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EVALUATING PRIME POWER GAUSS AND JACOBI SUMS

MISTY OSTERGAARD, VINCENT PIGNO AND CHRISTOPHER PINNER

Abstract. We show that for any mod p” characters, y1,..., xx, with at least one y; primi-
tive mod p'", the Jacobi sum,

pm pm
Yo Y ) (),

x1=1 X=1
X1+-+X=B mod p™

has a simple evaluation when m is sufficiently large (for m = 2 if p { B). As part of the
proof we give a simple evaluation of the mod p’ Gauss sums when m = 2 that differs
slightly from existing evaluations when p = 2.

1. Introduction

For multiplicative characters y; and y» mod g one defines the classical Jacobi sum by
a
T X2 @)=Y x1(x)x2(1—x). 1
x=1
More generally for k characters y,..., yx mod g one can define
q q
JXu o Xo @ = 3 3 xix) - xe(x). 2)
x1=1 xXp=1
X1+-+x=1 mod g
If the y; are mod rs characters with (r, s) = 1, then, writing y; = x}x where y} and y are mod
r and mod s characters respectively, it is readily seen (e.g. [13, Lemma 2]) that

](Xl»n-)xk'»rs):](Xllyn-yX;C)r)](xlllyn-»XZ)S)-

Hence, one usually only considers the case of prime power moduli g = p™.
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Zhang & Yao [12] showed that the sums (1) can in fact be evaluated explicitly when m is
even (and y, y2 and y;x2 are primitive mod p"). Working with a slightly more general bi-
nomial character sum two of the authors [9] showed that techniques of Cochrane & Zheng
[3] (see also [2]) can be used to obtain an evaluation of (1) for any m > 1 with p an odd

i

prime. Zhang & Xu [13] considered the general case, (2), and assuming that y, y™,..., y"*,
and y"* "% are primitive characters modulo p™, obtained

JE™M, o™, p™ = pEEIIT @S y (™), = e g 3)
when m is even, and

k=1 [ uny..ng . .
€ =Lk i p #£2;

f()(nl»---»)(n"»l’m) — p%(k—l)my(uu)x(n;ll”.nlrclffll) p ( p ) p
( 2 ) ifp=2,

uny...ng

4

when m, k, ny,..., ni are all odd, where (%) is the Jacobi symbol and (defined more generally

for later use)

1, if p” =1mod4,

i, if p™=3mod 4.

In this paper we give an evaluation for all m > 1 (i.e. irrespective of the parity of k and the n;).
In fact we evaluate the slightly more general sum

pm pm
B X P™ = D 2 xa(x) e xe(x).
x1=1 xXr=1
X1++xX=B mod p™

Of course when B = p"B’, p1 B’ the simple change of variables x; — B’x; gives

TB(1 - Xl P™) = X1 X B Tpn (15 Xk ).

For example, /g(x1,.--, Xio P™) = x1- Xk (B (X1,---, Xk, ™) when p t B. From the change of
variables x; — —xyx;, 1 <i < k one also sees that

(b(pm)Xk(_l)](Xly~-~)Xk—l)pm)» ifXI"'Xk:XO»

Tpm (X1, X P™) = _
0, if x1--- Xk # Xo,

where yo denotes the principal character, so we assume that B = p” with n < m.
For p odd let a be a primitive root mod p* for all s. We define the integer r by
a?P =1+rp, ptr. 6)
For a character y; mod p” we define the integer c; by

xi(@) = eppm(c), 1=<c;<¢p(p™). )
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Note, pJ( ¢; exactly when y; is primitive. For p =2, m =2 we take a = -1 in (7).

For p =2 and m = 3 we need two generators —1 and 5 for Z3,, and define c¢; by

m-2

Xi(®) =emm-=2(c;), 1=<c¢; <2 R (8)
with y; primitive exactly when 21 ¢;.

Theorem 1.1. Let p bea prime and m = n+2. Suppose that x1,..., X, are k = 2 characters mod

p™ with at least one of them primitive.

If x1,-.., xx are not all primitive mod p" or x,...xx is not induced by a primitive mod

m-n

p character, then Jpn (X1,..., Xk p"™=0.
Ifx1,-.., xx are primitive mod p™ and y --- x . is primitive mod p™~", then
L e x1(c1) - xw(c)
] n( yery ’ mn = Z(m(k 1)+n)—5 (9)
pr X0 Xio P p )
where for p odd
5= (—_Zf)’”““‘”*” (2) () e
p p p
with an extra factor e?™'""'3 needed whenp=m—-n=3,n>0, and forp=2andm—-n =5,
2\"mn 2 Mmoo on
SO
U Cl ...Ck

with epm as defined in (5), the r and c; as in (6) and (7) or (8), and
vi=p ey 4+ ), wi=elt (11)

For m =5 and m —n = 2,3 or4 the formula (10) for § should be multiplied by w, o' %=1,
or x1-+- xx(—1)w?" respectively.

