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INEQUALITIES FOR POWER SERIES WITH
NONNEGATIVE COEFFICIENTS VIA A REVERSE OF
JENSEN INEQUALITY

SILVESTRU SEVER DRAGOMIR

Abstract. Some inequalities for power series with nonnegative coefficients via a reverse
of Jensen inequality obtained by Dragomir & Ionescu in 1994 are given. Applications for
some fundamental functions defined by power series are also provided.

1. Introduction

In 1994, Dragomir & Ionescu obtained the following reverse of Jensen’s discrete inequal-
ity:

Let @ : I — R be a differentiable convex function on the interior [ of the interval I. If x; € [
and w; 20 (i =1,...,n) with W, := ¥ , w; = 1, then one has the inequality:

n n n
< Z w;® (x;) x; — X‘i w;® (x;) X‘i wiXx;. (1.1
i= i=

In order to improve Griiss’ discrete inequality, Cerone & Dragomir established in 2002 the
following result [1]:
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provided —~co<a<a; < A<oo,and w; 20 (i=1,...,n) with Wy, :=%"  w; =1.
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In addition, if —-co< b < b; < B<oo, (i =1,...,n) then we have the string of inequalities

n n n 1 n n
Z wiaibi— Z wi;a; Z wibi < 5 (A-a) Z wi bi— Z w]'bj
i=1 i=1 i=1 i=1 j=1
241/2
1 n 5 n
<-(A-a) Zwibi—(z wibi) ]
2 i=1 i=1
1
< Z(A—a) (B-D). (1.3)

Utilising these results, we observe that if ® is differentiable convex on a finite interval,
say [m, M], then we have the inequalities:

M=

0< w;®(x;) -0
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@' (x) - Y wy® (x))
j=1

2,1/2

=-M-m) (1.4)

3w [@ ()] - (Z w;®' (x;)

i=1 i=1

N =

forx;e(m,M) (i=1,...,n).

If the lateral derivatives @', (m) and @’ (M) are finite, then we also have
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n n 2
Z wixf - (Z wixi)
i=1 i=1

(M —m) [®" (M) -, (m)] (1.5)

IN

= N

forx;e(m,M] (i=1,...,n).

In the recent paper [9], by the use of a refinement of Young’s inequality, the authors

proved the following result:
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Let f (2) = X5, anz" be a power series with nonnegative coefficients and convergent on
the open disk D (0, R) with R>0o0r R=o00.1f y, z, zvyl_v, zl_vyv € (0,R) and v € [0,1] then we

have the inequalities:

2minv, 1-v[f (y) f @)= * (VI = F0) F @ = F (20" ) £ (=7Y)
<2max{v,1-v}[f (y) f (@) - f*(V¥2)] (1.6)

or, equivalently,

2min v, 1) [ (62) £ ()~ £2 et = £ () £ ()~ £ (12 20-0) £ (12072
<2max{v,1—v} [f(uz)f(tz)—fz(ut)], .7

provided u?, 2, u?v2A=v) 2=V 2ve (0 Ryand v € [0,1].

For other recent results for power series with nonnegative coefficients, see [9] and [10].
For more results on power series inequalities, see [2] and [5]-[8].

Motivated by the above results and utilizing a reverse of Jensen inequality obtained by
Dragomir & Ionescu in 1994 we provide in this paper other inequalities for power series with
nonnegative coefficients. Applications for some fundamental and special functions are given

as well.

2. Power inequalities

The most important power series with nonnegative coefficients are:

exp(z)=)Y —z",zeC,—=) z",zeD(0,1),
n=0 n! l1-2z n=0
1 o 1 n — 1 2n
In— = —z",2z€D(0,1), coshz= —2z°", z€e(C, 2.1
1-z ;=oin o 2n)!
s 1
sinhz=)_ 2ntl 2 eC.
— 2n+1)!

Other important examples of functions as power series representations with nonnegative co-

efficients are:

1 (1+z) & 1
~In —): Y 2" zeD(0,1),
2 1-z) ,;=12n-1
1
sin~! (2) = i Mzz"“, zeD(0,1),

oV n+1)n!

o ] 2.2)
tanh™' ()= ) 5 1z2”‘1, zeD(0,1),

n_

n=1
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©T'(n+a)(n+p)I(y)

2F1(a, By, 2) = n;() nT(@T (B)T (n+y)

2% a,B,y>0 zeD(0,1),

where I' is Gamma function.

