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HYBRID EXTRAGRADIENT METHOD WITH REGULARIZATION

FOR TRIPLE HIERARCHICAL VARIATIONAL INEQUALITIES

WITH GENERAL MIXED EQUILIBRIUM AND

SPLIT FEASIBILITY CONSTRAINTS

LU-CHUAN CENG

Abstract. In this paper, we introduce a hybrid extragradient iterative algorithm with
regularization for solving the triple hierarchical variational inequality problem (THVIP)
(defined over the common fixed point set of finitely many nonexpansive mappings and
a strictly pseudocontraction) with constraints of a general mixed equilibrium problem
(GMEP), a split feasibility problem (SFP) and a general system of variational inequalities
(GSVI). The iterative algorithm is based on Korpelevich’s extragradient method, viscosity
approximation method, Mann’s iteration method, hybrid steepest descent method and
gradient-projection method (GPM) with regularization. It is proven that, under very mild
conditions, the sequences generated by the proposed algorithm converge strongly to a
unique solution of the THVIP. We also give the applications of our results for solving some
special cases of the THVIP. The results presented in this paper improve and extend some
corresponding ones in the earlier and recent literature.

1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ∥ · ∥, C be a nonempty

closed convex subset of H and PC be the metric projection of H onto C . Let S : C → C be a

self-mapping on C . We denote by Fix(S) the set of fixed points of S and by R the set of all real

numbers. A mapping A : C → H is called L-Lipschitz continuous if there exists a constant

L ≥ 0 such that

∥A x −A y∥ ≤ L∥x − y∥, ∀x, y ∈C .
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In particular, if L = 1 then A is called a nonexpansive mapping; if L ∈ [0,1) then A is called

a contraction. A mapping T : C → C is called ξ-strictly pseudocontractive if there exists a

constant ξ ∈ [0,1) such that

∥T x −T y∥2 ≤ ∥x − y∥2 +ξ∥(I −T )x − (I −T )y∥2, ∀x, y ∈C .

In particular, if ξ= 0, then T is a nonexpansive mapping.

Let A : C → H be a nonlinear mapping on C . The variational inequality problem (VIP)

associated with the set C and the mapping A is stated as follows: find x∗ ∈C such that

〈A x∗, x −x∗〉 ≥ 0, ∀x ∈C . (1.1)

The solution set of VIP (1.1) is denoted by VI(C ,A ).

The VIP (1.1) was first discussed by Lions [1] and now is well known; there are a lot of dif-

ferent approaches towards solving VIP (1.1) in finite-dimensional and infinite-dimensional

spaces, and the research is intensively continued. In 1976, Korpelevich [12] proposed an iter-

ative algorithm for solving VIP (1.1) in Euclidean space Rn :{
yn = PC (xn −τA xn),

xn+1 = PC (xn −τA yn), ∀n ≥ 0,

with τ > 0 a given number, which is known as the extragradient method. The literature on

the VIP is vast and Korpelevich’s extragradient method has received great attention given by

many authors, who improved it in various ways; see e.g., [10, 13, 17, 38, 42, 45, 46, 47, 48] and

references therein, to name but a few.

In particular, if C is the fixed point set Fix(T ) of a nonexpansive mapping T and S is

another nonexpansive mapping (not necessarily with fixed points), then VIP (1.1) becomes

the following problem: find x∗ ∈ Fix(T ) such that

〈(I −S)x∗, x −x∗〉 ≥ 0, ∀x ∈ Fix(T ). (1.2)

It is called a hierarchical variational inequality problem (HVIP), also known as a hierarchical

fixed point problem, and it was studied in [20, 21]. It is clear that if S has fixed points, then

they are solutions of VIP (1.2). It is worth mentioning that many practical problems can be

written in the form of a HVIP; see for example [11, 16, 34] and the references therein. Such a

problem is also a bilevel problem, in which we find a solution of the first problem subject to

the condition that its solution is also a fixed point of a mapping.

Moudafi and Mainge [21] introduced and considered the following iterative scheme

xn+1 =λnV xn + (1−λn)(αnSxn + (1−αn)T xn),
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where V : C → C is a contraction and {αn}, {λn} ⊂ (0,1). They also proved the strong conver-

gence of the sequence {xn} to a solution of VIP (1.2).

Yao, Liu and Marino [28] introduced and analyzed the following two-step iterative scheme{
yn =βnSxn + (1−βn)xn ,

xn+1 =αnV xn + (1−αn)T yn ,
∀n ≥ 0.

where V : C →C is a contraction and {αn}, {βn} ⊂ (0,1).

In this paper, we consider the following general mixed equilibrium problem (GMEP) (see,

also, [26, 27]) of finding x∗ ∈C such that

Θ(x∗, y)+h(x∗, y) ≥ 0, ∀y ∈C , (1.3)

where Θ,h : C ×C → R are two bi-functions. We denote the set of solutions of GMEP (1.3) by

GMEP(Θ,h). The GMEP (1.3) is very general, for examples, it includes the following equilib-

rium problems as special cases:

As an example, in [16, 17, 44] the authors considered and studied the generalized equi-

librium problem (GEP) which is to find x∗ ∈C such that

Θ(x∗, y)+〈A x∗, y −x∗〉 ≥ 0, ∀y ∈C .

The set of solutions of GEP is denoted by GEP(Θ,A ).

In [18, 21, 26], the authors considered and studied the mixed equilibrium problem (MEP)

which is to find x∗ ∈C such that

Θ(x∗, y)+φ(y)−φ(x∗) ≥ 0, ∀y ∈C .

The set of solutions of MEP is denoted by MEP(Θ,φ).

In [5, 20, 29], the authors considered and studied the equilibrium problem (EP) which is

to find x ∈C such that

Θ(x∗, y) ≥ 0, ∀y ∈C .

The set of solutions of EP is denoted by EP(Θ). It is easy to see that if C = Fix(T ) and Θ(x, y) =
〈(I − S)x, y − x〉, VIP (1.2) can be reformulated as the above EP. It is worth to mention that

the EP is an unified model of several problems, namely, variational inequality problems, op-

timization problems, saddle point problems, complementarity problems, fixed point prob-

lems, Nash equilibrium problems, etc.

Throughout this paper, it is assumed as in [40] that Θ : C ×C → R is a bifunction satisfying

conditions (θ1)−(θ3) and h : C ×C → R is a bi-function with restrictions (h1)−(h3), where
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(θ1) Θ(x, x) = 0 for all x ∈C ;

(θ2) Θ is monotone (i.e., Θ(x, y)+Θ(y, x) ≤ 0,∀x, y ∈C ) and upper hemicontinuous in the first

variable, i.e., for each x, y, z ∈C ,

limsup
t→0+

Θ(t z + (1− t )x, y) ≤Θ(x, y);

(θ3) Θ is lower semicontinuous and convex in the second variable;

(h1) h(x, x) = 0 for all x ∈C ;

(h2) h is monotone and weakly upper semicontinuous in the first variable;

(h3) h is convex in the second variable.

For r > 0 and x ∈ H , let Tr : H → 2C be a mapping defined by

Tr x = {z ∈C : Θ(z, y)+h(z, y)+ 1

r
〈y − z, z −x〉 ≥ 0,∀y ∈C }

called the resolvent of Θ and h.

In 2012, Marino, Muglia and Yao [41] introduced a multi-step iterative method that gen-

eralizes the two-step method studied in [28] from two nonexpansive mappings to a finite fam-

ily of nonexpansive mappings, and proved that the sequence generated by this method con-

verges strongly to a common fixed point of the mappings which is also a solution of the GMEP

(1.3). The multi-step iterative method in [41] involves the Mann-type iterative method and

the viscosity approximation method. On the other hand, by combining the viscosity approx-

imation method (see [22, 23]), hybrid steepest-descent method (see [2, 25]) and projection

method, Ceng, Ansari and Yao [8] proposed an iterative algorithm that generates a sequence

via the explicit scheme and proved that this sequence converges strongly to a unique solution

of the following problem.

Problem 1.1. Let F : C → H be κ-Lipschitzian and η-strongly monotone with positive con-

stants κ,η> 0 (i.e., ∥F x −F y∥ ≤ κ∥x − y∥ and 〈F x −F y, x − y〉 ≥ η∥x − y∥2 for all x, y ∈C ). Let

V : C → H be a ρ-contraction with coefficient ρ ∈ [0,1) and S,T : C →C be two nonexpansive

mappings with Fix(T ) ̸= ;. Let 0 < µ < 2η/κ2 and 0 < γ ≤ τ, where τ = 1−
√

1−µ(2η−µκ2).

Then the objective is to find x∗ ∈Ξ such that

〈(µF −γV )x∗, x −x∗〉 ≥ 0, ∀x ∈Ξ,

where Ξ denotes the solution set of the following HVIP: find z∗ ∈ Fix(T ) such that

〈(µF −γS)z∗, z − z∗〉 ≥ 0, ∀z ∈ Fix(T ).
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Since Problem 1.1 has a triple hierarchical structure in contrast with bilevel programming

problems (see [20, 30]), that is, a variational inequality problem with a variational inequal-

ity constraint over the fixed point set Fix(T ), we also call it a triple hierarchical variational

inequality problem (THVIP), which is a generalization of the triple hierarchical constrained

optimization problem (THCOP) considered by Iiduka [35, 36].

Motivated the above facts, Latif, Ceng and Ansari [24] introduced and studied the follow-

ing THVIP:

Problem 1.2. Let F : C → H be κ-Lipschitzian and η-strongly monotone with positive con-

stants κ,η> 0. Let V : C → H be a ρ-contraction with coefficient ρ ∈ [0,1) and Si ,S,T : C →C

be nonexpansive mappings for all i ∈ {1, . . . , N }. Assume that Θ,h : C ×C → R are two bifunc-

tions satisfying the hypotheses (θ1)−(θ3) and (h1)−(h3). Let 0 < µ < 2η/κ2 and 0 < γ ≤ τ,

where τ= 1−
√

1−µ(2η−µκ2). Then the objective is to find x∗ ∈Ξ such that

〈(µF −γV )x∗, x −x∗〉 ≥ 0, ∀x ∈Ξ,

where Ξ denotes the solution set of the following HVIP: find z∗ ∈Ω such that

〈(µF −γS)z∗, z − z∗〉 ≥ 0, ∀z ∈Ω,

where Ω= Fix(T )∩∩N
i=1Fix(Si )∩GMEP(Θ,h) ̸= ;.

The authors [24] proposed the following multi-step hybrid viscosity iterative algorithm
Θ(un , y)+h(un , y)+ 1

rn
〈y −un ,un − xn〉 ≥ 0, ∀y ∈C ,

yn,1 =βn,1S1un + (1−βn,1)un ,

yn,i =βn,i Si un + (1−βn,i )yn,i−1, i = 2, . . . , N ,

xn+1 = PC [λnγ(αnV xn + (1−αn)Sxn)+ (I −λnµF )T yn,N )],

∀n ≥ 1. (1.4)

where {λn}, {αn}, {βn,i }, i = 1, . . . , N be sequences in (0,1) and {rn} be a sequence in (0,∞) with

liminfn→∞ rn > 0.

They proved that, under appropriate conditions, the sequence {xn} converges strongly to

a unique solution of Problem 1.2. It is worth pointing out that Problem 1.1 is a special case of

Problem 1.3 whenever Θ≡ h ≡ 0 and Si ≡ I for all i ∈ {1, . . . , N }.

Furthermore, let C and Q be nonempty closed convex subsets of infinite-dimensional

real Hilbert spaces H and H , respectively. The split feasibility problem (SFP) is to find a point

x∗ with the property:

x∗ ∈C and Ax∗ ∈Q, (1.5)
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where A ∈ B(H ,H ) and B(H ,H ) denotes the family of all bounded linear operators from H

to H . We denote by Γ the solution set of the SFP.