Of course it is natural to assume that at least one of the y1,..., xi is primitive, otherwise
we can reduce the sum to a mod p™~! sum. For n=0and y1,..., x, and y1 -+ xx all primitive

mod p, our result simplifies to

](Xlw-ka»pm):p 6, v=Cr+e+Cr

X xe()
with
1, if m is even,
k-1
0= (”CII;'C’“) (_TZT) 5’;‘1, if mis odd and p # 2,
(,,Cf..ck), if m=5isodd and p =2.
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In the remaining 7 = 0 case, p = 2, m = 3 we have J({1,..., ¥, 2%) = 23 ®D(=1)15) where ¢

denotes the number of characters 1 < i < k with y;(-1) = —1.

When the y; = ¥ for some primitive mod p'* character y, we can write ¢; = n;c (wWhere

c is determined by y(a) as in (7) or (8)), and for m even we recover the form (3), and for m

k-1
odd we recover (4) but with the addition of a factor (%) for p # 2, which of course can

be ignored when k is odd as assumed in [13].

For completeness we observe that in the few remaining m = n + 2 cases, (9) becomes

k
—iwk Lz ifm=3,n=1,

(m(k-1)+n)

1
]p"()(l»“-»)(k’pm) :22 w)“ka(_l)_l_yl_[i'c:lXi(_ci)’ 1fm:4, n= 1,

iUV i, ifm=4,n=2.

Our proof of Theorem 1.1 involves expressing the Jacobi sum (2) in terms of classical

Gauss sums

m

P
G, p™ =) x(epn(x), (12)
x=1

where y is amod p™ character and ey (x) := e*” ixly ‘Writing (1) in terms of Gauss sums is well
known for the mod p sums and the corresponding result for (2) can be found, along with many
other properties of Jacobi sums, in Berndt, Evans and Williams [1, Theorem 2.1.3 & Theorem
10.3.1 ] or Lidl and Niederreiter [5, Theorem 5.21]. There the results are stated for sums over
finite fields, [F,m, so it is not surprising that such expressions exist in the less studied mod p™
case. When y1,..., xr, and y1--- yx are primitive, Zhang & Yao [12, Lemma 3] for k = 2, and
Zhang and Xu [13, Lemma 1] for general k, showed that

Mk, Gxi, p™

) (13)
Gxr---xx, P™

](Xl»n-»xk)pm):

In Theorem 2.2 we obtain a similar expansion for Tpn (X150 Xk p™). Wang [11, Theorem 2.5]
had in fact already obtained such an expression for Jacobi sums over much more general rings
of residues modulo prime powers. (However, we use a slightly different form to avoid splitting
into cases as there.) As we show in Theorem 2.1, the mod p™ Gauss sums can be evaluated

explicitly using the method of Cochrane and Zheng [3] when m = 2.

For m = n+1 and at least one y; primitive, the Jacobi sum is still zero unless all the y; are

primitive mod p” and y1 --- xx isamod p character. Then we can say that |/, (x1,..., Xk, p"™)I
- p%mk—l
is equivalent to an explicit evaluation of the mod p Gauss sum G(y1 - xx, p) when m = 2.

1
if ¥1---xx = Yo and pz"k=D otherwise, but an explicit evaluation in the latter case
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2. Gauss sums

In order to use the result from [4] we must establish some congruence relationships. For
p odd let a be a primitive root mod p™, m = 2. We define the integers R;, j = 1, by

a??) =14 Rpl. (14)
Note that for j = i,
Rj=R; mod pt. (15)
For p = 2 and m = 3 we define the integers R}, j =2, by
57" =14+ R2/. (16)
: 2 _
Noting that R; = 1 mod 8, we get
Rit1=R;+2"'R?= R; + 2" mod 2/*2. (17)
For j = i + 2 this gives the relationships,
Rj=Risa=Rip+2 = (R +2"") +2" = R; 2"  mod 2'*! (18)
and
Rj=(Ri1+27%) =271 =R;_; —2""? mod 2%, (19)

We shall need an explicit evaluation of the mod p™, m = 2, Gauss sums. The form we use
comes from applying the technique of Cochrane & Zheng [3] as formulated in [8]. For p odd
this is essentially the same as Cochrane & Zheng [4, §10] but here we use the simpler R; as
opposed to the p-adic logarithm used in [4]; an adjustment to their formula is also needed
in the case pm =33 (see errata for [3]). For p = 2 we use the same technique to get a new
evaluation of the Gauss sum. Variations can be found in Odoni [7] and Mauclaire [6] (see also
Berndt & Evans [1, §1.6 ] and Cochrane [2, Theorem 6.1]).

