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ON SEMI-SYMMETRIC METRIC CONNECTION IN
SUB-RIEMANNIAN MANIFOLD

YANLING HAN, FENGYUN FU AND PEIBIAO ZHAO

Abstract. The authors firstly in this paper define a semi-symmetric metric non-holonomic
connection (in briefly, SS-connection) on sub-Riemannian manifolds. An invariant un-
der a SS-connection transformation is obtained. The authors then further give a result
that a sub-Riemannian manifold (M, Vj, g, V) is locally horizontally flat if and only if M is
horizontally conformally flat and horizontally Ricci flat.

1. Introduction

In order to formulate a unified field theory, H. Weyl [8] introduced a generalization of Rie-
mannian geometry. Weyl’s theory provides an instructive example of non-Riemannian con-
nections. These non-Riemannian connections are exactly the semi-symmetric metric con-
nection which firstly proposed by K.Yano [10] in 1970. The study of various semi-symmetric
connections on Riemannian or non-Riemannian manifolds has been an active field over the
past seven decades. In particular, since the formidable papers [1, 3, 4, 5, 6, 7] were published
in succession, these works had stimulated such research fields to present a scene of prosper-
ity, and demonstrate the importance of this topic.

In this paper we will do a similar argument on sub-Riemannian manifolds, that is, we will
introduce a semi-symmetric metric connection (SS-connection) on sub-Riemannian mani-
folds, and investigate the geometries of sub-Riemannian manifolds equipped with a class of
SS-connection(defined below) by combining the idea of K. Yano with the work of Zhao and
Jiao [11].

The paper is organized as follows. In Section 2 we collect some necessary definitions and
notations about sub-Riemannian manifolds which will be used later . Then we define a class

of semi-symmetric metric connection(i.e. SS-connection defined below) based on the unique
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SR-connection. Moreover we find that the horizontal Weyl conformal curvature tensors are
kept unchanged under the horizontal projective transformation. A sufficient and necessary
condition that a sub-Riemannian manifold (M, Vj, g,V) is locally horizontally flat is given at
the end of Section 3. In section 4, we explain our results by Heisenberg group.

2. Preliminaries

Let (M, Vj, ) be a n-dimensional sub-Riemannian manifold, where V; is a £-dimensional
sub-bundle, that is the so-called horizontal bundle, g is called the sub-Riemannian metric. In
the paper, we denote by I'(V) the C*°(M) -module of smooth sections on V. Also, if not
stated otherwise, we use the following ranges for indices: i,j,k,h,--- € {1,---,¢}, a, B, €
{¢+1,---,n}. The repeated indices with one upper index and one lower index indicates sum-

mation over their range.

In order to study the geometry of {M, V}, g}, we suppose that there exists a Riemannian
metric (:,-) and V] is taken as the complementary orthogonal distribution to Vj in TM, then,
there holds Vj @ V), = TM. Here we call V; the vertical distribution. Denote by X the projec-
tion of the vector field X from T M onto V}, and by X; the projection of the vector field X from
TM onto V;.

Assume that {e;} is a basis of Vg, then the formulas V,.e; = Ffjek, define ¢3 functions
as Ffj, we call Ffj the connection coefficients of the non-holonomic connection V. It is well
known that the Lie bracket [-,:] on M is a Lie algebra structure of smooth tangent vector fields
['(T M), then it is easy to see that the following formula

k
lei, ejlo=Q;;ex,
determine ¢3 functions Qi.c i

Theorem 2.1 ([2, 9]). Given a sub-Riemannian manifold (M, Vy, g), then there exists a unique

non-holonomic connection satisfying

(Vz9)(X,Y)=Z(g(X,Y))-g(VzX,Y)-g(X,VzY) =0, 2.1
T(X,Y)=VxY-VyX—[X,Y]o=0. 2.2)

Definition 2.1. A non-holonomic connection is said to be metric if it satisfies (2.1) and sym-

metric if it satisfies (2.2). A non-holonomic connection satisfying (2.1) and (2.2) is called a

sub-Riemannian connection, in short, SR-connection.

