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ON THE MAXIMUM MODULUS AND MAXIMUM TERM OF
COMPOSITION OF ENTIRE FUNCTIONS

S. K. VAISH AND R. CHANKANYAL

Abstract. We study some growth properties of maximum modulus and maximum term of
composition of entire functions of (p, g)-order as compared to the growth of their corresponding
left and right factors. Some of the results that we obtain here generalize and improve the known
results of Singh and Baloria, and, Song and Yang.

1. Introduction

Let f(2) = Y07, anz" be an entire function. Then as usual u(r, f) = max,>o{|a,|r"}
is called the maximum term of f(z) on |z| = and M (r, f) = max|,—, | f(2)| is called the
maximum modulus of f(z) on |z| = r. The concept of (p, ¢)-order and lower (p, ¢)-order
of f(z) having index pair (p,q), (p > g > 1, p > 2), was introduced by Juneja, Kapoor
and Bajpai [2]. Thus f(z) is said to be of (p, g)-order p(f) and lower (p, q)-order A\(f), if

sup log” M(r, f) _ p(/)

= < < < .
Mt T gy A() PSS elf) e (1)
where b = 1if p = ¢ and zero otherwise and expl? z = 10g[0] =z expl™ z = log[fm] r =

exp&exp[m_l] x) = 1og(1og[7m71] x); m = £1,42,.... Throughout this paper whenever
(log™ )8 (0 < B < o0) occurs, it is understood that  is such that this expression is a
real number.

2. Known Results

In this section we state some known results in the form of Lemmas which will be
needed in the sequel.

Lemma 1. (Juneja, Kapoor and Bajpai [2]). Let f(z) be an entire function of
(p, q)-order p(f) and lower (p, q)-order A(f), then
i SUP log” u(r, £) _ p(f)

A it T gl () (2.1)
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Lemma 2 (Clunie [1]). Let f(z) and g(z) be two entire functions with g(0) = 0. Let
a satisfy 0 < a < 1 and c(a) = (1 — a)?/(4a). Then, for r >0,

M(r, fog) = M(c(a)M(ar,g), f)- (2.2)

Further, if g(2) is any entire function with o = 1/2, for sufficiently large values of r,

M(rfog) = M (1 (5,9) - o). ). (2.3

Lemma 3 (Singh [3]). Let f(z) and g(z) be two entire functions with g(0) = 0. Let
a satisfying 0 < a < 1 and c(a) = (1 — a)?/(4a). Also, let 0 < § < 1, then

,LL(’I’, fog) > (1 - 5)#(6(0&)#(0457", g)a f)a (24)

and, if g(z) is any entire function, then with a = § = 1/2, for sufficiently large values of
T.’

utrfog) = 31 (g (5.9) = 1901 £). (25)

In this paper we study some growth properties of maximum modulus and maximum
term of composition of entire functions of (p, ¢)-order as compared to the growth of their
corresponding left and right factors. Some of the results that we obtain here generalize
and improve the known results of Singh and Baloria [4] and Song and Yang [5].

3. Main Results

Theorem 1. Let f and g be two entire functions such that 0 < A(f) < p(f) < o
and 0 < Ag) < p(g) < co. Then for every positive constant v, p > q and every real
number x,

log"” M (r, fog)
im
r—00 {1Og[P] M(T”Y,f)}ler

=00 (3.1)

and
log™ M(r, fog)
11m
7= {logh” M(r7, g)} 1+

= 00. (3.2)

Proof. If x is such that 1 4+ z < 0, then the theorem is obvious. So, we suppose that
1+ x > 0. Now, for all sufficiently large values of r, we get from (2.3)

M(r, fog) > M <%M (g,g) ,f) :
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This gives,

1
log™ M (r, fog) > log” M (1—6M (5:9) ,f)

> () - e)tog! (501 (5.9)

Ag)—e
> (A(f) —¢) logl™ {log % + explP~2 <log[q_1] (g)) ! }

Ag)—e

= () =g exp ™ (1og " ()) T + () —2)o(1) (3:3)

where we choose 0 < € < min(A(f), A(g)).
Also, for all r > rq,

log™ M(r, f) < (p(f) + <) log!" 1.
Now, it is possible to choose r sufficiently large so that 7 > ry. Thus
{log®! M (r7, F)}T < (p(f) + ) T {log (1)} 1. (3.4)

