. Then

0 u=a, 1  ueNg (a)uial,

Di(u,e|G) =
! { 2 otherwise.

Ds(u,e|G) =
1 otherwise, 2 {

Hence,

i i Z Z Z qDl(u,elG)

=1u,acV(G; )beV(G]) e=ab
i

n o n
=22 X X [Xd+ ) 4
j 1acV(G;i) beV(G;) u=a ueV(Gy)—{a
i
n n n n
=L Uil vita L viwi=D ) v
“ = =
j#i

=) VvilN=v)+q) vilvi-D(N-v))

i=1 i=1

n n
=N?-Y v2+q) [Nvi-v} - Nv;+ v?]
i=1 i=1



168 MAHDIEH AZARI AND ALI IRANMANESH
2 - 2 - 2 S 3 2
=N*=) vi+[(N+1) ) vi-) v;-N7]q,
i=1 i=1 i=1

and

ii Z Z Z qu(u,eIG)

i=1j=1u,acV(G;) beV(G;) e=ab
J#i
& 1 2
=22 X 2l X a+ 2 q’|
i=1j=1aeV(G;) beV(Gj) ueNGi (a)uia} ueV(G,-)—(NGl. (a)uia})
J#i

n n n n
=q) Qei+v) Y vi+q* Y (V2 -2e;-v) Y v;
i=1 j=1 i=1 j=1
j#i j#i
1 2%, 2
=q) e;+v)(N-v)+q° Y (v;—2e;— v))(N—v;)
i=1 i=1
2 - S
=[N*+2NE-2) vie;—) vi]q
i=1 i=1

n n n
+[(N+D Y vi-Y vi+2) vie;— N°-2NE|q°.
i=1 i=1 i=1

Case 4. Let u € V(G;) and e = ab, where a€ V(G;), be V(Gy), 1 < i,j,k<n, jk#i, and
j# k. Then Dy (u,e|G) = Dy(u,elG) = 1. So, for r € {1,2},

Z Z Z Z qD,(u,elG)

k=1 ueV(G;) aeV(G;) beV(Gy) e=ab
k#i,j

M=
M=
M=

Il
—_
~. .
~

Ol

q

1l
M=
M=
M=

Il
—
~. .
Ol

i=1 j=1 k=1 i=1 j=1
j#i kAL Jj#i
n n n 9
=q) vil(N-vi) ) vj= ) v
i=1 j:] jZl
j#i j#i

=qi:ZI vi[(N=v)* - (]21 v —v)]

n

n
:qz vi[N*—2Nv; +2v% - Z v?]

i=1 j=1

n n
=[N*-3N Y vi+2) vi]q.
i=1 i=1
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Now, the formulas of the theorem follow by adding the above four polynomials and simplify-
ing the resulting expression. O

As a direct consequence of Theorem 2.1, we can compute the vertex-edge Wiener indices
of the join of graphs.

Corollary 2.2. Let Gy, Go,...,Gy, be graphs with |V (G;)| = v; and |E(G;)| = e;, 1 <i < n, and let
G=G1+Gy++Gy, N=Y7  vj,andE=}7_, e;. Then

Wye, (G) =3 Y A(G)— Y Mi(G)+ )Y vi—-(2N-1)
i=1 i=1 i=1

n n
Z U?+ Z vie;

i=1 i=1
+N*(N-1)+E(N-2),

Wie, (G) =3 vie;=3) AG)—(N-1 Y vi+N*(N-1)—E(N +2).
i=1 i=1 i=1

Using Theorem 2.1 and Corollary 2.2, the formulas for vertex-edge Wiener polynomials

and indices of the join of two graphs are easily computed.
Corollary 2.3. Let G, and G, be graphs with |V (G;)| = v; and |E(G;)| = e;, 1 <i <2. Then