In 1994, the SFP was first introduced by Censor and Elfving [4], in finite-dimensional

Hilbert spaces, for modeling inverse problems which arise from phase retrievals and in med-

ical image reconstruction. A number of image reconstruction problems can be formulated as

the SFP; see, e.g., [6] and the references therein. Recently, it is found that the SFP can also be

applied to study intensity-modulated radiation therapy (IMRT); see, e.g., [9, 30] and the refer-

ences therein. In the recent past, a wide variety of iterative methods have been used in signal

processing and image reconstruction and for solving the SFP; see, e.g., [3, 6, 7, 9, 11, 13, 30,

45, 46] and the references therein. A seemingly more popular algorithm that solves the SFP is

the CQ algorithm of Byrne [6, 7] which is found to be a gradient-projection method (GPM) in

convex minimization. However, it remains a challenge how to implement the CQ algorithm

in the case where the projections PC and/or PQ fail to have closed-form expressions, though

theoretically we can prove the (weak) convergence of the algorithm.

In 2010, Xu [3] gave a continuation of the study on the CQ algorithm and its convergence.

He applied Mann’s algorithm to the SFP and proposed an averaged CQ algorithm which was

proved to be weakly convergent to a solution of the SFP. He also established the strong con-

vergence result, which shows that the minimum-norm solution can be obtained.

In addition, let F1,F2 : C → H be two mappings. Consider the following general system of

variational inequalities (GSVI) of finding (x∗, y∗) ∈C ×C such that{
〈ν1F1 y∗+ x∗− y∗, x −x∗〉 ≥ 0, ∀x ∈C ,

〈ν2F2x∗+ y∗−x∗, x − y∗〉 ≥ 0, ∀x ∈C ,
(1.6)

where ν1 > 0 and ν2 > 0 are two constants. The solution set of GSVI (1.6) is denoted by

GSVI(C ,F1,F2).

In particular, if F1 = F2 =A , then the GSVI (1.6) reduces to the new system of variational

inequalities (NSVI), which was defined by Verma [39]. Further, if x∗ = y∗ additionally, then

the NSVI reduces to the classical VIP (1.1). In 2008, Ceng, Wang and Yao [9] transformed the

GSVI (1.6) into the fixed point problem of the mapping G = PC (I −ν1F1)PC (I −ν2F2), that

is, Gx∗ = x∗, where y∗ = PC (I −ν2F2)x∗. Throughout this paper, the fixed point set of the

mapping G is denoted by GSVI(G).

Next, we introduce and study the THVIP (defined over the common fixed point set of

finitely many nonexpansive mappings and a strict pseudocontraction) with constraints of

GMEP (1.3), SFP (1.5) and GSVI (1.6).

Problem 1.3. Assume that
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(i) F : C → H is a κ-Lipschitzian and η-strongly monotone with positive constants κ,η > 0

such that 0 < γ≤ τ and 0 <µ< 2η/κ2 with τ := 1−
√

1−µ(2η−µκ2);

(ii) F j : C → H is ζ j -inverse strongly monotone and G := PC (I −ν1F1)PC (I −ν2F2) with ν j ∈
(0,2ζ j ) for j = 1,2;

(iii) Θ,h : C ×C → R are two bi-functions satisfying the hypotheses (θ1)−(θ3) and (h1)−(h3);

(iv) T : C → C is a ξ-strict pseudocontraction, S,Si : C → C are nonexpansive mappings for

each i = 1, . . . , N and V : C → H is a ρ-contraction with coefficient ρ ∈ [0,1);

(v) Ω := Fix(T )∩∩N
i=1Fix(Si )∩GMEP(Θ,h)∩GSVI(G)∩Γ ̸= ;.

Then the objective is to find x∗ ∈Ξ such that

〈(µF −γV )x∗, x −x∗〉 ≥ 0, ∀x ∈Ξ, (1.7)

where Ξ denotes the solution set of the following HVIP: find z∗ ∈Ω such that

〈(µF −γS)z∗, z − z∗〉 ≥ 0, ∀z ∈Ω. (1.8)

In this paper, we introduce a hybrid extragradient iterative algorithm with regularization

for solving Problem 1.3, i.e., the THVIP (defined over the common fixed point set ∩N
i=1Fix(Si )∩

Fix(T ) of finitely many nonexpansive mappings Si : C →C , i = 1, . . . , N and a strictly pseudo-

contractive mapping T : C →C ) with constraints of GMEP (1.3), SFP (1.5) and GSVI (1.6). The

iterative algorithm is based on Korpelevich’s extragradient method, viscosity approximation

method (see [22, 23]), Mann’s iteration method, hybrid steepest-descent method (see [2, 25])

and gradient-projection method (GPM) with regularization. It is proven that, under very mild

conditions, the sequences generated by the proposed algorithm converge strongly to a unique

solution of Problem 1.3. We also give the applications of our results for solving some special

cases of Problem 1.3. It is worth pointing out that Problem 1.1 is a special case of Problem 1.3

whenever T is nonexpansive, ∇ f = 0, F1 = F2 = 0, Θ= h = 0 and Si = I for i ∈ {1, . . . , N }. More-

over, Problem 1.2 is also a special case of Problem 1.3 whenever T is nonexpansive, ∇ f = 0

and F1 = F2 = 0.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product and

norm are denoted by 〈·, ·〉 and ∥ · ∥, respectively. Let C be a nonempty closed convex subset of

H . We write xn * x to indicate that the sequence {xn} converges weakly to x and xn → x to

indicate that the sequence {xn} converges strongly to x. Moreover, we use ωw (xn) to denote

the weak ω-limit set of the sequence {xn} and ωs(xn) to denote the strong ω-limit set of the

sequence {xn}, i.e.,

ωw (xn) := {x ∈ H : xni * x for some subsequence {xni } of {xn}},
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and

ωs(xn) := {x ∈ H : xni → x for some subsequence {xni } of {xn}}.

The metric (or nearest point) projection from H onto C is the mapping PC : H →C which

assigns to each point x ∈ H the unique point PC x ∈C satisfying the property

∥x −PC x∥ = inf
y∈C

∥x − y∥ =: d(x,C ).

The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1. Given any x ∈ H and z ∈C . One has

(i) z = PC x ⇔ 〈x − z, y − z〉 ≤ 0, ∀y ∈C ;

(ii) z = PC x ⇔ ∥x − z∥2 ≤ ∥x − y∥2 −∥y − z∥2, ∀y ∈C ;

(iii) 〈PC x−PC y, x− y〉 ≥ ∥PC x−PC y∥2, ∀y ∈ H, which hence implies that PC is nonexpansive

and monotone.

Definition 2.1. A mapping T : H → H is said to be

(a) nonexpansive if

∥T x −T y∥ ≤ ∥x − y∥, ∀x, y ∈ H ;

(b) firmly nonexpansive if 2T − I is nonexpansive, or equivalently, if T is 1-inverse strongly

monotone (1-ism),

〈x − y,T x −T y〉 ≥ ∥T x −T y∥2, ∀x, y ∈ H ;

alternatively, T is firmly nonexpansive if and only if T can be expressed as

T = 1

2
(I +S),

where S : H → H is nonexpansive; projections are firmly nonexpansive.

Definition 2.2. A mapping A : C → H is said to be

(i) monotone if

〈A x −A y, x − y〉 ≥ 0, ∀x, y ∈C ;

(ii) η-strongly monotone if there exists a constant η> 0 such that

〈A x −A y, x − y〉 ≥ η∥x − y∥2, ∀x, y ∈C ;

(iii) α-inverse-strongly monotone if there exists a constant α> 0 such that

〈A x −A y, x − y〉 ≥α∥A x −A y∥2, ∀x, y ∈C .
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It can be easily seen that if T is nonexpansive, then I−T is monotone. It is also easy to see

that the projection PC is 1-ism. Inverse strongly monotone (also referred to as co-coercive)

operators have been applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if A : C → H is α-inverse-strongly monotone, then

A is monotone and 1
α -Lipschitz continuous. Moreover, we also have that, for all u, v ∈C and

λ> 0,

∥(I −λA )u − (I −λA )v∥2 = ∥(u − v)−λ(A u −A v)∥2

= ∥u − v∥2 −2λ〈A u −A v,u − v〉+λ2∥A u −A v∥2

≤ ∥u − v∥2 +λ(λ−2α)∥A u −A v∥2. (2.1)

So, if λ≤ 2α, then I −λA is a nonexpansive mapping from C to H .

In 2008, Ceng, Wang and Yao [9] transformed problem (1.6) into a fixed point problem in

the following way:

Proposition 2.2 (see [9]). For given x̄, ȳ ∈C , (x̄, ȳ) is a solution of the GSVI (1.6) if and only if

x̄ is a fixed point of the mapping G : C →C defined by

Gx = PC (I −ν1F1)PC (I −ν2F2)x, ∀x ∈C ,

where ȳ = PC (I −ν2F2)x̄.

In particular, if the mapping F j : C → H is ζ j -inverse-strongly monotone for j = 1,2, then

the mapping G is nonexpansive provided ν j ∈ (0,2ζ j ] for j = 1,2. We denote by Ξ denote the

fixed point set of the mapping G.

The following result is easy to prove.

Proposition 2.3 (see [45]). Given x∗ ∈ H, the following statements are equivalent:

(i) x∗ solves the SFP;

(ii) x∗ solves the fixed point equation

PC (I −λ∇ f )x∗ = x∗,

where λ> 0, ∇ f = A∗(I −PQ )A and A∗ is the adjoint of A;

(iii) x∗ solves the variational inequality problem (VIP) of finding x∗ ∈C such that

〈∇ f (x∗), x − x∗〉 ≥ 0, ∀x ∈C .
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It is clear from Proposition 2.1 that

Γ= Fix(PC (I −λ∇ f )) = VI(C ,∇ f ), ∀λ> 0.

Definition 2.3. A mapping T : H → H is said to be an averaged mapping if it can be written as

the average of the identity I and a nonexpansive mapping, that is,

T ≡ (1−α)I +αS

where α ∈ (0,1) and S : H → H is nonexpansive. More precisely, when the last equality holds,

we say that T is α-averaged. Thus firmly nonexpansive mappings (in particular, projections)

are 1
2 -averaged mappings.

Proposition 2.4 (see [32]). Let T : H → H be a given mapping.

(i) T is nonexpansive if and only if the complement I −T is 1
2 -ism.

(ii) If T is ν-ism, then for γ> 0, γT is ν
γ -ism.

(iii) T is averaged if and only if the complement I −T is ν-ism for some ν > 1/2. Indeed, for

α ∈ (0,1), T is α-averaged if and only if I −T is 1
2α -ism.

Proposition 2.5 (see [32, 50]). Let S,T,V : H → H be given operators.

(i) If T = (1−α)S +αV for some α ∈ (0,1) and if S is averaged and V is nonexpansive, then T

is averaged.

(ii) T is firmly nonexpansive if and only if the complement I −T is firmly nonexpansive.

(iii) If T = (1−α)S+αV for some α ∈ (0,1) and if S is firmly nonexpansive and V is nonexpan-

sive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the

mappings {Ti }N
i=1 is averaged, then so is the composite T1 · · ·TN . In particular, if T1 is

α1-averaged and T2 is α2-averaged, where α1,α2 ∈ (0,1), then the composite T1T2 is α-

averaged, where α=α1 +α2 −α1α2.

(v) If the mappings {Ti }N
i=1 are averaged and have a common fixed point, then

N∩
i=1

Fix(Ti ) = Fix(T1 · · ·TN ).