Theorem 2.1. Suppose that y is a mod p' character with m = 2. If y is imprimitive, then
G(x,p™) = 0. If x is primitive, then

—2rc)m£ if m
pm, ]9?52; ]9 #27)

Gy, p™ =p? x|-cR7'| epm [~cR;! ( P (20)
( / ) ( / ) (%)mwc, ifp=2andm=5,
forany j =[5 when p is odd and any j = [ 5] +2 when p = 2.
When p'™ = 27 an extra factor es(—rc) is needed. For the remaining cases
i ifm=2,
G(y,2™) =27 { =AY, ifm=3, (21)

x(=ceis(=c), ifm=4.
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Here x~1 denotes the inverse of x mod p™, and r, ¢ and Rj areasin (6), (7) or (8), and (14) or

(16), w asin (11), and Epm as in (5).

Proof. When p is odd, p™ # 27, [8, Theorem 2.1] gives

mi2

m —-2rc
G,p ) =p x(a)epm(“)( P )fpm

where « is a solution of

c+Ryx=0mod p’, J:= [%-‘, (22)

and G(y, p™) = 0 if no solution exists. So, if p | ¢, there is no solution and G(y, p™) = 0. If,
however, p 1 ¢, by (15) we may take a = —CR]_I = —chTl mod p’ for any j = J. When p™ =27
we need the extra factor es(—rc).

If p =2, m =6, and y is primitive, then [8, Theorem 5.1] gives

my _ omi2 ) if m is even,
G(x,2"™) =2"""y(a)esm (a) Che
%, if m is odd,
where « is a solution to
c+R;x50mod2L%J, 23)

and c+ Rja = 291 1f x is imprimitive, then G(y,2™) = 0. If 21 c and j = J + 2 then, using

(18), we can take
a=—cR; = —c(R;j+2/ ™) = —c(R;' -2/7") mod 27",

and
x(@ezn(@) = y(=cR;Hean(—cR; Ny (1= R;2 " Heam(c2!™h.

Checking the four possible ¢ mod 8,

1+ (=DAife 1-4¢ | (2)

= =w .
V2 V2

Now

ean(c2) ™) = eynatc ) =y (57 ) =y (14 B2 ),

where, since R; = Ry —2/72 mod 2/*! and Rj=-1mod4,

(1-R;27" Y (1+Ry12/ ) =14 (Rj-y —R)2!T = RjRy_ 12772

=1+2%73 4 R;_ 12272 mod 2™.
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Noting that Ry = —1 mod 23 for s = 4 (and checking by hand for J = 3 or 4) gives 1 +2R;_; =
Ry;_3 mod 8, and

(1-R;27"Y) (1+Rj-12/ ") = 1+ Ryy—32%/ 73 mod 2.

Hence

w¢ if miseven,

X1 —=R;2 Nem(c2 ) =y (522”5) = eym-2(c22)75) =
w?*¢, if misodd.

One can check numerically that the formula still holds for the 2”2 primitive mod 2™ char-

acters when m = 5. For m = 2,3,4, one has (21) instead of 2iw, Z%wz, 22y(c)ey () (so our

1

formula (20) requires an extra factor ™", w 17XED or )((—1)(1)_ZC respectively). Oa

We shall need the counterpart of (13) for J pn(X1,---» Xik). We now state a less symmetrical

version to allow weaker assumptions on the y;.

Theorem 2.2. Suppose that x1,..., xr are mod p™ characters with at least one of them primi-
tiveand thatm> n. If y1 - xi is a mod p™~" character, then

k
Jon (1o X6 P =" "G00 x6 P [ Gty p™. (24)
i=1

Ifx1--- xk is notamod p™~" character, then Jpyn (x1,..., X, p""") = 0.
Recall the well-known properties of Gauss sums (see for example [1, §1.6]),

pl'?, if y is primitive mod p/,
|G(7(,Pj)|= 1, ify=yoand j=1, (25)
0, otherwise.
So when y1 --- ¢ is a primitive mod p""~" character and at least one of the y; is a primitive
mod p'" character, we immediately obtain the symmetric form
M, Gh, p™
G(Y1-- Xk ™

]p”(xlyn-»xk)pm) (26)

In particular we recover (13) under the sole assumption that y; --- yx is a primitive mod p"
character.