Woe, (G1 + Ga; ) =2(ey + ez + v1U2) + [M1(G1) + M1 (G2) - 3(A(G1) + A(Gy))
+uiva(v1+v2-2)+e1(v2—2)+ex(v1—-2)| g
+[3(A(G) + A(Gy)) - (M1 (G1) + M1 (Gy)) + vier + v2e2] 47,
Woe, (G1 + G2, @) =[3(A(G1) + A(G2)) +2(e1 + e2 + 11 v2) +3(e1 V2 + V1€2) | q
— [3(A(G)) + A(G))—(v1 + v2 —2) (112 + €1 + €2)

+3(e1vp + l}lez)] 6]2.
Corollary 2.4. Let G, and G, be graphs with |V (G;)| = v; and |E(G;)| =e;,1<i <2. Then

Wye, (G1 + G2) =3(A(G1) + A(G2)) — (M1 (G1) + M1 (G2)) + vie1 + vze,
+ (U1 + U2—2)(U1 Vo + e +€2),
Wye, (G1 +G2) =201 021+ 2 - 1) +e1 Qv —v2 = 2) +e2(2vp — v — 2)

~3(A(G) +A(G)).

It is interesting to note that, the formulas of Theorem 2.1 and Corollaries 2.2, 2.3, and
2.4 do not depend on the connectivity of the primary graphs. This allows us to compute the
vertex-edge Wiener polynomials and indices of the join of graphs that are not themselves
connected.



170 MAHDIEH AZARI AND ALI IRANMANESH

2.2. Corona

The corona product G o H of graphs G and H is a graph obtained by taking one copy of G
and |V (G)| = n copies of H, and joining the i—th vertex of G to every vertex in i—th copy of H
fori=1,2,...,n. The i—th copy of H and i—th element of G will be denoted by H; and w;, 1 <
i < n, respectively. So, we can consider the vertex set of the graph G as V(G) = {wy, wo,..., wy}
and the vertex and edge sets of the graph Go H as

V(GoH)=V(G)UV(Hy)U---UV(Hy),
E(GoH)=E(GUEH)U---UEH,)) u{w;vilve V(H;),1<i<nj.

Also, the distance between two distinct vertices u, v € V(Go H) is given by

d(u,v|G) u,veV(G),

d(u,w;|G)+1 ueV(G),veV(H)),
d(u,v|GoH)=<1 uv e E(H;),

2 u,ve V(H;),uv ¢ E(H;),

d(w;, w;j|G) +2 ueV(H;),veV(H)),i #j.

Theorem 2.5. Let G and H be graphs with |V (G)| = n, |V(H)| =n/, |[E(G)| = e, and |E(H)| = ¢'.
Then

Wye, (Go H; q) =(n' g+ D)W, (G; q) +2(n' g+ 1) (€' g + nYW(G; q) + ng® [3A(H)
-Mi(H)+n'e|+nq[Mi(H)-3AH) +n'(n'-1) - €| +2n(n' + ¢,

Wye, (Go H; q) =(n'q+ D)W, (G; q) +2q(n' g+ 1) (n' + YW (G; q) + ng®[n'(n' = 1)
+e'(n'-=4)-3AH)| + nqg[2n'+5€ +3A(H)].

Proof. By definition of the corona product, the polynomial W, (Go H; q), r € {1,2}, can
be obtained by adding eight polynomials as follows:

n
Wye, (Go H; q) = Z Z qu(uyech’H)_,_Z Z Z qD,(u,elGoH)
ueV(G) eeE(G) i=1ueV(G) eeE(H;)

n n
D, (u,e|GoH) D, (u,e|GoH)
+ q + q
i; ue;G) veVX(:H,-) e:ZWiV z; ueVX(:H,-) ee%(:G)

n n n
+Z Z Z qD,(u,eIGOH)+ZZ Z Z qD,(u,eIGOH)

i=1ueV(H;) eeE(H;) i=1j=1ueV(H;) eeE(H;)
j#i
n Dr(u,e|lGoH) n n D,(u elGOH)
2 ) 24 LD IDIED VD SN W :
i=1u,veV(H;)e=w;v i=1j=1ueV(H;) veV(H;) e=w;V
Jj#i



JOINS, CORONAS AND THEIR VERTEX-EDGE WIENER POLYNOMIALS 171

We proceed to evaluate each polynomial, separately. So, we consider the following eight

cases:
Casel. Let ue V(G) and e € E(G). Then

D, (u,e|lGoH)=D,(u,e|G), re{l,?2}.