The notation Fix(T ) denotes the set of all fixed points of the mapping T , that is, Fix(T ) =
{x ∈ H : T x = x}.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1. Let X be a real inner product space. Then there holds the following inequality

∥x + y∥2 ≤ ∥x∥2 +2〈y, x + y〉, ∀x, y ∈ X .
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Lemma 2.2. Let H be a real Hilbert space. Then the following hold:

(a) ∥x − y∥2 = ∥x∥2 −∥y∥2 −2〈x − y, y〉 for all x, y ∈ H;

(b) ∥λx +µy∥2 =λ∥x∥2 +µ∥y∥2 −λµ∥x − y∥2 for all x, y ∈ H and λ,µ ∈ [0,1] with λ+µ= 1;

(c) If {xn} is a sequence in H such that xn * x, it follows that

limsup
n→∞

∥xn − y∥2 = limsup
n→∞

∥xn −x∥2 +∥x − y∥2, ∀y ∈ H .

It is clear that, in a real Hilbert space H , T : C → C is ξ-strictly pseudocontractive if and

only if the following inequality holds:

〈T x −T y, x − y〉 ≤ ∥x − y∥2 − 1−ξ

2
∥(I −T )x − (I −T )y∥2, ∀x, y ∈C .

This immediately implies that if T is a ξ-strictly pseudocontractive mapping, then I −T is
1−ξ

2 -inverse strongly monotone; for further detail, we refer to [37] and the references therein.

It is well known that the class of strict pseudocontractions strictly includes the class of nonex-

pansive mappings and that the class of pseudocontractions strictly includes the class of strict

pseudocontractions.

Lemma 2.3 (see Proposition 2.1 of [37]). Let C be a nonempty closed convex subset of a real

Hilbert space H and T : C →C be a mapping.

(i) If T is a ξ-strictly pseudocontractive mapping, then T satisfies the Lipschitzian condition

∥T x −T y∥ ≤ 1+ξ

1−ξ
∥x − y∥, ∀x, y ∈C .

(ii) If T is a ξ-strictly pseudocontractive mapping, then the mapping I −T is semiclosed at 0,

that is, if {xn} is a sequence in C such that xn * x̃ and (I −T )xn → 0, then (I −T )x̃ = 0.

(iii) If T is ξ-(quasi-)strict pseudocontraction, then the fixed-point set Fix(T ) of T is closed and

convex so that the projection PFix(T ) is well defined.

Lemma 2.4 (see [38]). Let C be a nonempty closed convex subset of a real Hilbert space H.

Let T : C → C be a ξ-strictly pseudocontractive mapping. Let γ and δ be two nonnegative real

numbers such that (γ+δ)ξ≤ γ. Then

∥γ(x − y)+δ(T x −T y)∥ ≤ (γ+δ)∥x − y∥, ∀x, y ∈C .

Lemma 2.5 (see Demiclosedness principle [43]). Let C be a nonempty closed convex subset of

a real Hilbert space H. Let S be a nonexpansive self-mapping on C with Fix(S) ̸= ;. Then I −S

is demiclosed. That is, whenever {xn} is a sequence in C weakly converging to some x ∈ C and

the sequence {(I −S)xn} strongly converges to some y, it follows that (I −S)x = y. Here I is the

identity operator of H.
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Lemma 2.6. Let A : C → H be a monotone mapping. In the context of the variational inequal-

ity problem the characterization of the projection (see Proposition 2.1 (i)) implies

u ∈ VI(C ,A ) ⇔ u = PC (u −λA u), ∀λ> 0.

Let C be a nonempty closed convex subset of a real Hilbert space H . We introduce some

notations. Let λ be a number in (0,1] and let µ> 0. Associating with a nonexpansive mapping

T : C →C , we define the mapping T λ : C → H by

T λx := T x −λµF (T x), ∀x ∈C ,

where F : C → H is an operator such that, for some positive constantsκ,η> 0, F isκ-Lipschitzian

and η-strongly monotone on C ; that is, F satisfies the conditions:

∥F x −F y∥ ≤ κ∥x − y∥ and 〈F x −F y, x − y〉 ≥ η∥x − y∥2

for all x, y ∈C .

Lemma 2.7 (see Lemma 3.1 of [25]). T λ is a contraction provided 0 <µ< 2η
κ2 ; that is,

∥T λx −T λy∥ ≤ (1−λτ)∥x − y∥, ∀x, y ∈C ,

where τ= 1−
√

1−µ(2η−µκ2) ∈ (0,1].

Remark 2.1.

(i) Since F is κ-Lipschitzian and η-strongly monotone on C , we get 0 < η≤ κ. Hence, when-

ever 0 <µ< 2η
κ2 , we have

0 ≤ (1−µη)2 = 1−2µη+µ2η2

≤ 1−2µη+µ2κ2

< 1−2µη+ 2η
κ2 µκ

2 = 1,

which implies

0 < 1−
√

1−2µη+µ2κ2 ≤ 1.

So, τ= 1−
√

1−µ(2η−µκ2) ∈ (0,1].

(ii) In Lemma 2.7, put F = 1
2 I and µ= 2. Then we know that κ= η= 1

2 , 0 <µ= 2 < 2η
κ2 = 4 and

τ= 1−
√

1−µ(2η−µκ2) = 1−
√

1−2(2× 1

2
−2× (

1

2
)2) = 1.

Lemma 2.8 (see Lemma 2.1 of [49]). Let {an} be a sequence of nonnegative real numbers satis-

fying

an+1 ≤ (1−βn)an +βnγn +δn , ∀n ≥ 0,

where {βn}, {γn} and {δn} satisfy the following conditions:
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(i) {βn} ⊂ [0,1] and
∑∞

n=0βn =∞;

(ii) either limsupn→∞γn ≤ 0 or
∑∞

n=0βn |γn | <∞;

(iii) δn ≥ 0 for all n ≥ 0, and
∑∞

n=1δn <∞.

Then, limn→∞ an = 0.

In the sequel, we will indicate with GMEP(Θ,h) the solution set of GMEP (1.3).

Lemma 2.9 (see [40]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let

Θ : C ×C → R be a bifunction satisfying conditions (θ1)−(θ3) and h : C ×C → R is a bi-function

with restrictions (h1)−(h3). Moreover, let us suppose that

(H) for fixed r > 0 and x ∈ C , there exist a bounded K ⊂ C and x̂ ∈ K such that for all z ∈
C \ K , −Θ(x̂, z)+h(z, x̂)+ 1

r 〈x̂ − z, z − x〉 < 0.

For r > 0 and x ∈ H, the mapping Tr : H → 2C (i.e., the resolvent of Θ and h) has the following

properties:

(i) Tr x ̸= ;;

(ii) Tr x is a singleton;

(iii) Tr is firmly nonexpansive;

(iv) GMEP(Θ,h) = Fix(Tr ) and it is closed and convex.

Lemma 2.10 (see [40]). Let us suppose that (θ1)−(θ3), (h1)−(h3) and (H) hold. Let x, y ∈
H , r1,r2 > 0. Then

∥Tr2 y −Tr1 x∥ ≤ ∥y −x∥+|r2 − r1

r2
|∥Tr2 y − y∥.

Lemma 2.11 (see [41]). Suppose that the hypotheses of Lemma 2.9 are satisfied. Let {rn} be a

sequence in (0,∞) with liminfn→∞ rn > 0. Suppose that {xn} is a bounded sequence. Then the

following statements are equivalent and true:

(a) if ∥xn −Trn xn∥→ 0 as n →∞, each weak cluster point of {xn} satisfies the problem

Θ(x, y)+h(x, y) ≥ 0, ∀y ∈C ,

i.e., ωw (xn) ⊆ GMEP(Θ,h).

(b) the demiclosedness principle holds in the sense that, if xn * x∗ and ∥xn −Trn xn∥ → 0 as

n →∞, then (I −Trk )x∗ = 0 for all k ≥ 1.

Recall that a set-valued mapping T : D(T ) ⊂ H → 2H is called monotone if for all x, y ∈
D(T ), f ∈ T x and g ∈ T y imply

〈 f − g , x − y〉 ≥ 0.
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A set-valued mapping T is called maximal monotone if T is monotone and (I +λT )D(T ) = H

for each λ> 0, where I is the identity mapping of H . We denote by G(T ) the graph of T . It is

known that a monotone mapping T is maximal if and only if, for (x, f ) ∈ H×H , 〈 f −g , x−y〉 ≥ 0

for every (y, g ) ∈G(T ) implies f ∈ T x. Next we provide an example to illustrate the concept of

maximal monotone mapping.

Let A : C → H be a monotone, k-Lipschitz-continuous mapping and let NC v be the nor-

mal cone to C at v ∈C , i.e.,

NC v = {u ∈ H : 〈v −p,u〉 ≥ 0, ∀p ∈C }.

Define

T̃ v =
{

A v +NC v, if v ∈C ,

;, if v ̸∈C .

Then, it is known in [19] that T̃ is maximal monotone and

0 ∈ T̃ v ⇔ v ∈ VI(C ,A ). (2.2)

3. Main Results

Throughout this paper, assume that the SFP is consistent, that is, the solution set Γ of the

SFP is nonempty. Let f : H → R be a continuous differentiable function. The minimization

problem

min
x∈C

f (x) := 1

2
∥Ax −PQ Ax∥2

is ill-posed. Therefore, Xu [3] considered the following Tikhonov regularization problem:

min
x∈C

fα(x) := 1

2
∥Ax −PQ Ax∥2 + 1

2
α∥x∥2,

where α> 0 is the regularization parameter.

For arbitrarily given x0 ∈ C , we now propose the following hybrid extragradient iterative

scheme with regularization:

Θ(un , y)+h(un , y)+ 1
rn
〈y −un ,un − xn〉 ≥ 0, ∀y ∈C ,

yn,1 =βn,1S1un + (1−βn,1)un ,

yn,i =βn,i Si un + (1−βn,i )yn,i−1, i = 2, . . . , N ,

ỹn,N = PC (yn,N −λn∇ fαn (yn,N )),

yn =βn xn +γnGPC (yn,N −λn∇ fαn (ỹn,N ))+σnTGPC (yn,N −λn∇ fαn (ỹn,N )),

xn+1 = PC [ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )yn], ∀n ≥ 0,

(3.1)

where
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F : C → H is a κ-Lipschitzian and η-strongly monotone operator with positive constants

κ,η> 0 and V : C → H is a ρ-contraction with coefficient ρ ∈ [0,1);

F j : C → H is ζ j -inverse strongly monotone and G := PC (I − ν1F1)PC (I − ν2F2) with ν j ∈
(0,2ζ j ) for j = 1,2;

T : C →C is a ξ-strict pseudocontraction and S,Si : C →C are nonexpansive mappings for

each i = 1, . . . , N ;

Θ,h: C ×C → R are two bi-functions satisfying the hypotheses of Lemma 2.9;

0 <µ< 2η/κ2 and 0 < γ≤ τ with τ := 1−
√

1−µ(2η−µκ2);

{αn} is a sequence in (0,∞) with
∑∞

n=0αn <∞;

{λn} is a sequence in (0, 1
∥A∥2 ) with 0 < liminfn→∞λn ≤ limsupn→∞λn < 1

∥A∥2 ;

{ϵn}, {βn} are sequences in (0,1) with 0 < liminfn→∞βn ≤ limsupn→∞βn < 1;

{βn,i }N
i=1, {δn} are sequences in (0,1);

{γn}, {σn} are sequences in [0,1] with βn +γn +σn = 1 and (γn +σn)ξ≤ γn ,∀n ≥ 0;

{rn} is a sequence in (0,∞) with liminfn→∞ rn > 0 and liminfn→∞σn > 0.

{Sxn} is bounded, limn→∞ ϵn/δ2
n = 0 and max1≤i≤N ∥x − Si x∥ ≥ k̄ · d(x,Ω),∀x ∈ C for some

k̄ > 0.

We start our main result from the following series of propositions.

Proposition 3.6. Let us suppose that Ω= Fix(T )∩∩N
i=1Fix(Si )∩GMEP(Θ,h)∩GSVI(G)∩Γ ̸= ;.

Then the sequences {xn}, {yn}, {yn,i } for all i , {un} are bounded.