Proof. We first note that if y is a primitive character mod p/, j = 1 and A € Z, then
pi

Y ¥ ey (Ay) =T(AG(y, p)).
y=1
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Indeed, for p{ A this is plain from y— A™ly. If p| A apd j =1 the sum equals 25:1 1 =0
For j = 2, as y is primitive, there exists a z = 1 mod p’ ~1 with x(2) # 1. To see this, note that
there must be some a = b mod p’/~! with y(a) # x(b), and we can take z = ab~!. So

pj pj pj
Y xWe,i(Ay) = ) x(zy)e,i(Azy) = x(2) 3 x(¥)e,i(Ay) @27
y=1 y=1 y=1

and thus Z;jzl x(¥)eyi(Ay) =0

Hence if y is a primitive character mod p we have

m pm
1eDGX ™ Z Z X1 (x1) .o Y1 (G- ) Xk (P =20 =+ = Xp_1)
x1:1 xk_1:1
_ p" p" p" _
=D Y Y ) e (kmn) Y XM epn (P = x1 =+ = X)) Y)
x1=1 Xp—1=1 y=1

pm
= Zxk( Vepm(p y)(z x1(xepm(=x1y)- Y Xk—l(xk—l)epm(—xk—ly))

x1=1 Xp—1=1
m

pm
—Z)m Xi(=yepn(p y)(z xi(x)epm(x)--- ) x;c_1(xk_1)epm(xk_1))

x1=1 Xp—1=1
m

XAk 1)Zx1 XeWepn(p y)]‘[G(xl,p ).
=1
m

If m>nandy;...x; is amod p™~" character, then

ZXI ArWepn(p"y)=p" Z T XeWepm () =p"Goi— X p™ ™.
PTy m
If X1... X is a primitive character mod p/ with m — n < j < m, then by the same reasoning as
in (27)
27(1 Teepm(p™y)=p™ le Te(ey (pim M y) =
pfy

and the result follows from observing that G(y, p™) = ¥(-1)G(¥, p"") and, since y is primitive,
Gtk p™ = p"G(xe, p™ O
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3. Proof of Theorem 1.1

We assume that y,..., xx are all primitive mod p’ characters and y --- yx is a primitive
mod p""™" character, since otherwise from Theorem 2.2 and (25), Jpn (1,-.., X%, ") = 0. In
particular we have (26).

We write R = Rjmy4,, and then by (26) and the evaluation of Gauss sums in Theorem 2.1
we have

e, G p™

G- X ™™

I, p™xi(=ciR™Yepn (—ciR™H5;
T plmemizy Xk(_UR—l)epm_n(—vR—l)&

]p"(xlr---;xkrpm) =

e Mol Oy 5, 2o

-7 < Xk() i=1

where, as long as p”"~"* # 27 and p"" # 27,

(ﬂ) Epm, ifpiSOdd,
CA) %, ifp=2and m=5,

and

B

{( 2”’) pmn, if pis odd,
(gm n

V

ifp=2andm-n=5,

and the result is plain when pisoddor p=2, m—-n=5.

For p" =33, p™ # 33 we get the extra factor e3(r v) from the Gauss sum in the denom-
inator, for p™ =" = p™ =33 or p""~" # 33, p™ = 33 the additional factors needed in the Gauss
sums cancel. The remaining cases p =2, m =5 and m — n = 2,3, 4 follow similarly using the
adjustment to J observed at the end of the proof of Theorem 2.1 . O

4. A more direct approach

We should note that the Cochrane & Zheng reduction technique in [3] can be applied to
directly evaluate the Jacobi sums instead of turning to Gauss sums, via the binomial character
sum evaluations of [9] and [10].