The following result for powers holds:

Theorem 1. Let f(z) = Y00 anz" be a power series with nonnegative coefficients and con-
vergent on the open disk D(0,R) with R>0o0orR=o00. Ifp=1,0< a < R and x > 0 with
ax?, axP1 <R, then

_f@x?) [fan)’_ | fax”) flaxP) flan 23)

f (@) f (@) f (@ fl@ f |’ '
Moreover,; if0 < x < 1, then
_f@x?) (fax))?_ | fax?)  f(exP™) fax)
- f@ f(a) f(@ fl@ f(o
1/2

1 f(“xz(p_l)) f(axr1))? 1

<1, - <-p 2.4)
2 fa) f (@ 4

and
_fx?) (fax))?_ | fax?)  f(exP™) fax)
- f@ f(a) f(® fl@ f(o
2 o\ 172

SR FACES IR FACE) <1 2.5)

27\ fl®» f (@ 4

Proof. If we write the inequality (1.1) for the convex function @ : [0,00) — [0,00), @ (x) = x”,
p =1, then we have

n p n n 1 n

Y wixi| =p|). wixl’.j - w,-xf Y wix; (2.6)
i=1 i=1 i=1

i= j

n
P _
Oszlw,xi (
i=

i=1
forany w;, x; =0 (i =1,...,n) Wich:?:l w;i=1.

If0<a < Rand k=1, then by (2.6) we have

1 k ) j 1 k -\
- ad (xP) - | — ol %
0<— ‘jZa]a (xP) - ‘jZa]ax
ijoa]a j=0 ijoa]a j=0
1 k ) i 1 k ) N 1 k .
- (P - (P ol %)
=p|=; ‘jZa](x (xP) - ‘jZa]a (7)) = ‘jZa]ax . @7

Since all series whose partial sums involved in the inequality (2.7) are convergent, then by
letting k — oo in (2.7) we deduce (2.3).
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Now, if x; € [m, M] < [0,00), (i =1,...,n), then by (1.4) for the convex function ®: [0,00) —
[0,00), ® (x) = xP, p =1 we have

i=1 i=1 i=1
1 L 1 & p-1
sip(M—m)Z‘wlx —Z:wjxj
i=1 j=1
" " 2,1/2
<Zp(M-m) Zwlxl(p ) _ Zwixf’l
i=1 i=1
1
<Sp(M-m) (MP~'—mP1). 2.8)
If0<x<1,then0<x/ <1forj=0,...,k and by (2.8) we have
LS () - Sl
0s—— a]a] x” _ a]a]x]
Z? 0ajal j=o Z 0 @jal =
=p —1 i“]“](xp)] —1 i“}“](xp 1)]—1 ia]afxf
Z 0ajal = Z 0@l =0 Zf ajal j=o
2,1/2
1 1 1
S aaf 2(p-1) s aa]xpll
“3P| 5% WZ 2] - 33 Z (x"7)
1
— 2.9
4p (2.9)

Since all series whose partial sums involved in the inequality (2.9) are convergent, then by
letting k — oo in (2.9) we deduce (2.4).
Now, if x; € [m, M] < [0,00), (i =1,...,n), then by (1.5) for the convex function ®: [0,00) —

[0,00), ® (x) = xP, p =1 we have

i=1 i=1 i=1
1 - - n n
SEP(M mP=) Y wi|xi— ) wjx;
i=1 j=1
1 " 2,1/2
<5p(Mp_1—mp_1) Y w,xlz—(z w,xl)
i=1 i=1
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=

(M—m)(MP! —mP™1). (2.10)

| =

Finally, by utilizing a similar argument as above, we obtain the inequality (2.5). The details

are omitted. O

Remark 1. We observe that, the second inequality in (2.3) is equivalent to

flax) [ f(axP™)
f(a) f(a)

f(ax)
f(a)

(2.11)

p-1 f(axP)
) =P-V"7%,

or to

f@x) (pf (ax?) [f @] - [f @) = (p- 1) f () @], @12)

provided that p = 1,0 < a < R and x > 0 with ax?, axP L <R.