Proof. Since 0 < liminfn→∞λn ≤ limsupn→∞λn < 1
∥A∥2 and 0 < liminfn→∞βn ≤ limsupn→∞

βn < 1, we may assume, without loss of generality, that {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and {βn} ⊂

[c,d ] ⊂ (0,1). Now, let us show that PC (I −λ∇ fα) is σ-averaged for each λ ∈ (0, 2
α+∥A∥2 ), where

σ= 2+λ(α+∥A∥2)

4
∈ (0,1). (3.2)

Indeed, it is easy to see that ∇ f = A∗(I −PQ )A is 1
∥A∥2 -ism, that is,

〈∇ f (x)−∇ f (y), x − y〉 ≥ 1

∥A∥2 ∥∇ f (x)−∇ f (y)∥2. (3.3)

Observe that

(α+∥A∥2)〈∇ fα(x)−∇ fα(y), x − y〉
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= (α+∥A∥2)[α∥x − y∥2 +〈∇ f (x)−∇ f (y), x − y〉]
= α2∥x − y∥2 +α〈∇ f (x)−∇ f (y), x − y〉+α∥A∥2∥x − y∥2

+∥A∥2〈∇ f (x)−∇ f (y), x − y〉
≥ α2∥x − y∥2 +2α〈∇ f (x)−∇ f (y), x − y〉+∥∇ f (x)−∇ f (y)∥2

= ∥α(x − y)+∇ f (x)−∇ f (y)∥2

= ∥∇ fα(x)−∇ fα(y)∥2. (3.4)

Hence, it follows that ∇ fα = αI + A∗(I −PQ )A is 1
α+∥A∥2 -ism. Thus, λ∇ fα is 1

λ(α+∥A∥2) -ism ac-

cording to Proposition 2.4 (ii). By Proposition 2.4 (iii), the complement I −λ∇ fα is λ(α+∥A∥2)
2 -

averaged. Therefore, noting that PC is 1
2 -averaged and utilizing Proposition 2.5 (iv), we known

that for each λ ∈ (0, 2
α+∥A∥2 ), PC (I −λ∇ fα) is σ-averaged with

σ= 1

2
+ λ(α+∥A∥2)

2
− 1

2
· λ(α+∥A∥2)

2
= 2+λ(α+∥A∥2)

4
∈ (0,1). (3.5)

This shows that PC (I −λ∇ fα) is nonexpansive. Furthermore, for {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ), we

have

a ≤ inf
n≥0

λn ≤ sup
n≥0

λn ≤ b < 1

∥A∥2 = lim
n→∞

1

αn +∥A∥2 . (3.6)

Without loss of generality, we may assume that

a ≤ inf
n≥0

λn ≤ sup
n≥0

λn ≤ b < 1

αn +∥A∥2 , ∀n ≥ 0. (3.7)

Consequently, it follows that for each integer n ≥ 0, PC (I −λn∇ fαn ) is σn-averaged with

σn = 1

2
+ λn(αn +∥A∥2)

2
− 1

2
· λn(αn +∥A∥2)

2
= 2+λn(αn +∥A∥2)

4
∈ (0,1). (3.8)

This immediately implies that PC (I −λn∇ fαn ) is nonexpansive for all n ≥ 0.

For simplicity, we write tn = PC (yn,N −λn∇ fαn (ỹn,N )) and

vn = ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )G yn

for all n ≥ 0. Then xn+1 = PC vn and yn =βn xn +γn tn +σnT tn .

First of all, take a fixed p ∈Ω arbitrarily. We observe that

∥yn,1 −p∥ ≤ ∥un −p∥ ≤ ∥xn −p∥.

For all from i = 2 to i = N , by induction, one proves that

∥yn,i −p∥ ≤βn,i∥un −p∥+ (1−βn,i )∥yn,i−1 −p∥ ≤ ∥un −p∥ ≤ ∥xn −p∥.
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Thus we obtain that for every i = 1, . . . , N ,

∥yn,i −p∥ ≤ ∥un −p∥ ≤ ∥xn −p∥. (3.9)

For simplicity, we write p̃ = PC (p−ν2F2p), t̃n = PC (tn −ν2F2tn) and zn = PC (ỹn −ν1F1 ỹn)

for each n ≥ 0. Then zn =G yn and

p = PC (I −ν1F1)p̃ = PC (I −ν1F1)PC (I −ν2F2)p =Gp.

Since F j : C → H is ζ j -inverse strongly monotone and 0 < ν j < 2ζ j for each j = 1,2, we know

that for all n ≥ 0,

∥zn −p∥2 = ∥Gtn −p∥2

= ∥PC (I −ν1F1)PC (I −ν2F2)tn −PC (I −ν1F1)PC (I −ν2F2)p∥2

≤ ∥(I −ν1F1)PC (I −ν2F2)tn − (I −ν1F1)PC (I −ν2F2)p∥2

= ∥[PC (I −ν2F2)tn −PC (I −ν2F2)p]−ν1[F1PC (I −ν2F2)tn −F1PC (I −ν2F2)p]∥2

≤ ∥PC (I −ν2F2)tn −PC (I −ν2F2)p∥2

+ν1(ν1 −2ζ1)∥F1PC (I −ν2F2)tn −F1PC (I −ν2F2)p∥2

≤ ∥(I −ν2F2)tn − (I −ν2F2)p∥2 +ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2

= ∥(tn −p)−ν2(F2tn −F2p)∥2 +ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2

≤ ∥tn −p∥2 +ν2(ν2 −2ζ2)∥F2tn −F2p∥2 +ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2

≤ ∥tn −p∥2. (3.10)

From (3.1), (3.9) and the nonexpansivity of PC (I −λn∇ fαn ), it follows that

∥ỹn,N −p∥ = ∥PC (I −λn∇ fαn )yn,N −PC (I −λn∇ f )p∥
≤ ∥PC (I −λn∇ fαn )yn,N −PC (I −λn∇ fαn )p∥
+∥PC (I −λn∇ fαn )p −PC (I −λn∇ f )p∥

≤ ∥yn,N −p∥+∥(I −λn∇ fαn )p − (I −λn∇ f )p∥
≤ ∥xn −p∥+λnαn∥p∥. (3.11)

Utilizing Lemma 2.1, we also have

∥ỹn,N −p∥2 = ∥PC (I −λn∇ fαn )yn,N −PC (I −λn∇ f )p∥2

= ∥PC (I −λn∇ fαn )yn,N −PC (I −λn∇ fαn )p

+PC (I −λn∇ fαn )p −PC (I −λn∇ f )p∥2

≤ ∥PC (I −λn∇ fαn )yn,N −PC (I −λn∇ fαn )p∥2



470 LU-CHUAN CENG

+2〈PC (I −λn∇ fαn )p −PC (I −λn∇ f )p, ỹn,N −p〉
≤ ∥yn,N −p∥2 +2∥PC (I −λn∇ fαn )p −PC (I −λn∇ f )p∥∥ỹn,N −p∥
≤ ∥xn −p∥2 +2∥(I −λn∇ fαn )p − (I −λn∇ f )p∥∥ỹn,N −p∥
≤ ∥xn −p∥2 +2λnαn∥p∥∥ỹn,N −p∥. (3.12)

Furthermore, utilizing Proposition 2.1 (ii), we have

∥tn −p∥2 ≤ ∥yn,N −λn∇ fαn (ỹn,N ))−p∥2 −∥yn,N −λn∇ fαn (ỹn,N ))− tn∥2

= ∥yn,N −p∥2 −∥yn,N − tn∥2 +2λn〈∇ fαn (ỹn,N ), p − tn〉
= ∥yn,N −p∥2 −∥yn,N − tn∥2 +2λn(〈∇ fαn (ỹn,N )−∇ fαn (p), p − ỹn,N 〉
+〈∇ fαn (p), p − ỹn,N 〉+〈∇ fαn (ỹn,N ), ỹn,N − tn〉)

≤ ∥yn,N −p∥2 −∥yn,N − tn∥2 +2λn(〈∇ fαn (p), p − ỹn,N 〉+〈∇ fαn (ỹn,N ), ỹn,N − tn〉)
= ∥yn,N −p∥2 −∥yn,N − tn∥2 +2λn[〈(αn I +∇ f )p, p − ỹn,N 〉+〈∇ fαn (ỹn,N ), ỹn,N − tn〉]
≤ ∥yn,N −p∥2 −∥yn,N − tn∥2 +2λn[αn〈p, p − ỹn,N 〉+〈∇ fαn (ỹn,N ), ỹn,N − tn〉]
= ∥yn,N −p∥2 −∥yn,N − ỹn,N∥2 −2〈yn,N − ỹn,N , ỹn,N − tn〉−∥ỹn,N − tn∥2

+2λn[αn〈p, p − ỹn,N 〉+〈∇ fαn (ỹn,N ), ỹn,N − tn〉]
= ∥yn,N −p∥2 −∥yn,N − ỹn,N∥2 −∥ỹn,N − tn∥2

+2〈yn,N −λn∇ fαn (ỹn,N )− ỹn,N , tn − ỹn,N 〉+2λnαn〈p, p − ỹn,N 〉. (3.13)

In the meantime, by Proposition 2.1 (i), we have

〈yn,N −λn∇ fαn (ỹn,N )− ỹn,N , tn − ỹn,N 〉
= 〈yn,N −λn∇ fαn (yn,N )− ỹn,N , tn − ỹn,N 〉+〈λn∇ fαn (yn,N )−λn∇ fαn (ỹn,N ), tn − ỹn,N 〉
≤ 〈λn∇ fαn (yn,N )−λn∇ fαn (ỹn,N ), tn − ỹn,N 〉
≤ λn∥∇ fαn (yn,N )−∇ fαn (ỹn,N )∥∥tn − ỹn,N∥
≤ λn(αn +∥A∥2)∥yn,N − ỹn,N∥∥tn − ỹn,N∥. (3.14)

So, from (3.9) and (3.11), we obtain

∥tn −p∥2 ≤ ∥yn,N −p∥2 −∥yn,N − ỹn,N∥2 −∥ỹn,N − tn∥2

+2〈yn,N −λn∇ fαn (ỹn,N )− ỹn,N , tn − ỹn,N 〉+2λnαn〈p, p − ỹn,N 〉
≤ ∥yn,N −p∥2 −∥yn,N − ỹn,N∥2 −∥ỹn,N − tn∥2

+2λn(αn +∥A∥2)∥yn,N − ỹn,N∥∥tn − ỹn,N∥+2λnαn〈p, p − ỹn,N 〉
≤ ∥yn,N −p∥2 −∥yn,N − ỹn,N∥2 −∥ỹn,N − tn∥2

+λ2
n(αn +∥A∥2)2∥yn,N − ỹn,N∥2 +∥ỹn,N − tn∥2 +2λnαn〈p, p − ỹn,N 〉
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= ∥yn,N −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2

≤ ∥yn,N −p∥2 +2λnαn∥p∥∥ỹn,N −p∥
≤ ∥yn,N −p∥2 +2λnαn∥p∥[∥yn,N −p∥+λnαn∥p∥]

≤ ∥yn,N −p∥2 +2
p

2λnαn∥p∥∥yn,N −p∥+2λ2
nα

2
n∥p∥2

= (∥yn,N −p∥+p
2λnαn∥p∥)2

≤ (∥xn −p∥+
p

2λnαn∥p∥)2. (3.15)

Since (γn +σn)ξ ≤ γn for all n ≥ 0, utilizing Lemmas 2.4 and 2.2 (b), from (3.9)−(3.11) and

(3.15), we conclude that

∥yn −p∥2 = ∥βn xn +γn zn +σnTzn −p∥2

= ∥βn(xn −p)+ (γn +σn)
1

γn +σn
[γn(zn −p)+σn(Tzn −p)]∥2

= βn∥xn −p∥2 + (γn +σn)∥ 1

γn +σn
[γn(zn −p)+σn(Tzn −p)]∥2

−βn(γn +σn)∥ 1

γn +σn
[γn(zn −xn)+σn(Tzn −xn)]∥2

≤ βn∥xn −p∥2 + (1−βn)∥zn −p∥2 − βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)∥tn −p∥2 − βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)[∥yn,N −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2]− βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)[∥xn −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2]− βn