So, for r € {1,2},

grse I = Yy Pl S, (G,
ueV(G) eeE(G) ueV(G) eeE(G)

Case2.letueV(G)ande€ E(H;),1<i<n.Then

D, (u,e|lGoH)=d(u,w;|G)+1, ref{l,2}.

So, for r € {1,2},

n n
Z Z Z qD,(u,eIGOH):Z Z Z qd(u,w,—IG)+1:elq[n+2W(G;q)]_

i=1ueV(G) ecE(H;) i=1ueV(G) eeE(H;)

Case3.Letue V(G) and e = w;v, where ve V(H;),1<i<n. Then

Di(u,elGoH) =d(u,w;|G), Da(u,e|lGoH) =d(u, w;|G) +1.

Hence,

n n
Dy (u,e|lGoH) _ d(u,w;|G) _ 1 .
q = q =n|n+2W(G;q)|,
i:ZI ue;(G) veVZ(:H,-) €=Zwti v z:Zi ue;G) UE;H,-) [ ]

n

Z Z Z Z qu(u,e|GoH) _ Z Z Z qd(u,w,'IG)H _ n'q[n+2W(G; q)]_

i=1ueV(G) veV(H;) e=w;v i=1ueV(G) veV(H;)

Case 4. Let ue€ V(H;) and e€ E(G), where 1 <i < n. Then

D, (u,elGoH)=D,(w;,elG)+1, re{l,2}.

So, for r € {1,2},

n

Z Z Z qD,(u,e|GoH) — Z Z Z qu(wi,eIG)H — n,une, (G, q).

i=1ueV(H;) eeE(G) i=1ueV(H;) eeE(G)

Case5.Letue V(H;)and ee E(H;),1<i<n. Then

0 ue€ia, b},
Di(u,elGoH)={1 ue(Ny,(a)uNg,(b)—{a,b},

2 otherwise,
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1 )b Ny Nz (b ,
Dy(u,e|GoH) = uela .}U( H; (@) N Ny, (b))
2 otherwise.

Hence,

Xn: Z Z qDl(u,eIGOH)
i=1u€eV(H;) eeE(H;)

n
0 1 2
=2 > [ X d+ 2 q + > q’]
i=1abeE(H;) ue{a,b} ue(Ny; (u)uNHi(b))—{a,b} ueV(H;)—(Np; (u)uNHi(b))
=2ne’ +nq|M(H) - 3A(H) - 2¢'] + ng®[n'e’ — My (H) + 3A(H)],

and

i Z Z qu(u,eIGOH)

ueV (H;) eeE(H;)
1 2
= Z > > q'+ > q°]
i=1abeE(H;) u€{ll,b}U(NHi (@NNy; (b)) u€V(Hi)—[{a,b}U(NH,»(a)ﬂNH,- (b))

nql2e' +3A(H)| +ng?[n'e’ —2¢' - 3A(H)).

Case 6. Let u€ V(H;) and e€ E(H;), where 1 <i # j < n. Then
Dy(u,elGoH) =d(w;, w;j|G)+2, refl,2}

So, for r € {1,2},

Xn: i Z qD,(u,eIGOH) — i Xn: Z Z qd(w,-,wle)+2

1ueV(H;) eeE(H;) i=1j=1ueV(H;)eeE(H;)
i J#i

=2n'e G*W(G; q).
Case7.letu,ve V(H;)and e= w;v,1<i<n. Then

0 v=1u, 1 V€ Ny, (u) Ufu},

Dl(u,eIGOH):{ Dz(u,eIGOH):{

1 otherwise, 2 otherwise.