Moreover, if 0 < x < 1, then from (2.4) we have

P P P
fax < f(ax?) Slp+ f(ax) (2.13)
f (@) fla) 4 f (@
Taking the power 1/p and using the inequality (a+ b)!'? < a'’? + b''P, p = 1 we get
_1 1
0<[f(ax”)]"?[f @] 7 - flax) < mpllpf(a). (2.14)
Corollary 1. Let f(z) = X957 anz" be a power series with nonnegative coefficients and con-

vergent on the open disk D (0,R) withR>0orR=o00.Ifp>1, % + % =1andu,v>0 with
vP < u9 < R, then

f(uv) p<f(vp)<1 fuv)]?
= =—-p+ (2.15)
Fan | = fwn = a7 F
and X
0= [f ()" 1f )" = f vy < 5 pVP £ (u). (2.16)
Proof. Follows by taking into (2.13) and (2.14) « = u? and x = u,,—”,p. The details are omitted. O

Example 1. a) If we write the inequalities (2.4) and (2.5) for the function le = Z‘;fzo " ze€
D(0,1), then we have

l1-a (1—a)P l1-a (1-a)?
< - <p -
l-ax? \l-ax l-axP  (1-axP~1)(1-ax)
_1 l-a ( 1 )2]”2< 1 017
_Zp l—axz(p_l) 1-axP1 _4p '
and
l1-a (1—a)P [ l1-a (1-a)?
0= - <p -
l-ax? \l-ax l-axP  (1-axP~1)(1-ax)
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1 [ l-a (1—a)2
<-p -
2" [1—ax?2 \l-ax

1/2 1
< — Z.|8

forany a,x€ (0,1) and p = 1.

b) If we write the inequalities (2.4) and (2.5) for the functionexpz = }_57 % z", z€C, then

we have
0<exp|a(x”-1)] —exp[pa(x—1)]
<plexp[a(x”-1)] —exp|a(xP +x-2)]]
1 2(p-1) _1)| = p-1_ vz _1
< Zp(exp[a(x 1)] exp [2a (x 1)]) =P (2.19)
and

0<expla(x”-1)] —exp[pa(x—1)]
<plexpla(xP -1)] —exp[a(x" ' +x-2)]]

1/2
<

= %p(eXp[a(xz—l)] —exp2a(x—1)]) "= (2.20)

1
4P
foranya,p>0and x€ (0,1).

3. Exponential inequalities

The following exponential inequality holds:

Theorem 2. Let f (z) = ¥.57 a,z" be a power series with nonnegative coefficients and conver-
gent on the open disk D (0, R) withR >0 or R =o0. If0 < a < R and x, f € R with aexp (fx) < R
then

_[flaep(px))  [apxf' (@

- f@ f(@

_[ep(py)f (aexp () f(aexp(p) £ @

<afx F@ F@ Fal 3.1
Moreover, if x <0, >0 with exp (,Bx) <Rand0O< a <R, then

_[flaexp(px))  [apxf'(@

- W f(a)

e[ 22621 (e (5) _f(wex (5)) 7 @)

- [l fl@  f@

_1 alf @+af" @] (af @]

=3Pl f@ ( f(@ ) 6.2
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Proof. If we write the inequality (1.1) for the convex function ® : R — [0,00), @ (x) = exp (,Bx) ,
then we have

0< Xn: w;exp (,Bxi) —exp (,3 Xn: Wixi)
i=1

i=1

n n n
<B|> wixiexp(Bx;)— ) wiexp(Bxi) ) wix; (3.3
i=1 i=1 i=1
foranyw; 20 (i=1,...,n) with}? ,w;=1andx;eR (i =1,...,n).
If0<a < Rand k = 1, then by (3.3) for x; = jx, we have
1
OS— a;al [exp(Bx)] —ex aja’
s Lo s3] p(z 3 jase|
1
< px 72]61]“] [exp ()]
Z ]—0
Y ayad [exp ()} ———— ¥ jajal
—% aja’ lexp (Bx)|! ——— ) ja;ja’|. (3.4)
Z?:o“}“’ = Z];:0“10‘] =

Observe that the series Z°~°:0 ja jaj is convergent for 0 < @ < R and

Z]a]af Z]a]a]—af (@), 0<a<R.
j=1

Since all series whose partial sums involved in the inequality (3.4) are convergent, then by

letting k — oo in (3.4) we deduce (3.1).