1−βn
∥yn −xn∥2

≤ ∥xn −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(1−βn)(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 − βn

1−βn
∥yn − xn∥2

≤ ∥xn −p∥2 +2λnαn∥p∥(∥xn −p∥+λnαn∥p∥)

+(1−βn)(λ2
n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 − βn

1−βn
∥yn − xn∥2

≤ ∥xn −p∥2 +2∥xn −p∥(
p

2λnαn∥p∥)+ (
p

2λnαn∥p∥)2

+(1−βn)(λ2
n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 − βn

1−βn
∥yn − xn∥2

= (∥xn −p∥+
p

2λnαn∥p∥)2

+(1−βn)(λ2
n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 − βn

1−βn
∥yn − xn∥2
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≤ (∥xn −p∥+p
2λnαn∥p∥)2. (3.16)

Noticing the boundedness of {Sxn}, we get supn≥1 ∥γSxn −µF p∥ ≤ M̃ for some M̃ > 0. More-

over, utilizing Lemma 2.7 we have from (3.1)

∥xn+1 −p∥
= ∥PC [ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )yn]−PC p∥
≤ ∥ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )yn −p∥
= ∥ϵnγ(δnV xn + (1−δn)Sxn)−ϵnµF p + (I −ϵnµF )yn − (I −ϵnµF )p∥
≤ ∥ϵnγ(δnV xn + (1−δn)Sxn)−ϵnµF p∥+∥(I −ϵnµF )yn − (I −ϵnµF )p∥
= ϵn∥δn(γV xn −µF p)+ (1−δn)(γSxn −µF p)∥+∥(I −ϵnµF )yn − (I −ϵnµF )p∥
≤ ϵn[δn∥γV xn −µF p∥+ (1−δn)∥γSxn −µF p∥]+ (1−ϵnτ)∥yn −p∥
≤ ϵn[δn(∥γV xn −γV p∥+∥γV p −µF p∥)+ (1−δn)M̃ ]+ (1−ϵnτ)∥yn −p∥
≤ ϵn[δnγρ∥xn −p∥+δn∥γV p −µF p∥+ (1−δn)M̃ ]+ (1−ϵnτ)[∥xn −p∥+p

2λnαn∥p∥]

≤ ϵn[δnγρ∥xn −p∥+max{M̃ ,∥γV p −µF p∥}+ (1−ϵnτ)[∥xn −p∥+p
2λnαn∥p∥]

≤ ϵnγρ∥xn −p∥+ϵn max{M̃ ,∥γV p −µF p∥}+ (1−ϵnτ)∥xn −p∥+p
2λnαn∥p∥

= [1− (τ−γρ)ϵn]∥xn −p∥+ϵn max{M̃ ,∥γV p −µF p∥}+
p

2λnαn∥p∥

= [1− (τ−γρ)ϵn]∥xn −p∥+ (τ−γρ)ϵn max{
M̃

τ−γρ
,
∥γV p −µF p∥

τ−γρ
}+

p
2λnαn∥p∥

≤ max{∥xn −p∥,
M̃

τ−γρ
,
∥γV p −µF p∥

τ−γρ
}+

p
2λnαn∥p∥. (3.17)

By induction, we can derive

∥xn+1 −p∥ ≤ max{∥x0 −p∥,
M̃

τ−γρ
,
∥γV p −µF p∥

τ−γρ
}+

n∑
k=0

p
2λkαk∥p∥, ∀n ≥ 0.

Since {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and

∑∞
n=0αn <∞, we know that {xn} is bounded, and so are the

sequences {un}, {tn}, {t̃n}, {yn}, {ỹn,N }, {yn,i } for each i = 1, . . . , N . Since ∥TGtn −p∥ ≤ 1+ξ
1−ξ∥Gtn −

p∥ ≤ 1+ξ
1−ξ∥tn −p∥, {TGtn} is also bounded. ���

Proposition 3.7. Let us suppose that Ω ̸= ;. Moreover, let us suppose that the following hold:

(H0) limn→∞δn = 0, limn→∞ ϵn = 0 and
∑∞

n=0 ϵnδn =∞;

(H1) limn→∞ δn−1
δn

= 1 and limn→∞ |αn−αn−1|
ϵnδn

= 0;

(H2) limn→∞
|βn,i−βn−1,i |

ϵnδn
= 0 for each i = 1, . . . , N ;

(H3) limn→∞ |λn−λn−1|
ϵnδn

= 0 and limn→∞ 1
δn
|1− ϵn−1

ϵn
| = 0;

(H4) limn→∞ |rn−rn−1|
ϵnδn

= 0;
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(H5) limn→∞
|βn−βn−1|

ϵnδn
= 0;

(H6) limn→∞ 1
ϵnδn

| γn

1−βn
− γn−1

1−βn−1
| = 0.

If ∥un −un−1∥ = o(ϵnδn), then limn→∞ ∥xn+1 −xn∥ = 0.

Proof. First, it is known that {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and {βn} ⊂ [c,d ] ⊂ (0,1) as in the proof of

Proposition 3.6. Taking into account liminfn→∞ rn > 0, we may assume, without loss of gener-

ality, that {rn} ⊂ [r̄ ,∞) for some r̄ > 0. First, we write yn−1 =βn−1xn−1+(1−βn−1)wn−1, ∀n ≥
1, where wn−1 = yn−1−βn−1xn−1

1−βn−1
. It follows that for all n ≥ 1

wn −wn−1 = yn −βn xn

1−βn
− yn−1 −βn−1xn−1

1−βn−1

= γn zn +σnTzn

1−βn
− γn−1zn−1 +σn−1Tzn−1

1−βn−1

= γn(zn − zn−1)+σn(Tzn −Tzn−1)

1−βn
+ (

γn

1−βn
− γn−1

1−βn−1
)zn−1

+(
σn

1−βn
− σn−1

1−βn−1
)Tzn−1. (3.18)

Since (γn +σn)ξ≤ γn for all n ≥ 0, utilizing Lemma 2.4 we have

∥γn(zn − zn−1)+σn(Tzn −Tzn−1)∥ ≤ (γn +σn)∥zn − zn−1∥. (3.19)

Next, we estimate ∥yn − yn−1∥. Indeed, according to λn(αn +∥A∥2) < 1

∥tn − tn−1∥
≤ ∥(yn,N −λn∇ fαn (ỹn,N ))− (yn−1,N −λn−1∇ fαn−1 (ỹn−1,N ))∥
≤ ∥yn,N − yn−1,N∥+∥λn∇ fαn (ỹn,N )−λn−1∇ fαn−1 (ỹn−1,N )∥
≤ ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1∥∇ fαn (ỹn,N )−∇ fαn−1 (ỹn−1,N )∥
≤ ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥
+λn−1(∥∇ fαn (ỹn,N )−∇ fαn−1 (ỹn,N )∥+∥∇ fαn−1 (ỹn,N )−∇ fαn−1 (ỹn−1,N )∥)

≤ ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥
+λn−1[|αn −αn−1|∥ỹn,N∥+ (αn−1 +∥A∥2)∥ỹn,N − ỹn−1,N∥]

= ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥
+λn−1|αn −αn−1|∥ỹn,N∥+λn−1(αn−1 +∥A∥2)∥ỹn,N − ỹn−1,N∥

≤ ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1|αn −αn−1|∥ỹn,N∥+∥ỹn,N − ỹn−1,N∥,(3.20)

and

∥ỹn,N − ỹn−1,N∥
= ∥PC (yn,N −λn∇ fαn (yn,N ))−PC (yn−1,N −λn−1∇ fαn−1 (yn−1,N ))∥
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≤ ∥PC (yn,N −λn∇ fαn (yn,N ))−PC (yn−1,N −λn∇ fαn (yn−1,N ))∥
+∥PC (yn−1,N −λn∇ fαn (yn−1,N ))−PC (yn−1,N −λn−1∇ fαn−1 (yn−1,N ))∥

≤ ∥yn,N − yn−1,N∥+∥(yn−1,N −λn∇ fαn (yn−1,N ))− (yn−1,N −λn−1∇ fαn−1 (yn−1,N ))∥
= ∥yn,N − yn−1,N∥+∥λn∇ fαn (yn−1,N )−λn−1∇ fαn−1 (yn−1,N )∥
≤ ∥yn,N − yn−1,N∥+|λnαn −λn−1αn−1|∥yn−1,N∥+|λn −λn−1|∥∇ f (yn−1,N )∥
≤ ∥yn,N − yn−1,N∥+ (αn |λn −λn−1|+λn−1|αn −αn−1|)∥yn−1,N∥
+|λn −λn−1|∥∇ f (yn−1,N )∥. (3.21)

In the meantime, by the definition of yn,i one obtains that, for all i = N , . . . ,2,

∥yn,i −yn−1,i∥ ≤βn,i∥un−un−1∥+∥Si un−1−yn−1,i−1∥|βn,i −βn−1,i |+(1−βn,i )|yn,i−1−yn−1,i−1∥.

(3.22)

In the case i = 1, we have

∥yn,1 − yn−1,1∥ ≤ βn,1∥un −un−1∥+∥S1un−1 −un−1∥|βn,1 −βn−1,1|+ (1−βn,1)∥un −un−1∥
= ∥un −un−1∥+∥S1un−1 −un−1∥|βn,1 −βn−1,1|. (3.23)

Substituting (3.23) in all (3.22)-type one obtains for i = 2, . . . , N

∥yn,i − yn−1,i∥ ≤ ∥un −un−1∥+
i∑

k=2
∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |

+∥S1un−1 −un−1∥|βn,1 −βn−1,1|, (3.24)

which together with (3.21), implies that

∥ỹn,N − ỹn−1,N∥
ϵnδn

≤ ∥yn,N − yn−1,N∥
ϵnδn

+ (αn
|λn −λn−1|

ϵnδn
+λn−1

|αn −αn−1|
ϵnδn

)∥yn−1,N∥+ |λn −λn−1|
ϵnδn

∥∇ f (yn−1,N )∥

≤ ∥un −un−1∥
ϵnδn

+
N∑

k=2
∥Sk un−1 − yn−1,k−1∥

|βn,k −βn−1,k |
ϵnδn

+∥S1un−1 −un−1∥
|βn,1 −βn−1,1|

ϵnδn

+(αn
|λn −λn−1|

ϵnδn
+λn−1

|αn −αn−1|
ϵnδn

)∥yn−1,N∥+ |λn −λn−1|
ϵnδn

∥∇ f (yn−1,N )∥. (3.25)

Since ∥un −un−1∥ = o(ϵnδn) and the sequences {un}, {yn,i }N
i=1 are bounded, we know that

lim
n→∞

∥ỹn,N − ỹn−1,N∥
ϵnδn

= 0.

Combining (3.18)−(3.20) and (3.24) we conclude from the nonexpansivity of G that

∥wn −wn−1∥
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≤ ∥γn(zn − zn−1)+σn(Tzn −Tzn−1)∥
1−βn

+| γn

1−βn
− γn−1

1−βn−1
|∥zn−1∥

+| σn

1−βn
− σn−1

1−βn−1
|∥Tzn−1∥

≤ (γn +σn)∥zn − zn−1∥
1−βn

+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)

≤ ∥tn − tn−1∥+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)

≤ ∥yn,N − yn−1,N∥+|λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1|αn −αn−1|∥ỹn,N∥+∥ỹn,N − ỹn−1,N∥
+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)

≤ ∥un −un−1∥+
N∑

k=2
∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |+∥S1un−1 −un−1∥|βn,1 −βn−1,1|

+|λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1|αn −αn−1|∥ỹn,N∥+∥ỹn,N − ỹn−1,N∥
+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥). (3.26)

Moreover, by Lemma 2.10, we know that

∥un −un−1∥ ≤ ∥xn − xn−1∥+L|1− rn−1

rn
|, (3.27)

where L = supn≥0 ∥un −xn∥. Further, we observe that yn =βn xn + (1−βn)wn ,

yn−1 =βn−1xn−1 + (1−βn−1)wn−1,
∀n ≥ 1.