Hence,

Z:: Z Z Dy (elGoH ) Z:: Z [Zq0+ Z 6]1]

u,veV (H;) e=w;v ueV(H;) v=u veV (H;)—{u}
=nn'+nn'(n'-1)gq,

and

I D S S o S SR D MY

u,veV(H;) e=w;v ueV(H;) veNy; (w)u{iu} veV(H;)—(Nu; (wyuiu)

nn'+2eYq+nq [n (n'-1)-2¢'].
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Case8. Letu€ V(H;) and e= wjv,where ve V(H;),1 <i# j < n. Then

Dy(u,elGo H) =d(w;, wj|G)+1, Da(u,elGo H) = d(w;, w;|G) +2.

Hence,
- D (u,e|GoH)
u,e|Go
> Y 2 q”
i=1j=1ueV(H;) veV(H;) e=w;v
Jj#i
n n 2
=l g1 =20 qW (G g),
i=1j=1ueV(H;) veV(H;)
Jj#i
and

Xn: Xn: Z Z qu(u,eIGOH)

(H;) veV (H;) e=w;v

~
<
m
<

n
=YY X X MO =P wGg).
=1ueV(H;) veV(H,)
J#i
Now, the formulas of the theorem follow by adding the above eight polynomials and simpli-
fying the resulting expression. O

As a direct consequence of Theorem 2.5, we obtain the following corollary.

Corollary 2.6. Let G and H be graphs with |V (G)| = n, |V (H)|=n', |[E(G)| = e, and |E(H)| = €'.
Then

Wye, (Go H) =(n' + D)Wy, (G) +2(n' + (0 + YW (G)
+n[3A(H) — My (H) + ne' +en’ + (n' +2€')(nn' - 1)],
Wye,(Go H) =(n' + )W,,, (G) +2(n' + (0 + &YW (G)

+nn'[2n(n' +e)+n+e—1]+ne (n-4)-3nA(H).

Again, it is interesting to note that, the formulas of Theorem 2.5 and Corollary 2.6 do not
include any invariants of H that depend on its connectivity. So, it is possible to apply Theorem
2.5 and Corollary 2.6 to the corona products G o H with disconnected H. Such cases arise in
transitions from kenographs to plerographs, where H is given as an empty graph, i.e., as K,

for some positive integer n.

3. Examples

In this section, we present explicit formulas for computing the vertex-edge Wiener poly-
nomials and their related indices for some classes of graphs by specializing components in

joins and coronas.
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For a given graph G, the graph Kj + G = Kj o G is called the suspension [28] of G, where
K; denotes a single vertex graph. Using Corollary 2.3 and Corollary 2.4, we get the following
results.

Corollary 3.1. Let G be a graph of order n and size e. Then

Wye, (K1 +G; q) = 2(n+e) + [n(n—1) — e+ M1 (G) — 3A(G)]1 g + [ne — My (G) +3A(G)1 4%,
Wye, (K1 +G;q) = 2n+5e+3A(G)lg+[(n—1)(n+e)—3e—-3A(G)] 612»

Wye, (K1 +G) = ne+(n—1)(n+e) — Mi(G) +3A(G),

Wye, (Ki +G) = 2n° + (2n—3)e - 3A(G).

Star graph S, on n + 1 vertices is the suspension of empty graph on n vertices K,,. Fan
graph F,,; and wheel graph W},;; on n + 1 vertices are also the suspension of n—vertex path
P,, and n—vertex cycle C,, respectively. So, by the above formulas, the vertex-edge Wiener

polynomials and indices of these graphs are obtained, at once.
Corollary 3.2. Forn =3,

Wye, (Sn+1;q) = We, (Ki + Ky, @) = 2n+ n(n—1)q,
Woe, (Sn+1; @) = Wye, (Ky + Ky, @) = 2ng + n(n-1)q%,
Wye, (Sn+1) = Wye, (K1 +Ky) = n(n—1),
Woe, (Sn+1) = Wye, (Ky + Ky) =21°