If we write the inequality (1.4) for the convex function @ : R — [0,00), @ (x) = exp (fx),
then we have

0< i w;exp (,Bxi) —exp (ﬁi wixi)
i=1

i=1

<p

n n n
Y wixiexp(Bxi)— Y wiexp(Bxi) ) wix;
izl izl

< 25 [exp (M) —exp (pm)] 3. wi

i=1

|

n
Xi— ) wjx
=1

1/2
) (3.5)

S%ﬁ[exp(ﬂM) exp (fm)]

provided m<x; < M,ie{l,...,n}.

Now, if § > 0, by letting M = 0 and m — —oo then by (3.5) we have

i w; exp ,Bx, exp(ﬁiwixi)
i=1 i=1
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n

n n
<pB | wix;exp(px;) Z w; exp (Bx;) Z Wi X;
i=1 =1

g (o]

1/2

’

-

Nlr—'

1 n
=3P wi

provided —oo < x; <0.

If0<a<R,x<0,6>0and k=1, then by (3.3) for x; = jx € (oo, 0], we have

Os;Za]a] [exp (Bx)]’ —exp(LZk:]a]oﬂ)

Z a]af Z ajal

k . .
<px|—-"— Z]aja] [exp (Bx)]’

Z]0]

k
a;a’ [exp(Bx)]! —— ia:al
Z ]Z J [ P(,B )] Zlfzoajafj;o] J

k 2
o o)

Z “J“J

1
<—Blx
2,3||

If we denote g (u) := Y97 @, u", then for |u| < R, its radius of convergence, we have

o0
Y na,u”=ug (v

n=0
and -
Y nfa,u=u(ug W)
n=0
However
u(ug W) = ug' W)+ u®g" (w
and then

o0
Y nPanu’ =ug (w)+u*g” (.
0

229

(3.6)

(3.7

Since all series whose partial sums involved in the inequality (3.7) are convergent, then by

letting k — oo in (3.7) we deduce (3.2).

Example 2.

O

(a) If we write the inequality (3.2) for the function ﬁ =Y ,2", z€ D(0,1), then we have

forx<0,>0and 0 < a <1, that

S el S (7

" 1-aexp(px) eXp(l—a)

< apx (1-aexp(fx) 1 Slﬂlxlam
(1-aexp(Bx))® 1-aexp(fx)| 2 1-a

(3.8)
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(b) If we write the inequality (3.1) for the functionexpz =Y, n, z", z € C, then we have

0 < exp (a [exp (Bx) —1]) —exp (apx)
< apx [exp(a[exp (Bx) — 1] + Bx) —exp (a [exp (Bx) —1])]

foranya>0and x<0, > 0.

3.1. Logarithmic Inequalities

The following logarithmic inequality holds:

(3.9

Theorem 3. Let f(z) = Y57, a,z" be a power series with nonnegative coefficients and con-

vergent on the open disk D(0,R) with R >0 or R=o00. If0 <a <R, p >0 and x > 0 with

axP,ax™P <R, then

f(ax”)) af' (a) f(axP) f(ax™P)
0<lI - Inx< _
n( f@ f@ T f@  f@

Moreover, if0 < x <1 with ax?P,ax P <R, then

flaxP) f(ax~P) ~

f(ax’”)) af (a)

0<In Inx <

(f() P " TTe @
1| f(ax?P) (f(ocx"”))2 "

2 f (@) f(@

Proof. If we write the inequality (1.1) for the convex function ® : (0,00) — R, ®(x) =

then we have

Osln(

n n nop. N
Z wixl-) - Z wiln (x;) < Z —l Z wixi—1,
— i=1 =

i=1 i=1 Xi j=1
forany w; 20 (i=1,...,n) with ¥ , w; =1and x; € (0,00) (i =1,...,n).
If0<a<Rand k=1, then by (3.12) for x; = (xp)j,we have

1 k 1
Osln(iza]a](xp)]) anx Z]a]af

Z a]af a]af
1 1 k al
i vajal iz Yipajal i (xP)J

(3.10)

(3.11)

—Inx,

(3.12)

(3.13)

Since all series whose partial sums involved in the inequality (3.13) are convergent, then by

letting k — oo in (3.13) we deduce (3.10).

From the inequality (1.4) we have

Osln(z wixi)—zwiln(xz Z Z
i=1 i=1 i i=1

i=1
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<l em Y w| 2oy Y
— m wl N
2 i=1 Xio j=1 Xj
] " " 2,1/2
w;i w;i
<~ (M-m) 2—2 y — (3.14)
2 o1 X; o1 Xi

forany w; =0 (i =1,.. ,n)v\nch” ywi=1andx; € [m,M] < (0,00) (i=1,...,n).