Simple calculations show that

yn − yn−1 = (1−βn)(wn −wn−1)+ (βn −βn−1)(xn−1 −wn−1)+βn(xn − xn−1).

Consequently, passing to the norm we get from (3.26) and (3.27)

∥yn − yn−1∥
≤ (1−βn)∥wn −wn−1∥+|βn −βn−1|∥xn−1 −wn−1∥+βn∥xn −xn−1∥

≤ (1−βn)[∥un −un−1∥+
N∑

k=2
∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |

+∥S1un−1 −un−1∥|βn,1 −βn−1,1|+ |λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1|αn −αn−1|∥ỹn,N∥
+∥ỹn,N − ỹn−1,N∥+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)]

+|βn −βn−1|∥xn−1 −wn−1∥+βn∥xn −xn−1∥

≤ (1−βn)
[
∥xn −xn−1∥+L|1− rn−1

rn
|+

N∑
k=2

∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |

+∥S1un−1 −un−1∥|βn,1 −βn−1,1|+ |λn −λn−1|∥∇ fαn (ỹn,N )∥+λn−1|αn −αn−1|∥ỹn,N∥
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+∥ỹn,N − ỹn−1,N∥+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)

]
+|βn −βn−1|∥xn−1 −wn−1∥+βn∥xn −xn−1∥

≤ ∥xn −xn−1∥+L
|rn − rn−1|

rn
+

N∑
k=2

∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |

+∥S1un−1 −un−1∥|βn,1 −βn−1,1|+ |λn −λn−1|∥∇ fαn (ỹn,N )∥+b|αn −αn−1|∥ỹn,N∥
+∥ỹn,N − ỹn−1,N∥+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)+|βn −βn−1|∥xn−1 −wn−1∥

≤ ∥xn −xn−1∥+L
|rn − rn−1|

r̄
+

N∑
k=2

∥Sk un−1 − yn−1,k−1∥|βn,k −βn−1,k |

+∥S1un−1 −un−1∥|βn,1 −βn−1,1|+ |λn −λn−1|∥∇ fαn (ỹn,N )∥+b|αn −αn−1|∥ỹn,N∥
+∥ỹn,N − ỹn−1,N∥+| γn

1−βn
− γn−1

1−βn−1
|(∥zn−1∥+∥Tzn−1∥)+|βn −βn−1|∥xn−1 −wn−1∥

≤ ∥xn −xn−1∥+ M̃0

[ |rn − rn−1|
r̄

+
N∑

k=1
|βn,k −βn−1,k |+ |λn −λn−1|

+|αn −αn−1|+ |βn −βn−1|+ | γn

1−βn
− γn−1

1−βn−1
|+∥ỹn,N − ỹn−1,N∥

]
, (3.28)

where there exists a constant M̃0 > 0 such that

sup
n≥0

{
L+1+

N∑
k=2

∥Sk un − yn,k−1∥+∥S1un −un∥

+∥∇ fαn (ỹn,N )∥+b∥ỹn,N∥+∥zn∥+∥Tzn∥+∥xn −wn∥
}
≤ M̃0.

On the other hand, putting Λn = δnV xn + (1−δn)Sxn , we get vn = ϵnγΛn + (I −ϵnµF )yn ,

vn−1 = ϵn−1γΛn−1 + (I −ϵn−1µF )yn−1,
∀n ≥ 1.

Simple calculations show that

Λn −Λn−1 = δn(V xn −V xn−1)+ (1−δn)(Sxn −Sxn−1)+ (δn −δn−1)(V xn−1 −Sxn−1),

and

vn − vn−1 = (I −ϵnµF )yn − (I −ϵnµF )yn−1 + (ϵn −ϵn−1)(γΛn−1 −µF yn−1)+ϵnγ(Λn −Λn−1).

Then, passing to the norm we obtain from (3.28) that

∥Λn −Λn−1∥ ≤ δn∥V xn −V xn−1∥+ (1−δn)∥Sxn −Sxn−1∥+|δn −δn−1|∥V xn−1 −Sxn−1∥
≤ δnρ∥xn −xn−1∥+ (1−δn)∥xn −xn−1∥+|δn −δn−1|∥V xn−1 −Sxn−1∥
= (1−δn(1−ρ))∥xn − xn−1∥+|δn −δn−1|∥V xn−1 −Sxn−1∥,
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and hence

∥xn+1 − xn∥ ≤ ∥vn − vn−1∥
≤ ∥(I −ϵnµF )yn − (I −ϵnµF )yn−1∥+|ϵn −ϵn−1|∥γΛn−1 −µF yn−1∥+ϵnγ∥Λn −Λn−1∥
≤ (1−ϵnτ)∥yn − yn−1∥+|ϵn −ϵn−1|∥γΛn−1 −µF yn−1∥+ϵnγ∥Λn −Λn−1∥

≤ (1−ϵnτ){∥xn − xn−1∥+ M̃0[
|rn − rn−1|

r̄
+

N∑
k=1

|βn,k −βn−1,k |+ |λn −λn−1|

+|αn −αn−1|+ |βn −βn−1|+ | γn

1−βn
− γn−1

1−βn−1
|+∥ỹn,N − ỹn−1,N∥]}

+|ϵn −ϵn−1|∥γΛn−1 −µF yn−1∥+ϵnγ[(1−δn(1−ρ))∥xn − xn−1∥
+|δn −δn−1|∥V xn−1 −Sxn−1∥]

≤ (1−ϵn(τ−γ)−ϵnδn(1−ρ)γ)∥xn − xn−1∥+ M̃0[
|rn − rn−1|

r̄
+

N∑
k=1

|βn,k −βn−1,k |

+|λn −λn−1|+ |αn −αn−1|+ |βn −βn−1|+ | γn

1−βn
− γn−1

1−βn−1
|+∥ỹn,N − ỹn−1,N∥]

+|ϵn −ϵn−1|∥γΛn−1 −µF yn−1∥+ϵnγ|δn −δn−1|∥V xn−1 −Sxn−1∥

≤ (1−ϵnδn(1−ρ)γ)∥xn −xn−1∥+ M̃1[
|rn − rn−1|

r̄
+

N∑
k=1

|βn,k −βn−1,k |

+|λn −λn−1|+ |αn −αn−1|+ |βn −βn−1|+ | γn

1−βn
− γn−1

1−βn−1
|

+|ϵn −ϵn−1|+ϵn |δn −δn−1|+∥ỹn,N − ỹn−1,N∥], (3.29)

where supn≥0{M̃0 +∥γΛn −µF yn∥+γ∥V xn −Sxn∥} ≤ M̃1 for some M̃1 > 0. Noticing limn→∞
∥ỹn,N−ỹn−1,N∥

ϵnδn
= 0 and using hypotheses (H0)−(H6) and Lemma 2.8, we obtain the claim. ���

Proposition 3.8. Let us suppose that Ω ̸= ;. Let us suppose that {xn} is asymptotically regular.

Then ∥xn −un∥ = ∥xn −Trn xn∥→ 0 and ∥yn,N − ỹn,N∥→ 0 as n →∞.

Proof. Take a fixed p ∈Ω arbitrarily. We recall that, by the firm nonexpansivity of Trn , a stan-

dard calculation (see [33]) shows that for p ∈ GMEP(Θ,h)

∥un −p∥2 ≤ ∥xn −p∥2 −∥xn −un∥2. (3.30)

Since (γn +δn)ξ≤ γn for all n ≥ 0, utilizing Lemma 2.4 we have from (3.10), (3.15), (3.16) and

(3.30) that

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)∥zn −p∥2 − βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)[∥tn −p∥2 +ν2(ν2 −2ζ2)∥F2tn −F2p∥2

+ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2]− βn

1−βn
∥yn −xn∥2
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≤ βn∥xn −p∥2 + (1−βn)[∥yn,N −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 +ν2(ν2 −2ζ2)∥F2tn −F2p∥2

+ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2]− βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)[∥un −p∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 +ν2(ν2 −2ζ2)∥F2tn −F2p∥2

+ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2]− βn

1−βn
∥yn −xn∥2

≤ βn∥xn −p∥2 + (1−βn)[∥xn −p∥2 −∥xn −un∥2 +2λnαn∥p∥∥p − ỹn,N∥
+(λ2

n(αn +∥A∥2)2 −1)∥yn,N − ỹn,N∥2 +ν2(ν2 −2ζ2)∥F2tn −F2p∥2

+ν1(ν1 −2ζ1)∥F1 t̃n −F1p̃∥2]− βn

1−βn
∥yn −xn∥2

≤ ∥xn −p∥2 − (1−βn)[∥xn −un∥2 + (1−λ2
n(αn +∥A∥2)2)∥yn,N − ỹn,N∥2

+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]

− βn

1−βn
∥yn −xn∥2 +2λnαn∥p∥∥p − ỹn,N∥.

Utilizing Lemmas 2.1 and 2.7, we obtain from 0 < γ≤ τ, (3.1) and the last inequality that

∥xn+1 −p∥2 ≤ ∥vn −p∥2

= ∥(I −ϵnµF )yn − (I −ϵnµF )p +ϵn[γ(δnV xn + (1−δn)Sxn)−µF p]∥2

≤ [∥(I −ϵnµF )yn − (I −ϵnµF )p∥+ϵn∥γ(δnV xn + (1−δn)Sxn)−µF p∥]2

≤ [(1−ϵnτ)∥yn −p∥+ϵn∥γ(δnV xn + (1−δn)Sxn)−µF p∥]2

= [(1−ϵnτ)∥yn −p∥+ϵnτ
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥]2

≤ (1−ϵnτ)∥yn −p∥2 +ϵnτ
1

τ2 ∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ (1−ϵnτ){∥xn −p∥2 − (1−βn)[∥xn −un∥2 + (1−λ2
n(αn +∥A∥2)2)∥yn,N − ỹn,N∥2

+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]− βn

1−βn
∥yn − xn∥2

+2λnαn∥p∥∥p − ỹn,N∥}+ϵnτ
1

τ2 ∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −p∥2 − (1−ϵnτ){(1−βn)[∥xn −un∥2 + (1−λ2
n(αn +∥A∥2)2)∥yn,N − ỹn,N∥2

+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]+ βn

1−βn
∥yn − xn∥2}

+2λnαn∥p∥∥p − ỹn,N∥+ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2, (3.31)

which together with {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and {βn} ⊂ [c,d ] ⊂ (0,1), implies that

(1−ϵnτ){(1−d)[∥xn −un∥2 + (1−b2(αn +∥A∥2)2)∥yn,N − ỹn,N∥2
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+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]+ c

1− c
∥yn −xn∥2}

≤ (1−ϵnτ){(1−βn)[∥xn −un∥2 + (1−λ2
n(αn +∥A∥2)2)∥yn,N − ỹn,N∥2

+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]+ βn

1−βn
∥yn −xn∥2}

≤ ∥xn −p∥2 −∥xn+1 −p∥2 +2λnαn∥p∥∥p − ỹn,N∥+ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn − xn+1∥(∥xn −p∥+∥xn+1 −p∥)+2bαn∥p∥∥p − ỹn,N∥
+ϵn

1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2.

By Proposition 3.6 we know that the sequences {xn} and {ỹn,N } are bounded. Therefore, from

the asymptotical regularity of {xn}, αn → 0 and ϵn → 0 we obtain that

lim
n→∞∥xn−un∥ = lim

n→∞∥F2tn−F2p∥ = lim
n→∞∥F1 t̃n−F1p̃∥ = lim

n→∞∥yn,N−ỹn,N∥ = lim
n→∞∥xn−yn∥ = 0.