Corollary 3.3. Forn=2,

Woe, (Fns1;9) = Wye, (K + Py, ) =221 —1) + (n* +2n-5)q + (n* = 5n+6)q°,
Wye, (Fpi1;G) = Wye, (Ky + Py, q) = (Tn—5)q +2(n* —3n+2) g%,

Wye, (Fnt1) = Wye, (Ky + Py) =3n° —8n+7,

Wye, (Fpa1) = Wye, (Ki + Pp) =4n® —5n+3.

Corollary 3.4. Forn=4,

Wye, Wis1;q) = Wye, (K +Cp, q) = 4n+ n(n+2)g+n(n-4)q°,
Wye, Wis1; G) = Wye, (Ky +Cn, q) = 7nq + n2n->5)q°,

Wiye, Wis1) = Wye, (Ky +Cp) =3n(n-2),

Woe, Wi41) = Wy, (Ky + Cp) = n(4n—3).

The windmill graph Dilm) is the graph obtained by taking m copies of the complete graph
K;, with a vertex in common. The case n = 3 therefore corresponds to the Dutch windmill
graph. One can easily see that, the windmill graph D(nm) is the suspension of m copies of

Ky-1. So, by Corollary 3.1, we get the following results.
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Corollary 3.5. Forn=3 andm=1,
Wye, (DI q) = %m(n—1)[2n+(2m(n—1)+n2—4n+2)q+(m— D(n-1(n-2)g%1,
Wye, (DY; q) = %mn(n— Ding+(n-1)(m-1g°],
Wye, (DY) = %m(n— D[2m(n-1)* - n(n-2)-2],
Wye, (D) = %mn(n— DR2mn-1)-(n-2)].

m, containing |V(G)| = X7, m;

vertices. By definition of this graph, V(G) can be partitioned into subsets V1, V»,..., V, such
that for every i, 1 < i < n, there is no edge between the vertices of V;. It is easy to see that,
Koy mo,...my, = Kmy + K, ++++ + Ky, Using Theorem 2.1 and Corollary 2.2, we can obtain the

Now consider a complete n—partite graph G = Ky, m,

.....

Corollary 3.6. Let G = Ky, m,,..,m,» 1= 21— M, 2 =21, m?, andus =", m? Then
Woe, (G5 q) = 1§ — 2 + [z + (5 (1 = 1) — 2 21 = D],

Woe, (G @) = 213 — poBpa + 1) + pi (1 + D1 g — [uz — p2(u1 + 1) + 2142,

Wye, (G) = pig — pa (21 — 1) + p& (1 — 1),

Woe, (G) = (1 — 1) (12 — ).

Now, we turn our attention toward coronas. Coronas sometimes appear in chemical liter-
ature as plerographs of the usual hydrogen-suppressed molecular graphs known as kenographs.
Interesting classes of graphs can be obtained by specializing the components in the corona
product. For a given graph G, the graph K, o G is called the bottleneck graph of G. Using
Theorem 2.5 and Corollary 2.6, we obtain the following results.

Corollary 3.7. Let G be a graph of order n and size e. Then

Wye, (K20G;q) =22n+2e+1) +2[n(n+1) - e+ M;(G) - 3A(G)]q +2[n(n +e) + e + 3A(G) -
M(G)1g® +2neq?,

Wye, (K20 G; q) =2[2n+5e+3A(G) + 11g +2[n(n+1) + e(n—3) —3A(G)1¢g* + 2n(n+e)q°,

Wye, (K20 G) =6n% +2n+10ne +2e+6A(G) —2M; (G),

Wye, (K20 G) =10n? +8n + 10ne —2e — 6A(G) + 2.