If0<x <1, then 0 < x? <1 and if we apply the inequality (3.14) for x; = (xP) € (0,1] we
have

1 K 1
Osln(k—Za]af xp)]) anx Z]a]a]

) a]a]] a]al
1 k 1 k al
Y () Y
5 yaal = T5yazal 5 ()
1/2
1
< _

(3.15)

1 k al 1 k al )’
D M ey il =y Y
ijoa](x =0~ (x?P) ijoa]a j=0
Since all series whose partial sums involved in the inequality (3.15) are convergent, then by

letting k — oo in (3.15) we deduce (3.11). O

Corollary 2. Let f(z) = Y77, anz" be a power series with nonnegative coefficients and con-
vergent on the open disk D (0,R) with R >0 or R=o0. If p > 1, % + % =1 and u,v > 0 with

vP,uf, ” <R, then

051n(f(”p))_”qf'(u")l f(un)f(w)

Fan)”  fwh ud S fud) fu (5.16)
IfvP <uv<Rand LI‘};, :‘zz, then
0<1n(f(”p))_u"f’(“q)1n v” f(”p)f(u_q)
T o\fu f(u f(u") f(u
3 2 271/2
[s(8) (%)
< — —

2| fwn | f ’ G170

Proof. Follows by taking into (3.10) and (3.11) @ = u? and x = —. The details are omitted. O
Example 3.

(a) If we write the inequality (3.11) for the function (-~ = ¥ z", z€ D(0,1), then we have
for0 < a,x <1and p > 0 that
(1-a)?

-« pa
0<In - Inx < -1 (3.18)
1-ax?P l-a 1-axP)(1—-axP)
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l-a ( l-a )2
l1-—ax 2P \l1—ax7P

(b) If we write the inequality (3.10) for the function expz =35, % z", z € C, then we have

1/2

1
S_
2

0<a(x’-1)-palnx<exp|a(x’+x7P-2)]-1 (3.19)
for a, p, x> 0.

The following logarithmic inequality also holds:

Theorem 4. Let f (z) = Y. anz" be a power series with nonnegative coefficients and conver-
gent on the open disk D (0,R) withR>0orR=oc0.If0<a <R, p>0 and x >0 with axP <R,
then

pax? f' (axP) f(axP) (f(axp))
g< POX T @X) o 1
f@ 0 f@ T\ f@
xP fl(axP)  f(axP) ()
- : 3.20
f(@ f@ fa| (3.20)

< pa

or, equivalently

paf' (@) (f(axp))
——Inx<l

fa TN @
i.e., the first inequality in (3.10).

Moreover, if 0 < x < 1 we also have

paxP ' (axP) flaxP) (f(axP)
T ™ W ln( f@ )
xPf'(axP)  f(axP) f'(a)
fl@  f@ f@
alfl@+af" (@] (af (@) 12
fl@) _(f(a))] '

<L piing
< - nx
219

(3.21)

Proof. If we write the inequality (1.1) for the convex function ® : (0,00) — R, ®(x) = xlnx,
then we have

n n n
0<) wixjIn(x)— ) wix,-ln(z w,-xi)

i=1 i=1 i=1

~
I

< ; w; [In (x;) + 1] x; — ; w; [In (x;) +1] ; Wi X; (3.22)

forany w; =0 (i = 1,...,n)withzlf’:1 w; =1and x; € (0,00) (i =1,...,n).
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If0<a < Rand k = 1, then by (3.22) for x; = (xp)j , we have

plnx

0s /—— a;al (xP)!
Z a]aJ]Z] ja! (xP)
_;ia aj(xn)fl ;i“ aj(xp)l
Z oajal j= ! Z vajal iz !
1 k
SmZaja] ]plnx+1)(xp)
j=04ja’ j
k
a;al (jplnx+1) ——— ¥ a;af (xP)’
S e U Wz ()
:; plan]a al (xP) +Za al (x’”)]
Z a]a] =0 j=0
1 1 k
e plan]a]af+Za]a] —Za]af (xP)7. (3.23)
Z j=0 j=0 Z 0ajal j=

Since all series whose partlal sums involved in the inequality (3.23) are convergent, then by
letting k — oo in (3.23) we deduce

pax? f' (axP) f(axP) ( f(axp))
< Inx— ]
f@ T f@ T\ f@

[pax? f' (axP)Inx+ f (axP)] - ﬁ [paf (@nx+f(a)] ———

1 f(axP)
f (a) fl@ '
which is equivalent to (3.20).