(3.32)

���

Remark 3.1. By the last proposition we have ωw (xn) =ωw (un) and ωs(xn) =ωs(un), i.e., the

sets of strong/weak cluster points of {xn} and {un} coincide.

Of course, if βn,i → βi ̸= 0 as n →∞, for all indices i , the assumptions of Proposition 3.7

are enough to assure that

lim
n→∞

∥xn+1 −xn∥
βn,i

= 0, ∀i ∈ {1, . . . , N }.

In the next proposition, we estimate the case in which at least one sequence {βn,k0 } is a null

sequence.

Proposition 3.9. Let us suppose that Ω ̸= ;. Let us suppose that (H0) holds. Moreover, for an

index k0 ∈ {1, . . . , N }, limn→∞βn,k0 = 0 and the following hold:

(H7) for each index i ∈ {1, . . . , N },

lim
n→∞

|βn,i −βn−1,i |
ϵnδnβn,k0

= lim
n→∞

|αn −αn−1|
ϵnδnβn,k0

= lim
n→∞

|βn −βn−1|
ϵnδnβn,k0

= lim
n→∞

|rn − rn−1|
ϵnδnβn,k0

= lim
n→∞

|δn −δn−1|
δnβn,k0

= lim
n→∞

|ϵn −ϵn−1|
ϵnδnβn,k0

= lim
n→∞

1

ϵnδnβn,k0

∣∣∣ γn

1−βn
− γn−1

1−βn−1

∣∣∣= lim
n→∞

|λn −λn−1|
ϵnδnβn,k0

= 0;

(H8) there exists a constant δ> 0 such that 1
ϵnδn

| 1
βn,k0

− 1
βn−1,k0

| < δ for all n ≥ 1.

If ∥un −un−1∥ = o(ϵnδnβn,k0 ), then

lim
n→∞

∥xn+1 −xn∥
βn,k0

= 0.
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Proof. It is clear from (3.25) that

∥ỹn,N − ỹn−1,N∥
ϵnδnβn,k0

≤ ∥yn,N − yn−1,N∥
ϵnδnβn,k0

+ (αn
|λn −λn−1|
ϵnδnβn,k0

+λn−1
|αn −αn−1|
ϵnδnβn,k0

)∥yn−1,N∥+ |λn −λn−1|
ϵnδnβn,k0

∥∇ f (yn−1,N )∥

≤ ∥un −un−1∥
ϵnδnβn,k0

+
N∑

k=2
∥Sk un−1 − yn−1,k−1∥

|βn,k −βn−1,k |
ϵnδnβn,k0

+∥S1un−1 −un−1∥
|βn,1 −βn−1,1|
ϵnδnβn,k0

+(αn
|λn −λn−1|
ϵnδnβn,k0

+λn−1
|αn −αn−1|
ϵnδnβn,k0

)∥yn−1,N∥+ |λn −λn−1|
ϵnδnβn,k0

∥∇ f (yn−1,N )∥.

According to (H7) and ∥un −un−1∥ = o(ϵnδnβn,k0 ), we get

lim
n→∞

∥ỹn,N − ỹn−1,N∥
ϵnδnβn,k0

= 0. (3.33)

Consider (3.29). Dividing both the terms by βn,k0 we have

∥xn+1 −xn∥
βn,k0

≤ (1−ϵnδn(1−ρ)γ)
∥xn −xn−1∥

βn,k0

+ M̃1

[ |rn − rn−1|
r̄βn,k0

+
N∑

k=1

|βn,k −βn−1,k |
βn,k0

+|λn −λn−1|
βn,k0

+ |αn −αn−1|
βn,k0

+ |βn −βn−1|
βn,k0

+ 1

βn,k0

| γn

1−βn
− γn−1

1−βn−1
|

+ |ϵn −ϵn−1|
βn,k0

+ ϵn |δn −δn−1|
βn,k0

+ ∥ỹn,N − ỹn−1,N∥
βn,k0

]
.

So, by (H8) we have

∥xn+1 − xn∥
βn,k0

≤ (1−ϵnδn(1−ρ)γ)
∥xn −xn−1∥

βn−1,k0

+ (1−ϵnδn(1−ρ)γ)∥xn − xn−1∥| 1

βn,k0

− 1

βn−1,k0

|

+M̃1

[ |rn − rn−1|
r̄βn,k0

+
N∑

k=1

|βn,k −βn−1,k |
βn,k0

+ |λn −λn−1|
βn,k0

+ |αn −αn−1|
βn,k0

+ |βn −βn−1|
βn,k0

+ 1

βn,k0

| γn

1−βn
− γn−1

1−βn−1
|+ |ϵn −ϵn−1|

βn,k0

+ ϵn |δn −δn−1|
βn,k0

+ ∥ỹn,N − ỹn−1,N∥
βn,k0

]
≤ (1−ϵnδn(1−ρ)γ)

∥xn −xn−1∥
βn−1,k0

+∥xn − xn−1∥| 1

βn,k0

− 1

βn−1,k0

|

+M̃1

[ |rn − rn−1|
r̄βn,k0

+
N∑

k=1

|βn,k −βn−1,k |
βn,k0

+ |λn −λn−1|
βn,k0

+ |αn −αn−1|
βn,k0

+ |βn −βn−1|
βn,k0

+ 1

βn,k0

| γn

1−βn
− γn−1

1−βn−1
|+ |ϵn −ϵn−1|

βn,k0

+ ϵn |δn −δn−1|
βn,k0

+ ∥ỹn,N − ỹn−1,N∥
βn,k0

]
≤ (1−ϵnδn(1−ρ)γ)

∥xn −xn−1∥
βn−1,k0

+ϵnδnδ∥xn − xn−1∥

+M̃1

[ |rn − rn−1|
r̄βn,k0

+
N∑

k=1

|βn,k −βn−1,k |
βn,k0

+ |λn −λn−1|
βn,k0

+ |αn −αn−1|
βn,k0

+ |βn −βn−1|
βn,k0
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+ 1

βn,k0

| γn

1−βn
− γn−1

1−βn−1
|+ |ϵn −ϵn−1|

βn,k0

+ ϵn |δn −δn−1|
βn,k0

+ ∥ỹn,N − ỹn−1,N∥
βn,k0

]
= (1−ϵnδn(1−ρ)γ)

∥xn −xn−1∥
βn−1,k0

+ϵnδn(1−ρ)γ · 1

(1−ρ)γ

{
δ∥xn −xn−1∥

+M̃1

[ |rn − rn−1|
r̄ ϵnδnβn,k0

+
N∑

k=1

|βn,k −βn−1,k |
ϵnδnβn,k0

+ |λn −λn−1|
ϵnδnβn,k0

+ |αn −αn−1|
ϵnδnβn,k0

+ |βn −βn−1|
ϵnδnβn,k0

+ 1

ϵnδnβn,k0

| γn

1−βn
− γn−1

1−βn−1
|+ |ϵn −ϵn−1|

ϵnδnβn,k0

+ |δn −δn−1|
δnβn,k0

+ ∥ỹn,N − ỹn−1,N∥
ϵnδnβn,k0

]}
.

Therefore, utilizing Lemma 2.8, from (3.33), (H0), (H7) and the asymptotical regularity of {xn}

(due to Proposition 3.7), we deduce that

lim
n→∞

∥xn+1 −xn∥
βn,k0

= 0. ���

Proposition 3.10. Let us suppose that Ω ̸= ;. Let us suppose that (H0)−(H6) hold. If ∥un −
un−1∥ = o(ϵnδn), then ∥zn − tn∥→ 0 as n →∞.

Proof. Let p ∈Ω. In terms of the firm nonexpansivity of PC and the ζ j -inverse strong mono-

tonicity of F j for j = 1,2, we obtain from ν j ∈ (0,2ζ j ), j = 1,2 and (3.10) that

∥t̃n − p̃∥2 = ∥PC (I −ν2F2)tn −PC (I −ν2F2)p∥2

≤ 〈(I −ν2F2)tn − (I −ν2F2)p, t̃n − p̃〉
= 1

2
[∥(I −ν2F2)tn − (I −ν2F2)p∥2 +∥t̃n − p̃∥2

−∥(I −ν2F2)tn − (I −ν2F2)p − (t̃n − p̃)∥2]

≤ 1

2
[∥tn −p∥2 +∥t̃n − p̃∥2 −∥(tn − t̃n)−ν2(F2tn −F2p)− (p − p̃)∥2]

= 1

2
[∥tn −p∥2 +∥t̃n − p̃∥2 −∥(tn − t̃n)− (p − p̃)∥2

+2ν2〈(tn − t̃n)− (p − p̃),F2tn −F2p〉−ν2
2∥F2tn −F2p∥2],

and

∥zn −p∥2 = ∥PC (I −ν1F1)t̃n −PC (I −ν1F1)p̃∥2

≤ 〈(I −ν1F1)t̃n − (I −ν1F1)p̃, zn −p〉
= 1

2
[∥(I −ν1F1)t̃n − (I −ν1F1)p̃∥2 +∥zn −p∥2

−∥(I −ν1F1)t̃n − (I −ν1F1)p̃ − (zn −p)∥2]

≤ 1

2
[∥t̃n − p̃∥2 +∥zn −p∥2 −∥(t̃n − zn)+ (p − p̃)∥2

+2ν1〈F1 t̃n −F1p̃, (t̃n − zn)+ (p − p̃)〉−ν2
1∥F1 t̃n −F1p̃∥2]

≤ 1

2
[∥tn −p∥2 +∥zn −p∥2 −∥(t̃n − zn)+ (p − p̃)∥2
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+2ν1〈F1 t̃n −F1p̃, (t̃n − zn)+ (p − p̃)〉].

Thus, we have

∥t̃n − p̃∥2 ≤ ∥tn −p∥2 −∥(tn − t̃n)− (p − p̃)∥2

+2ν2〈(tn − t̃n)− (p − p̃),F2tn −F2p〉−ν2
2∥F2tn −F2p∥2, (3.34)

and

∥zn −p∥2 ≤ ∥tn −p∥2 −∥(t̃n − zn)+ (p − p̃)∥2 +2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥. (3.35)

Consequently, from (3.10), (3.15), (3.31) and (3.34), it follows that

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)∥zn −p∥2

≤ βn∥xn −p∥2 + (1−βn)∥t̃n − p̃∥2

≤ βn∥xn −p∥2 + (1−βn)[∥tn −p∥2 −∥(tn − t̃n)− (p − p̃)∥2

+2ν2∥(tn − t̃n)− (p − p̃)∥∥F2tn −F2p∥]

≤ βn∥xn −p∥2 + (1−βn)[(∥xn −p∥+p
2λnαn∥p∥)2

−∥(tn − t̃n)− (p − p̃)∥2 +2ν2∥(tn − t̃n)− (p − p̃)∥∥F2tn −F2p∥]

≤ (∥xn −p∥+p
2λnαn∥p∥)2 − (1−βn)∥(tn − t̃n)− (p − p̃)∥2

+2ν2∥(tn − t̃n)− (p − p̃)∥∥F2tn −F2p∥,

which yields

(1−d)∥(tn − t̃n)− (p − p̃)∥2

≤ (1−βn)∥(tn − t̃n)− (p − p̃)∥2

≤ (∥xn −p∥+
p

2λnαn∥p∥)2 −∥yn −p∥2 +2ν2∥(tn − t̃n)− (p − p̃)∥∥F2tn −F2p∥
≤ (∥xn − yn∥+

p
2λnαn∥p∥)(∥xn −p∥+∥yn −p∥+

p
2λnαn∥p∥)

+2ν2∥(tn − t̃n)− (p − p̃)∥∥F2tn −F2p∥.