Remark 2.1. For given sub-Riemannian metric g, it is extended to Riemannian metric g in

TM. If we denote D by the Levi-civita connection associated with g, then the SR-connection
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is exactly the projection of Levi-civita connection D on the horizontal bundle, namely, for any
horizontal vectors X, Y, there holds

VY = (DxY)o.

Theorem 2.1 is the counterpart of the existence and uniqueness of the Levi-Civita con-
nection in Riemannian geometry. It can be regarded as the projection of Levi-Civita connec-
tion on the horizontal bundle. We will use this SR-connection to build the relative transfor-

mative theories of the semi-symmetric metric connection.

For sub-Riemannian manifolds, J. A. Schouten first considered the curvature problem of

non-holonomic connections(see [2]), he defined a curvature tensor as follows:

Definition 2.2. A horizontal curvature tensor is a mapping R : T'(Vy) xI'(Vg) — I'(V;) defined
by
RM(X,Y)Z=VxVyZ-VyVxZ- Vix, v, Z —[[X, Y11, Zlo, (2.3)

where X, Y, Z €T (V).
Proposition 2.2. For any horizontal vector fields X,Y,Z,V,W e T'(Vy),

M RIXx,v)Z+RH(Y,X)Z=0;
@ RYX,v)Z+RH(Y,2)X+R"(Z,X)Y =0;
3) RIX,Y,Z, W)+ R (Y, X,Z,W)=Z, Whgly,X)-g(lZ, Wl1, Xlo, Y)—g([Z, W]1, Yo, X).

where R (X,Y, Z,W) = g(RH(X,Y)Z, W).

Proof. (1), (2) follow from Definition 2.2 and the Jacobi identity. One need to show formula

(3).

REX, Y, Z,W)+RHE(Y, X, Z,W) =g R (Z, W)Y, X) + g(R(Z, W)X, Y)

=g(VzVwY, X)—g(VwVzY, X)-g(Vizw), Y, X) - g([Z, W], Yo, X)
+8(VzVw X, Y)-g(VwVzX,Y)-g(Vizw), X, Y) - g([Z, W], X]o, Y)

=ZgVwY, X)-g(VwY,VzX)-Wg(VzY,X)+g(VzY,VwX) - g([Z, W]1,y 0, X)
+8(VzVw X, Y)—g(VwVzX,Y) - g(Vizw, X, Y) - g([Z, W], X]o, Y)

= ZIWg(Y,X) - g(Y,Viwy X)} - Wg(Y,V;X) +g(Y,ViyV, X) - W{Zg(Y, X) - g(V,V; X)}
+2g(Y,VzX)—-g(Y,V,VwX)—[Z,W]og(Y,X)—g([Z, W], Yo, X)
+8(VzVw X, Y)—g(VwVzX,Y) - g(Vizw, X, Y) - g([Z, W], X]o, Y)

=—-g([Z,W],Y]o, X) - g([Z, W]y, X]o, V) +{ZW - W Z - [Z, W]p}g(Y, X)
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=[Z,Whgy,X)-g(lZ, W, Xlo, Y) - g([[Z, W11, Y]o, X).

This finishes the proof. O

Let {e;} be a basis of ), we denote by

H H\h k k
R (€i,e]‘)€k=(R )ijkeh»ve,-ej:rijek»[eiyej]OZQijek»

h
lei,ejl1 = Mjjea, [lei ejl1, exlo = M{; Ay en.

ij " a
Then we know that
H\h _ h h h h h h
(R )ijk = ei(rjk) —e;jl) +Fj‘krie_r?krje_9?jrke_qujAak' (2.4)
Since V is torsion free, then we get
Ve ej—Veei—lei,ejlo=0,
SO we arrive at
¥, -1k =ak, (2.5)
we further have
lei, e;] —ijek = M}eq. (2.6)