If we write the inequality (1.4) for the convex function @ : (0,00) — R, ® (x) = xIn x, then
we have

o
IA
[\/]:

w;ix;ln (x;) — Z w,xlln(z wlx,)

i=1 i=1

1l
—

IN
M=

w;[In(x;) + 1] x; — Z w; [In (x;) + 1] Z W;x;

i=1 i=1 i=1
1 n n
<-(M-m)) wi|lnx;—) w;jlnx;
2 i=1 a1
241/2
1 n n
<5 (M-m) Y willn(x;) +11* - (Z wi [In (x;) + 1]) ] (3.24)
i=1 i=1

foranyw; =0 (i=1,...,n) Withzl'.’:1 w;=1and x; € [m,M] c (0,00) (i=1,...,7n).
Now, if we let m — 0+ and M =1 in (3.24) we get

n n n
<) wixiIn(x) - ) wixiln(z wixi)

i=1 i=1 i=1
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IA

~
Il
—

w; [In (x;) + 1] x; — Z w; [In (x;) + 1] Z Ww;X;
i=1 i=1

w; |Inx; — Z w;jlnx;
j=1

2
Z i [In (x;) + 112 —(Z w; ln(xl)+1])

IA
N~
F'Mx

1/2

S

(3.25)

Nlr—'

i=1

forany w; =0 (i = 1,...,n)wichf’_ wi=land x;€(0,1] (i=1,...,n).

If0 < x <1, then0 < x” < 1 and if we apply the inequality (3.25) for x; = (xP)/ € (0,1], w

have
plnx j 1 k j 1 k j
0s —/—— ajal (xP)) = ——— Y a;a’ (x” In| /— ajal (xP
Z a]a]Z]] (xP)' - Z a]a]ZJ (x”) Z a]a]ZJ (x”)
1
ski plan]a al (xP) +Za al xp)]
Z —_oajal =0 j=0
1 1 k
_— plan]a]a]+Za]a] kiz%(x](xp)]
Z j=0 j= Z] 0ajal =
. 2,1/2
1 1 1
< | Z aja’l []plnx+1] —(7 Y ajal [jplnx+ 1]) ]
2 Z j=0 Z] 0 4ja’ j=0
- 1 2,1/2
1
== Za al (j2p? (lnx)2+2jplnx)+1—(&21a af+1)
2 Z] Oa]a] j Od]a]]
1[ p?nx? nx & 1 ke
=- p(nx) Z jajal + _2pinx Z]aa]+1— —pnx Z]a]a1+1
2 Z vajal iz Z vajal iz Z vajal iz
2,1/2
1
=—pllnx| a;al — a;a’l (3.26)
2P | T a]a] ZJ j (Z aral & ZJ j
Since all series whose partial sums involved in the inequality (3.26) are convergent, then by
letting k — oo in (3.26) we deduce (3.21). a
Corollary 3. Let f(z) = X957 anz" be a power series with nonnegative coefficients and con-

vergent on the open disk D (0,R) withR>0orR=o00.Ifp>1, % + % =1andu,v>0 with
vP < u9 < R, then

0=

fwP) ln(f(uq))_ vP [ (vP) m(”_q)
f@wa \f@pr) [ (w9) vP

Fwn) f'(u)  mf @b ln(uq)
[ @) f(ud) [ (w9) vP
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1
< -
2

e R (uq)ﬂ ”Zm(uQ)_ 627

f(u9) f(ud) P

Example 4.

(@)

(b)

If we write the inequality (3.21) for the function ﬁ =39202", z€ D(0,1), then we have
for a,x € (0,1) and p > 0 that

paxP (1-a) l-a l-a
0s—Inx- In
(1-axP)? 1-axP) \l1-ax?
xPA-a 1 all?
< pa ( ) - X< -— P [In x|. (3.28)
1-axP)® 1-—ax? 21-a

o 1

oo mZ 2 €C, then we have

If we write the inequality (3.21) for the function expz =)_
0<[pax’Inx—a(x”-1)]exp[a(x”-1)]
1
< pa(x”-1)exp[a(x”-1)]lnx< Epllnxlal/2 (3.29)

forxe(0,1) and a, p > 0.
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