CASE A) ODD pAND m=n+2.
If b= p"b' with pt b and y, is primitive, then from [9, Theorem 3.1] we have
m pm

To (X0 x2,p™) = Y 11 x2(b—x) = Y Tixz(x)x2(bx—1)
x=1 x=1
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m+n____ _20 rb/x m—-n
:pTXIXZ(XO)XZ(bXO—D(#) Epmn,

with an extra factor e3(r(c; + ¢2)/ p") needed when p”*~" =27, n > 0, where x; is a solution to

the characteristic equation
c1+ ¢, —c1bx =0mod meTmJ“, ptx(bx—1). (29)
If (29) has no solution mod meTMJ, then J,(x1, x2, p™) =0. In particular we see the following.
() Ifplcand ptcy, then J,(x1, x2, p™) =0.
(i) If pfcicale) +c2) then
To( X2 p™ = P2 xix2(0)x1 (c) xz2 (e gz (c1 + €2)82.

where

(—Zr)m(clcz(cl+cz))m
62: Epm.
p p

(iii) If pfcyand b= p"b’, pt b’ with n < m—1then J(x1, x2, p™) =0 unless p” || (c; + ¢2) in

which case writing w = (¢1 + ¢2)/ p”, we get

men (c)x2(co) (=2r\™ " (cicow ™"
Tp(x1, x2,p™) =p 2 Xl)(z(b')xl Rt ( ) ( 2 ) Epm-n,

x1x2(w) p p

with an extra factor e3(r w) needed when p™~"* =27, n > 0.

To see (ii) observe that if p | b, then J,(x1,x2, p™) = 0, and if p 1 b, then we can take
X0 = (c1 +¢2)e; ' b~ mod p™ (and hence bxo— 1 = cp¢;'!). Similarly for (iii) if p” || (c1 + ¢2) we
can take xo = p~"(c1 + cz)cl_l(b’)_1 mod p™.

Of course we can write the generalized sum in the form

Jpr (s Xk P™ = 3 0 ) x3(x3). xe(p) > X1 xa(b=x1)
x3=1 Xp=1 =1
bi=p"—X3——X¢
prop"
- e Y xs(3) e Xk ) T (X1, X2, P,
x3=1 xp=1

Hence assuming that at least one of the y; is primitive mod p” (and reordering the characters
as necessary) we see from (i) that Jyn (x1,..., xx, p"") = 0 unless all the characters are primitive
mod p". Also when k = 2, y1, x» primitive, we see from (iii) that Ipn (x1,x2,p™ = 0 unless

x1Xx2 is induced by a primitive mod p”*~" character, in which case we recover the formula
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n
in Theorem 1.1 on observing that (%) 8;""” = eim; this is plain when n is even, for n odd
ac) _ (C1+Cz)2—(61—02)2) _ (—_1)
observe that ( b ) = (—p =7/

We show that a simple induction recovers the formula for all k = 3. We assume that all
the y; are primitive mod p™ and observe that when k = 3 we can further assume (reordering
as necessary) that y; y» is also primitive mod p™, since if y;x3, x2x3 are not primitive then
pl(ci+cs)and pl(c2+c3) and (c; + ¢2) = —2¢3 # 0 mod p and y; x2 is primitive. Hence from
(i) we can write
xic)xz(c2) m

pm pm
pzéy Y o ) x3(x3) ... xe(x)x1x2(b)

Tpm (X1, Xl P™) =
pm (X1 X P ¥1x2(c1 + c2) x3=1  xp=1

= p? y1(cn)xz(c) XKz (cr + €2)02 pn (X1 X2 X35+ » Xk P

Assuming the result for k — 1 characters we have Jyn (Y1x2, X3,---» Xk, P"") = 0 unless y1--- yx is
induced by a primitive mod p""~" character, in which case

m(k—2)+n

k
T (X1X2: X3 XoP™ =P 2 xixe(ci+e)8s [ [ xiled i xe (@)
i=3

where
5y [Z20)" T () [t e )" e
3= P P p pm Spm

plus an additional factor es(rv) if p”*~" =27, n > 0. Our formula for k characters then follows

on observing that 6,63 =94.

CASE B) WHEN p =2 AND m = n+5.

Suppose that y» is primitive mod 2", thatis 21 ¢, and b = 2" b’ with 24 b’ and m = n+5. In
this case from [10, Theorem 1.1] we similarly have J,(x1, x2) = 0 unless ZJ( cirand 2" || ¢; + ¢o,

in which case

1, if m — nis even,
Jp(nxz,2™ =22 R ) pe(bxo - DY
w"(2), ifm-nodd,

where X is a solution to

—(c1+¢2)(bxg — 1) + c2bxo RN Ry, , =0 mod 2V*"*3,

with 21 xo(bxo — 1) and

C1+Co

T h:=-(2"-1)v mod8.