In this basis, the identity (1) and (2) in Proposition 2.2 can be rewritten, respectively, as
H\h _ Hyh
(R )ijk__(R )jik’ (27)
R+ RN+ R =0 (2.8)
We call (2.8) the first Bianchi identity of the SR-connection V.
In (2.8), by taking j = h = e and using (2.7), we get
H _ pH H
(R )21'@ = (R )iei - (R );}ek' (2.9

It is clear that (R )iie is an anti-symmetric (0,2) tensor , which is different from Riemannian
case. So

0= (RMj1e8" + (R 8™ = (R, 8" + (R 8™ = 2R}, 8"

Now multiplying g** at both side of (2.9), then gk (R™)¢ . — (RM)¢  ¢'¥ = 0. Similar to the

kei i
case of Riemannian manifolds, we call R” = g’k(RH ) z?ek the horizontal scalar curvature, and

(RH )l?e r the horizontal Ricci curvature tensor of horizontal curvature tensors.
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3. Main theorems and proofs

In view of the unique SR-connection in sub-Riemannian manifolds, we firstly introduce
a very important non-holonomic connection-semi-sub-Riemannian connection. Roughly
speaking, a semi-sub-Riemannian connection is a non-holonomic connection with non-
vanishing torsion tensor which is compatible with sub-Riemannian metric. Now we give a

new definition below

Definition 3.1. A non-holonomic connection is called a semi-sub-Riemannian connection,
in short, a SS-connection, if it satisfies
(vzg)(yy Z) = Zg(X» Y) - g(vZX) Y) - g(X»vZY) = 0» VX) Y»Z € VO»

- _ _ 3.1
TX,Y)=VxY-VxY—-[X,Y]o=nn(VX-a(V)X,VX,Y, ZeW.

where 7 is a smooth 1-form defined on the horizontal bundle.

Remark 3.1. It’s obvious that the SS-connection is a metric connection. It is also called a SS-
connection transformation from the transformation’s theory. We denote a sub-Riemannian
manifold (M, Vj, g) admitting a SS-connection V by (M, Vy, g, V).

By a straight forward calculation, one can derive that the SS-connection V is necessarily
of the form,
VxY=VxY+a(Y)X-g(X,Y)P, (3.2)

where P is a horizontal vector field defined by g(P, X) = n(X) for any X € V. In local frame
{e;}, denote by n(e;) = m;, nt= gifnj, then we know

Tf =T} +6m;-gijn", 3.3)
and the horizontal curvature tensor of the SS-connection V is

(R™) zhjk = ei(f?k) —ej (l:zhk) + f;kf?e - l:?kl:?e - Q?jfﬁe - M?jAZkr (3.4)

where

lei,ejlo = ijek, lei,ejl1 = M?jea, [lei,ejl1, exlo = foj/_\zkeh,
then by using (2.5), (2.6) and (3.3), we have

ij =Qk

T a
ijpMij=M;

Ah _ AR
EAL = AL (3.5)

Substituting (3.3) and (3.5) into (3.4) and by straightway computation, we can get the relation
between the horizontal curvature tensor of V and V as follows

(RH)?jk = (RH)?jk +5?7‘[ik —5?7‘[jk+7'[?gik —ﬂ?gjk, (3.6)
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where

1 hoj ik k
ﬂik=Viﬂk—ﬂiﬂk+5gikﬂhﬂ ,ﬂf=ﬂikg] Vinj=e;(my) —T;;mk. (3.7

It is not hard to derive that (R") f‘j .. satisfy the following properties,
H 5 H
(R )l]k+(R )]lk 0;
R+ R+ (R, = 00 i = mii) + 87 0 jie = 7)) + 6 (i = 7 i),

The second formula is called the first Bianchi identity of the SS-connection. Contracting j
and K in (3.6), we have

(RH)lek (RH)lek+(€_2)7rik+agik» (3.8)

where a = 7 gij = n; It is no longer symmetric about the two indexes unless 7;; = 7k,

namely 7 is closed on the horizontal bundle. Now when multiplying (3.8) by g’* we get
R =R"+2(¢-Da. (3.9)

We call R¥ the horizontal curvature, and hence (R )l?e K the horizontal Ricci curvature tensors

w.r.t. the SS-connection.