From (3.3) and (3.4) it follows that for all sufficiently large values of r,

log[p] M(r, fog) N (A(f) — &) explp—a—1 {log[q*ﬂ (%)}A(g)*e ) — 2)o(1)
{log" M (1, )1 (p(F) + )+ {logh ()} s

Since {expP~4=(logl?=V(r/2))}}9 ¢ /{logl! (+7)}1+* — o0 as r — oo, statement (3.1)
follows from (3.5).
Statement (3.2) follows similarly by using the following inequality in plcae of (3.4),

{log?! M (17, 9)}'+* < (p(g) + &) {logl! (r7)} 1+

for all sufficiently large values of r. This proves the theorem.
Note. Theorem 1 need not be true if either A(g) = 0 or A(f) = 0.

For example:
Let g(z) = 2z, x = 0 and y = 1, then A(g) = 0 and we find

om 108" M(r, fog)
7= {logh M(r7, g)} 1+

Similarly, if f(z) = z, 2 =0 and v = 1, then A(f) = 0 and

o dog M(r, fog)
r—o00 {10g[p] M(’I”Y, g)}lJrz
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Remark 1.
(i) For p =2, ¢ =1 and x = 0 this theorem is due to Singh and Baloria [4].
(ii) For p=2,¢=1, 2 =0 and v = 1 this theorem is due to Song and Yang [5].

Theorem 2. Let f and g be two entire functions of finite (p, q)-orders and A(f) > 0.
Then, for h > 0 and p > q,

(log!®”! M (r, fog))'**

lim T =0
r=o logl”) M (explp=1I(logl ™1 r)", f)

where h > (1+x)p(g) if p=2, ¢ =1 and h > p(g) otherwise. Also x € (—00,00).

Proof. If 1 + z < 0 the theorem is trivial. So, we consider 1 + x > 0. By the
maximum modulus principle, we have

M(r, fog) < M(M(r,g), f),
so that for all sufficiently large values of r,

{1og?! M (7, fog)}'+* < (p(f) + &) {logl? M (r, g)}'+*
< (p(f) + &) T {expl? =1 (loglt ooy i,

Again, for all sufficiently large values of r,
log®! M(r, f) > (A(f) — &) log!¥ 7.
Hence, for all sufficiently large values of r,

{log?! M(r, fog) }1+ (p(f) + &)t fexplP—a~ U (loght— T p)elorteytte
log”! M {explP=1(log?~ " r)h, £} (A(f) — ) explr—a=1(logla= 1 y)n

h

from which the theorem follows because we can choose € such that 0 < e < min{A(f), 75

—p(9)}ifp=2,g=1and 0 <e <min(A(f),h — p(g)) otherwise.

Remark 2. If we take the condition 0 < p(f) inplace of A(f) > 0 the theorem remains
true with ‘limit’ replaced by ‘limit inferior’ and in this case improves and generalizes
Theorem 2 of Singh and Baloria [4].

Theorem 3. Let f and g be two entire functions such that 0 < A(g) < p(g) < oo
and p(f) < co. Then, for h >0 and p > ¢,

- {log!”! M (r, fog)}+*

=0
T oglPl M(exp“”*l] (logla=4 pyn, g)

where h > (1+x)p(g) if p=2, ¢ =1 and h > p(g) otherwise. Also x € (—00,00).
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We omit the proof of this theorem because it runs parallel to that of Theorem 2.

Theorem 4. Let f and g be two entire functions of finite (p,q)-order with A\(g) >
p(f) = A(f) > 0. Then, forp>q,

. log"! M(r, fog)
lim —
r—00 log[p] M (explr—1 (log[q ] )P, g)

= OQ.

Proof. From (3.3), we have, for all r > r,

log”! M (r, fog) > (A(f) — £) expl?=s~1 (logh=1 (£

I ) 2o,

Also, for all r > rq,
logl”! M(r, g) < (p(g) + &) log!” .