w:=eg(l), N:= E(m—n)w >3, v
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From the relations (17) we obtain
RinR; ' =1=2""0;, uy= 2"~ 1)R; mod 8,

where R, =1, R3=3,and Rj = -1 mod 8 for j = 4. Hence, taking

Xo=vb"" (e +cr— CzRNR;;lJ,n)_l» we get
1 xi(e)xe(c) (2\7"
To(x, x2,2™) =220 (b’)i(—)
b\X1, X2 X1X2 r2 (V) »
with
if m—niseven,
e:=nnz1+2  un)p @+ e oy 2V

w @'y (ﬁ), if m—nisodd,

zm—n

where Y72 is a primitive mod character. Expanding binomially, observing that 2(N +

n—-1)=zmifn=2ormiseven, and 2(N+n—-1) =m—1if n =1 and m is odd, one readily

obtains
1+ ¢ opn2N = (14 Ryyno1 2V 1% = 527K mod 2,
with
. 4 %(v—cl)z(m_l)/z, ifn=1, modd,
Ki=Cp VHNRy, g +
0, else.
Similarly,

1+28 Yy =1+ Ry 2V Ty Ry = 1+ 2V ' Ry uw R, U+ 28 2 uyey)

=1+Ry-12V " (unRN: .y 2V Ry RN-1 Ry ,,_;) mod 27"

and, since3(N-1)=>m—n,

-1

-1 N-2(9n N-3 N-2on
1 +2N_1HN = (1 +RN_12N_1)HNRN+"_1_2 2"-1) - 52 (IJNRN-H’l—l_Z 2 —1)) mod 2m—n.
Hence, checking the possibilities mod 8, recalling that 2" || ¢; + ¢,

(-1)zv-a), ifm—nisevenandn=1,
€= eymnon3 (2" =1Dv) < 1, ifm-nisevenand n>2,

w-@"-Dv (%), if m—n odd.

n 2 \"
:w(z —l)v( )
C1C2

and we obtain the p = 2, k = 2 result of Theorem 1.1. As in the case of odd p we can de-
duce from the k = 2 result that J;(x1,..., X% 2™) = 0 if the sum contains both primitive and
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imprimitive y; mod 2. Hence in the following we assume that all the y; are primitive mod
2m,
For k = 3 we observe from parity considerations that J;(x1, x2, x3,2™) = 0 if b is even,

while if b is odd we can make the change of variables x; — bx;. Hence in either case

To(xi, x2, x3,2™) = xixexs (D) J (x1, X2, x3,2"). (30)

Now at least one of y1 y2, ¥1X3, X2X3 is primitive mod 2! (since they are all mod 2! char-

acters and )(% = Y1X2* X1X3 - X2X3 is primitive mod 2"~1). We suppose that y; y, is primitive

mod 271 i.e. 2| ¢; + ¢». Then
2m
J(x1, x2,x3,2™) = Z X3 (x3) J1—x, (X1, x2,2™)
xzi):dld
) yileDyz(c) [ 2 "o 2" 1-x
_ osomen X1 (€)R2(Co (_) sate) ( — 3).
12 (61‘5(32) c1te c1 w ;1 x3(x3)x1x2 2
x3odd
Now
2 1-x3) 1 242
> X3(x3)7(17(2( 5 3)=5 YooY xst)yixe(x)
x3=1 x3=1x=1
xzodd 1-x3=2x mod 2™
which, from the change of variables x — x~!, x3 — —x3x~! and the k = 2 result, equals
1 2m. pm
“xs(=1D Y. Yy i) =
2 x3=1x=1
X+x3=2 mod 2™
m—1 m
zé(m—nXs(_l)XleXs(—(Cl +e+e3))ysles) [ 2 ( 2 ) wtere)
Xixz(—%(c1+c2) —are —(c1+ 2+ c3)es

since ys¥1X2X3 = X1x2 and 21 ¢; ensures that 21 ¢; + ¢, + ¢3. Hence

om Xl(Cl))(z(Cz))(s(Cs)( 2 )m( 2 )m

]( 1) A2 3’2}7[):
AL X2 X X1Xx2x3(ci+ca+c3) \cr+ca+c3 C1CaC3

and we recover Theorem 1.1 when k = 3 (note J,» (x1, ¥2, ¥3,2"") = 0 unless n = 0).

For k =4 we use (30) to write

To(Xt, o X0 2™ =T X2 X3 Xar - X 2" T (X1, X2, X3,2™)

and the Theorem 1.1 result for general k follows easily by induction.
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