For the SS-connection V, we define the horizontal Weyl conformal curvature tensors by

_H
H h Hye Hye h Hye
l]k = (R )l]k__{5 (R )tek__(R )tke 200 - l)g’k) 6 (R )]ek
R" sme rh Lozme g RTO
o, pHye fh__ pHye fh_ h h,pHye
g]k((R ),efg [(R )lfeg 2([_1)5 )+ = 5 (R )z]e (3.10)

Remark 3.2. The horizontal Weyl conformal curvature tensors C_'lhj i will degenerate into the
sub-conformal Weyl curvature tensors defined by [11], if the 1-form 7 vanishes. It is natural

to assume ¢ > 2 from now.

Theorem 3.1. The horizontal Weyl conformal curvature tensors are invariants under the SS-
connection transformation.

Proof. In virtue of Equation (3.6), one has

(RH! k+(RH)]lk—0
and
R+ RN+ R = 01 i = ki) + 87 Guiej =70 ji) + 81 0 ji = 7).
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Let k= h = e, one gets

(R, = RN, = RS i+ (€ =2) (i = 7i).

Considering (3.8), one further obatins

pHye Hye Hye Hye
(R, = ®R™E,; = R™S, = R™,. (3.11)

The substitution of Equations (3.6), (3.8),(3.9) and (3.11)into (3.10) implies
RH
— 10 (RS, — —(RH),ke AL ST R™ o
RH p H
jke ™ 200-1) g]k) glk((RH)]efgfh - _(RH)]fegfh

l]k (RH)t]k [_

o)

(R )j 2(€—1)5]

h hpHye
ﬂ[ DQH+ 5(R)”e

:(RH) k+5h7rzk 5h7r]k+7[ 8ik— ! i 8jk

_gjk((RH)l?efgfh _ _(RH);?fegfh

RI+2(0-1Da
200-1)
RI4+2(0-1a
2(0-1)

RH y2(¢- 1)“5’?]

2(6-1) J
RI+2(0-Da
— 0%

2(0-1) ‘

MR+ (€ =2k + agik - (RH)?ke -

42, 8ik

5h[(RH)eek + (=27 +agik—

1 Hye
0, S(RME - gjk

¢

—ﬂglk[gfh((RH)]ef +(-2mjpagi) - —gfh(RH)]fe

[ Zng[gfh(Rtef-’-M 2 f+aglf)__gfh( )lfe

h
+— 5 LR,
H

R
— H\h _ h Hye _ ~pHye
= (R™, —{6 ((RM)¢, (R e~ 3007

&) — 0] (RS,
H

h
2(4-1 o)

200-1) "/

__( H)]ke g]k) glk((RH)]efgfh__(RH)]fegfh

M+ = 5h(RH)

—o; H fh__ H fh _
g]k((R )?efg é(R )l?feg 200-1) ¢ ije

_ rh
Cl jk*
This finishes the proof. O

Definition 3.2. A sub-Riemannian manifold (M, V), g, V) is locally horizontally flat if and only
if the horizontal curvature tensors associated with the SS-connection V equal zero, i.e. (R™)" iK™
0.