Taking  so large that explP~!(loglt = 7)7(f) > 1, then
log™' M (expl?~ 1 (1oglt= )7 ) < (p(g) + &) expP~9~ 1 (loglt=1 r)P(£)
Thus, for sufficiently large 7,

log”! M (r, fog)
log!” M (explP=1 (logl? =1 r)r(9) | g)

A(f)—¢e) explP—a—1] {log[qﬂ] (%)}/\(9)75 L) — (1)
(p(g) + &) explP=a=1] (logl?= 1 )e(1) '

>

Since, A(g) > p(f) and we can choose € > 0 such that A(g) — e > p(f). Thus,

: log”! M (r, fog)
lim -
r=co JoglPl M (explP—1(logl?™ Y r)e(H) )

= 0

and the theorem follows.
Remark 3. For p = 2 and ¢ = 1 this theorem is due to Singh and Baloria [4].

We shall use the technique of the above theorems to get the parallel results on the
maximum term of composition of entire functions. We prove:

Theorem 5. Let f and g be two entire functions such that 0 < A(f) < p(f) < o0
and 0 < A(g) < p(g) < oco. Then, for every positive constant v, p > q and every real
number x,

| log™ u(r, fog)
r=o {logl"! u(r, f)}1+e

=00 (3.6)
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and
- log pu(r, fog)
r=% {log” (17, g)} 142

= 0. (3.7)

Proof. If xz is such that 1+ z < 0, then the theorem is obvious. So, we suppose that
14+ 2 > 0. Now, from (2.5) for all sufficiently large values of r,

pu(r, fog) > %u (1—16u (%9) ,f) :

This gives,

Ag)—e

log!”! u(r, fog) > %()\(f) — &) explP—a—1l <1og[q—1] (2)) + %()\(f) —e)o(1)

because in view of (2.1), we have for sufficiently large values of r,
w(r, f) > explP~U(logli= ) A=<
Also, from (2.1) for all r > ro,
log u(r, £) < (p(f) + €)log!? 7
and so for sufficiently large r¥ > rg,
{log? p(r7, DI < (p(f) +£)'+ (log (7)) 1.

Thus, as in Theorem 1, we find

| log™ u(r, fog)
r=2 {logh p(r, f)}1+e

since we can choose ¢ such that 0 < ¢ < min(A(f), A(g)).
We omit the proof of (3.7).

Remark 4. The analogues to Theorem 2, Theorem 3 and Theorem 4 may later be
filled by the reader.

Theorem 6. Let f and g be two entire functions of positive lower (p,q)-order and
of finite (p,q)-order. Then, for every h > 0,

log”! {4 expl?—1] (%) ,fog}

lim sup T = 00.
r—00 log[p* ] H(exp[q—l] r,g)
Proof. There exists a sequence {r,}, n =1,2,... such that

1(rn, g) > explP = (loglt 1, )r(9) =2,
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Let R, = (4 logl?™ Y 7, )1/(+h)  then

1+h 14+h Pl9)—e
i {exp[q—l] (RRT> } > explr-1 <RHT> ,

Now, from (2.1) and (2.5), for all r > r,

log pu(r, fog) > %()\(f) — &) logl? (ig) + %(A(f) —¢&)o(1).

1+h
If R, > ro, then 4expls—] (R’;l ) > ro and so the above equation gives

‘R1+h
logl?! 1 { Jexpli1l (nT) 7 fog}

1+h
> L) - 2)1ox {exp[q-ﬂ (RT) ,g} )~ Dol)

Using (2.1), we find for the sequence R,, > ro,

1+h
logl! M{%Xp[q—u <RZ ) , fog}

1 1+4+h Pl9)—¢
> L) ) explra] (RT) n

(ACf) = €)o(1).
Also, for all » > rq,
log?” ! u(expli= 1, g) < ()04,
Thus, for the sequence R, (> 1),
1+h
togh o {4exple=) (22, fog}
log” ™! pi(expla=1 Ry, g)

o Rlth
() = &) explp=a=1) (1
(Rn)9(9)+€

)" 100 - 9ol

N[

>

— 00 asr — o0

since we can choose ¢ such that 0 < ¢ < min{A(f), h;_ég) }.

Remark 5. For p = 2 and ¢ = 1 this theorem is due to Singh and Baloria [4].
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