In particular, we can obtain the formulas for the bottleneck graph of P,,.
Corollary 3.8. Forn=2,
Wye, (K20 Pp; q) = 2n(n—1)q° +2(2n* —4n+5)q* + 2(n* +4n—5)q +2(4n—1),
Wye, (K20 Pp; q) = 2n2n—1)g° +22n* —3n+3)g* +2(7n-4)q,
Wye, (Ko 0 Pp) = 16n* —14n+10,
Wye, (Ko 0 Pp) = 20n* —4n +4.
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For a given graph G, the graph Go K; is called the t-thorny graph of G [21]. Using Theo-
rem 2.5 and Corollary 2.6, we can obtain the vertex-edge Wiener polynomials and indices for
t—thorny graphs.

Corollary 3.9. Let G be a graph of order n and size e. Then

Wye, (Go Ky, q) = (tq+ D W, (G; @) +2t(tq+ DVW(G; q) + nt(t — 1) g + 2nt,
Woe,(GoKy; q) = (tq+1)Wye, (G; q) +2tq(tq+ 1)W(G; q) + nt(t —1)q* +2ntq,
Wie, (GoKy) = (t + 1) Wy, (G) +2£(t + DW(G) + nt(nt +e—1),
Woye,(GoKy) = (t+ 1) Wy, (G) +2t(t + DW(G) + ntnt +n+e—1).

We use known results for the vertex Wiener index and polynomial of paths and cycles
[24], our results for their vertex-edge Wiener indices and polynomials [1], and Corollary 3.9 to
obtain the formulas for the —thorny path P, o K; and ¢—thorny cycle C, 0 K;.

Corollary 3.10. Forn=1,
_ n n
Wye, (PpoRiq) =2(t+1* Y (n-k)g*+2(*-1) Y g*+2(nt+n-1)-nt(t+1)g+2q",
k=1 k=1
_ n n
Wye, (PpoRiq) =2(t+ 1% Y (n-k)g* +4t(t+1) Y g*—2t(nt+n+1t)g-nt(t+1) g

k=1 k=1
2 _n+l

+2t°q"",
-y _ 1 2.2 2 N 42 _
Wye, (PpoK;) = 3[(l‘+1) n“+3n(t°—-1)—-(t“+5t-2)],
>y _ I 2.2 2
Woe, (PpoK) = 2[(¢+ 1) 0% +61(t+ Dn = (12 + 81 + 1),
Corollary 3.11. Forn=3,

n+l

2n(t+1?Y, 2, 45 - ng'7 (Bt +2)g+1] n is odd
Wye, (Cro Ry gy = { ~nt+Dtq-2),
2n(t+ l)zzzzlqk+nq§(t2q—t—2) niseven
-n(t+1)(tq-2),
ntl e
2n(t+1)22k2:1qk+anl[2t2q2+(t—2)q+l] nisodd

erZ(CnOI_(,;q) = —nt(t+ 1)q(ﬂq+2),
2n(t+ 1)L, " +ntq?* (tg+21+3) niseven
-nt(t+1qlg+1),

Blnf(t+D?+2n@e2+t-1) - (2 +4r-1)]  nisodd,

Wye, (CroKp) =
et {%[nz(t+1)2+2n(2t2+t—1)—4t] niseven,
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2n*(t+1)?+2n@Ar* +5t+1) - (1 +81+3)]  nisodd,

Wye, (CpoKy) =
vex \~n t { %[nz(t'i' 1)2 +2n(4[2 +5f+ 1) —4t] niseven.

4. Conclusions

In this paper, we study the behavior of vertex-edge Wiener polynomials and indices un-
der the join and corona product of graphs, and compute them for some classes of graphs such
as suspensions, bottlenecks, and thorny graphs. Nevertheless, there are still many classes of
chemically interesting and relevant graphs not covered by our approach. It would be interest-
ing to find closed formulas for the vertex-edge Wiener indices of various classes of chemical
graphs and nanostructures. In order to achieve that goal, further research into mathematical
properties of the vertex-edge Wiener polynomials under other graph operations such as the

Cartesian product and rooted product will be necessary.
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