Theorem 3.2. A sub-Riemannian manifold (M, Vy, g,V) is locally horizontally flat if and only
if M is horizontally conformally flat and horizontally Ricci flat.
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Proof. If (M, Vp, g, V) is locally horizontally flat, then (RH);?]. . = 0, wrt. the SS-connection,
that is, there holds

(RH)z]k‘fShﬂjk 5 Tk +nlgi—mn" glk, (3.12)

let j = h = e, we obtain

(R™S =2 Onik—agi. (3.13)

Multiplying the Equation (3.13) by g k we get RH = (RH)lekg =21 -¥¢)a, so we have

RH
= . 3.14
21-9) ( )

Substituting (3.14) into (3.13), we get
RH

nik—ﬁ(( e - o )glk) (3.15)

Similarly, we substitute (3.15) into (3.12), we have

(R = ——(6h(RH),ek — "R, + gk R, 87" - gin (R, 187"
RH

—_— 5 , 3.16
+(£_2)(£_1)(g]k i —8&ik0;) (3.16)

and (RH)le]e =0, which means Cl.hjk = 0. Hence one has Cl.hjk =0 because of Theorem 3.1.

Conversely, since M is horizontally conformally flat, C‘lh. = 0, then C". = 0 in view of
J ij
Theorem 3.1, and

H

Hvh _ hopHye _ 1 nHye
(R™Mfj = 55 0F (R, (R ke~ 50027,

H

€ 20— 1)

S8 — O] (R™)S 4

——( H)]k &

2([ 1) ]

S &jk) + gik (R efgf h——(RH>,fe

hy _ L oh pHye
. 1)5,)} 5 (R )l]e

By contracting with k and h, one obtains (RH)e =0, and hence (RH)le ej (RH);’ . l because

of the first Bianchi identity of the SR-connection. Therefore ;i = 515 ((R? )ik — 2([_1) gik) is

symmetric, and hence one has the first Bianchi identity of the SS-connection
R+ R+ R =0,
one further gets by contracting k and h,

Hye Hye 5 Hyh
(R™)fje= R — Ry
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On the other hand, 7;; = 5= [((RH)lek 2(4 7y 8ik) means (RH)lek = 0 based on the fact
(3.8) and (3.9), and Cihjk =0 can derive (R")¢, /=0, so one has R" =0, and hence

RH
5 H h h o pHye sHye hopHye
(R )l]k_Cl]k+—{6 ((R )zek__(R )zke 200 - l)g’k) 5 (R )]ek
RHye R Hye fh H fh_ R
e
——( )]ke 20— l)g]k)+gzk((R )efg ——(R )ire8 20— 1)5])
5 H h 5 H h h h pHye
~gjk(R™, 8 ‘Z(R )ire8’ ‘zw—l)al)}“a RDije
=0,
where the second equality follows from Equations (3.11) and Theorem 3.1.
This completes the proof of Theorem 3.2. O

4. Examples

Let M = H" be a Heisenberg group with the noncommutative law

1
xoy=(x1+y1, X2+ Y2, ,xn+yn+52;fj:1(xiyn+j—xn+jyi)).

for any x = (x;, Xp+i, X2n+1), ¥ = Vi, Yn+i> Y2n+1)- The left invariant vectors are given by

0 Xn+i 0 0 Xi 0 0
e =—— yCnt+i = + = y€2n+1 =
0Xp+i 2 0Xzp41

0xi 2 O0xapn 0xans1

Take the horizontal bundle V; spanned by e;, e,+;. Consider V; = spanf{es,+1}, and g as the
Riemannian metric which {e;, e,+, e2,+1} is an orthonomal basis. We note that the only non-
trivial commutator is

lei,entjl=—0bijernt1. (4.1)

We construct the Levi-civita connection compatible with the Riemannian metric g via the

usual Kozul formula

_ 1 _1
De,en+j= __5ij92n+1»De,-eZn+1 =5€n+i»
D 30ijeon+1,De,, € —le;

ensi € ij€2n+lr Ve, €2n+1 = —35€0

__1 _1
Degnﬂ e = _zen+i»DeZnHen+i =5€i

the left covariant derivatives vanish. So the unique SR-connection is
Veen+j=(Deentjlo=0,
and hence forall X,Y € Vo with Y = Z;’:l(Yiei + Y™ e, ),

VxY =2 (X(Y e+ X(Y " epss).
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If we denote the horizontal vector field Z by Z = Zi’:l 1Z kek, then the horizontal curvature

tensor can be given exactly as

RH(X, YZ=VxVyZ-VyVxZ-Vixy,Z-I[X,Y],Z]o
= 32" (XY (Z5)er - Y X(Z5)er - [X, Y1o(Z5)ex
~1X, Y1 (Z5er - ZFI1X, Y11, exlo)
=3 (X, Y] - [X, Yip— [X, Y1) (ZM) e — 23" ZF([X, Y11, exlo

=0, (4.2)
where the last equality follows from Equation (4.1) and

X, Y1 =2] (X ei(Yej+ X YVejej+ X" ensi(Y)ej+ X" Y ey e

+X"ei (V" ey j+ XY Teiensj+ X" e (Y ensj+ XY ™ ey iens )
—2 i (Vej(XNei+ X Y ejei+ Y™ ey j(XNej+ Y X ey, je;
+Y ej (X" Nensi+ YIX™ ejensi+ Y " ens j(X "™ epsi + Y™ XM ey, jenss)

=2 (X ei(Y)ej+ X" en i (Yej+ X ei(Y ™ ey j+ X en (Y )eny
~Yiej(XNei—Y "™ en j(Xej—Yej(X™ Nensi— Y™ ey j(X" e
+X'YIles,ejl+ X" Y [ensi el + X Y (e eny 1+ XY (e i, €04 ),

SO
X, Y1 =2 (X Y (e el + X" Y [epri el + X Y [eg, e 10

+ XY " ey, ens 11)

— z:’l(XVH-lyl _Xl Yn+i)e2n+1.

Hence the corresponding horizontal Weyl conformal curvature tensors Cihj =0

Now we define a SS-connection by
UxY =2 (X e (Y + Y m X5 - XY g m¥)ey,
the horizontal curvature tensors are given, based on Equation (4.2), by,
(RH)?].,C = 5?ﬂik—5?ﬂjk+n?gik_7rlhgjk.
By contracting k and h, one obtains (RH )l? e = 0, and
(R™ =2n =D+ agix; RS, = RN, =2@n-D (i —mj0), (4.3)

so if 1;; = 7 ;, one can define the horizontal Ricci tensor and horizontal curvature with re-

spect to the SS-connection.
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To show H" is a horizontal flat manifold, one need to show the horizontal Weyl conformal

curvature tensors C lh] K equal zero. In fact,

Cch

5 H
h h
ijk — (RH)l]k 2(n ){6 ((RH)lek__(RH)lke mg’k) d; ((RH)]ek
- _
_ 1 -
_ s, . Hye fh__ Hye fh_ h
( )]ke Z(Zn_l)g]k)"'glk((R )]efg (R )]feg 2(2”—1)51)
—o i (RT)e fh_i(RH)e fh_ R—H )}+_5h(RH)
8jk iefg ifeg 22n ) ije
= RN} - s——1len-Dri+a -)—R—H K0 =62 - D+ agir)
= ijk~ 2( 1 ik 8ik Z(n—l)glkj i jk 8jk
R n fn__ R h
+2(2n—1)gjk5i +gik(2(n—1)njf+agjf)g —mgikéj
R
h h
—gjk(Z(n—l)ﬂif+agif)gf +mgjk5i}
a a RH RH
n—15k0 T T8I T S T = 0 8% T 2@n—Dm-1 5%
=0,

where the last equality follows from Equation (4.3).

Therefore Heisenberg group H” is a horizontally flat manifold and the horizontal Weyl

conformal curvature tensor is a variant under the horizontal projective transformation.

Remark 4.1. Itis not hard to show our results are also true for Carnot group.
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