Since limn→∞αn = 0 and {xn}, {yn}, {tn} and {t̃n} are bounded, we deduce from (3.32) that

lim
n→∞∥(tn − t̃n)− (p − p̃)∥ = 0. (3.36)

Furthermore, from (3.15), (3.31) and (3.35), it follows that

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)∥zn −p∥2

≤ βn∥xn −p∥2 + (1−βn)[∥tn −p∥2 −∥(t̃n − zn)+ (p − p̃)∥2

+2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥]

≤ βn∥xn −p∥2 + (1−βn)[(∥xn −p∥+
p

2λnαn∥p∥)2 −∥(t̃n − zn)+ (p − p̃)∥2
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+2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥]

≤ (∥xn −p∥+p
2λnαn∥p∥)2 − (1−βn)∥(t̃n − zn)+ (p − p̃)∥2

+2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥,

which leads to

(1−d)∥(t̃n − zn)+ (p − p̃)∥2

≤ (1−βn)∥(t̃n − zn)+ (p − p̃)∥2

≤ (∥xn −p∥+
p

2λnαn∥p∥)2 −∥yn −p∥2 +2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥
≤ (∥xn − yn∥+

p
2λnαn∥p∥)(∥xn −p∥+∥yn −p∥+

p
2λnαn∥p∥)

+2ν1∥F1 t̃n −F1p̃∥∥(t̃n − zn)+ (p − p̃)∥.

Since limn→∞αn = 0 and {xn}, {yn}, {zn} and {t̃n} are bounded, we deduce from (3.32) that

lim
n→∞∥(t̃n − zn)+ (p − p̃)∥ = 0. (3.37)

Note that

∥tn − zn∥ ≤ ∥(tn − t̃n)− (p − p̃)∥+∥(t̃n − zn)+ (p − p̃)∥.

Hence from (3.36) and (3.37) we get

lim
n→∞∥tn − zn∥ = lim

n→∞∥tn −Gtn∥ = 0. (3.38)

Proposition 3.11. Let us suppose that Ω ̸= ;. Let us suppose that

0 < liminf
n→∞ βn,i ≤ limsup

n→∞
βn,i < 1

for each i = 1, . . . , N . Moreover, suppose that ∥un−un−1∥ = o(ϵnδn) and (H0)−(H6) are satisfied.

Then, limn→∞ ∥Si un −un∥ = 0 for each i = 1, . . . , N as n →∞.

Proof. First of all, it is clear that

∥tn − ỹn,N∥ = ∥PC (yn,N −λn∇ fαn (ỹn,N ))−PC (yn,N −λn∇ fαn (yn,N ))∥
≤ ∥(yn,N −λn∇ fαn (ỹn,N ))− (yn,N −λn∇ fαn (yn,N ))∥
= λn∥∇ fαn (ỹn,N )−∇ fαn (yn,N )∥
≤ λn(αn +∥A∥2)∥ỹn,N − yn,N∥
≤ ∥ỹn,N − yn,N∥.

By Proposition 3.8, we get

lim
n→∞∥tn − ỹn,N∥ = 0,
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which together with (3.31), implies that

lim
n→∞∥tn − yn,N∥ = 0. (3.39)

Let us show that for each i ∈ {1, . . . , N }, one has ∥Si un − yn,i−1∥→ 0 as n →∞. Let p ∈Ω.

When i = N , by Lemma 2.2 (b) we have from (3.9), (3.10), (3.15) and (3.31)

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)∥zn −p∥2

≤ βn∥xn −p∥2 + (1−βn)∥tn −p∥2

≤ βn∥xn −p∥2 + (1−βn)[∥yn,N −p∥2 +2λnαn∥p∥∥ỹn,N −p∥]

= βn∥xn −p∥2 + (1−βn)[βn,N∥SN un −p∥2 + (1−βn,N )∥yn,N−1 −p∥2

−βn,N (1−βn,N )∥SN un − yn,N−1∥2 +2λnαn∥p∥∥ỹn,N −p∥]

≤ βn∥xn −p∥2 + (1−βn)[βn,N∥un −p∥2 + (1−βn,N )∥un −p∥2

−βn,N (1−βn,N )∥SN un − yn,N−1∥2 +2λnαn∥p∥∥ỹn,N −p∥]

= βn∥xn −p∥2 + (1−βn)[∥un −p∥2 −βn,N (1−βn,N )∥SN un − yn,N−1∥2

+2λnαn∥p∥∥ỹn,N −p∥]

≤ βn∥xn −p∥2 + (1−βn)[∥xn −p∥2 −βn,N (1−βn,N )∥SN un − yn,N−1∥2

+2λnαn∥p∥∥ỹn,N −p∥]

≤ ∥xn −p∥2 − (1−βn)βn,N (1−βn,N )∥SN un − yn,N−1∥2 +2λnαn∥p∥∥ỹn,N −p∥,

which together with {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and {βn} ⊂ [c,d ] ⊂ (0,1), leads to

(1−d)βn,N (1−βn,N )∥SN un − yn,N−1∥2

≤ (1−βn)βn,N (1−βn,N )∥SN un − yn,N−1∥2

≤ ∥xn −p∥2 −∥yn −p∥2 +2λnαn∥p∥∥ỹn,N −p∥
≤ ∥xn − yn∥(∥xn −p∥+∥yn −p∥)+2bαn∥p∥∥ỹn,N −p∥.

Since αn → 0, 0 < liminfn→∞βn,N ≤ limsupn→∞βn,N < 1 and limn→∞ ∥xn − yn∥ = 0 (due to

(3.32)), it is known that {∥SN un − yn,N−1∥} is a null sequence.

Let i ∈ {1, . . . , N −1}. Then one has

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)∥tn −p∥2

≤ βn∥xn −p∥2 + (1−βn)[∥yn,N −p∥2 +2λnαn∥p∥∥ỹn,N −p∥]

≤ βn∥xn −p∥2 + (1−βn)[βn,N∥SN un −p∥2 + (1−βn,N )∥yn,N−1 −p∥2

+2λnαn∥p∥∥ỹn,N −p∥]

≤ βn∥xn −p∥2 + (1−βn)[βn,N∥xn −p∥2 + (1−βn,N )∥yn,N−1 −p∥2
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+2λnαn∥p∥∥ỹn,N −p∥]

≤ βn∥xn −p∥2 + (1−βn){βn,N∥xn −p∥2 + (1−βn,N )[βn,N−1∥SN−1un −p∥2

+(1−βn,N−1)∥yn,N−2 −p∥2]+2λnαn∥p∥∥ỹn,N −p∥}

≤ βn∥xn −p∥2 + (1−βn){(βn,N + (1−βn,N )βn,N−1)∥xn −p∥2

+
N∏

k=N−1
(1−βn,k )∥yn,N−2 −p∥2 +2λnαn∥p∥∥ỹn,N −p∥},

and so, after (N − i +1)-iterations,

∥yn −p∥2 ≤ βn∥xn −p∥2 + (1−βn)
{(
βn,N +

N∑
j=i+2

( N∏
l= j

(1−βn,l )
)
βn, j−1

)
∥xn −p∥2

+
N∏

k=i+1
(1−βn,k )∥yn,i −p∥2 +2λnαn∥p∥∥ỹn,N −p∥

}
= βn∥xn −p∥2 + (1−βn){(βn,N +

N∑
j=i+2

(
N∏

l= j
(1−βn,l ))βn, j−1)∥xn −p∥2

+
N∏

k=i+1
(1−βn,k )[βn,i∥Si un −p∥2 + (1−βn,i )∥yn,i−1 −p∥2

−βn,i (1−βn,i )∥Si un − yn,i−1∥2]+2λnαn∥p∥∥ỹn,N −p∥}

≤ βn∥xn −p∥2 + (1−βn)[∥xn −p∥2 −βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2

+2λnαn∥p∥∥ỹn,N −p∥]

≤ ∥xn−p∥2−(1−βn)βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2 +2λnαn∥p∥∥ỹn,N −p∥. (3.40)

Again we obtain that

(1−d)βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2

≤ (1−βn)βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2

≤ ∥xn −p∥2 −∥yn −p∥2 +2λnαn∥p∥∥ỹn,N −p∥
≤ ∥xn − yn∥(∥xn −p∥+∥yn −p∥)+2bαn∥p∥∥ỹn,N −p∥.

Since αn → 0, 0 < liminfn→∞βn,i ≤ limsupn→∞βn,i < 1 for each i = 1, . . . , N −1, and limn→∞
∥xn − yn∥ = 0 (due to (3.32)), it is known that

lim
n→∞∥Si un − yn,i−1∥ = 0.

Obviously for i = 1, we have ∥S1un −un∥→ 0.
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To conclude, we have that

∥S2un −un∥ ≤ ∥S2un − yn,1∥+∥yn,1 −un∥ = ∥S2un − yn,1∥+βn,1∥S1un −un∥

from which ∥S2un −un∥→ 0. Thus by induction ∥Si un −un∥→ 0 for all i = 2, . . . , N since it is

enough to observe that

∥Si un −un∥ ≤ ∥Si un − yn,i−1∥+∥yn,i−1 −Si−1un∥+∥Si−1un −un∥
≤ ∥Si un − yn,i−1∥+ (1−βn,i−1)∥Si−1un − yn,i−2∥+∥Si−1un −un∥. ���

Remark 3.2. As an example, we consider N = 2 and the sequences:

(a) βn = 1
2 + 2

n , γn =σn = 1
4 − 1

n , ∀n > 4;

(b) λn = 1
2∥A∥2 − 1

2n , ∀n > ∥A∥2;

(c) αn = 1
n2 , ϵn = 1

n3/4 , δn = 1
n1/4 , rn = 2− 1

n , ∀n > 1;

(d) βn,1 = 1
2 − 1

n , βn,2 = 1
2 − 1

n2 , ∀n > 2.

Then they satisfy the hypotheses on the parameter sequences in Proposition 3.11.

Proposition 3.12. Let us suppose that Ω ̸= ; and βn,i → βi for all i as n →∞. Suppose there

exists k ∈ {1, . . . , N } such that βn,k → 0 as n →∞. Let k0 ∈ {1, . . . , N } the largest index such that

βn,k0 → 0 as n →∞. Suppose that

(i) αn+ϵn
βn,k0

→ 0 as n →∞;

(ii) if i ≤ k0 and βn,i → 0 then
βn,k0
βn,i

→ 0 as n →∞;

(iii) if βn,i →βi ̸= 0 then βi lies in (0,1).

Moreover, suppose that ∥un −un−1∥ = o(ϵnδnβn,k0 ) and (H0), (H7) and (H8) hold. Then,

limn→∞ ∥Si un −un∥ = 0 for each i = 1, . . . , N as n →∞.

Proof. First of all we note that if (H7) holds then also (H1)−(H6) are satisfied. So {xn} is asymp-

totically regular.

Let k0 be as in the hypotheses. As in Proposition 3.11, for every index i ∈ {1, . . . , N } such

that βn,i →βi ̸= 0 (which leads to 0 < liminfn→∞βn,i ≤ limsupn→∞βn,i < 1), one has ∥Si un −
yn,i−1∥→ 0 as n →∞.

For all the other indices i ≤ k0, we can prove that ∥Si un−yn,i−1∥→ 0 as n →∞ in a similar

manner. By the relation (due to (3.31) and (3.40))

∥xn+1 −p∥2 ≤ (1−ϵnτ)∥yn −p∥2 +ϵnτ
1

τ2 ∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥yn −p∥2 +ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2
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≤ ∥xn −p∥2 − (1−βn)βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2

+2λnαn∥p∥∥ỹn,N −p∥+ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2. (3.41)

we immediately obtain that

(1−d)
N∏

k=i
(1−βn,k )∥Si un − yn,i−1∥2

≤ (1−βn)
N∏

k=i
(1−βn,k )∥Si un − yn,i−1∥2

≤ ∥xn −p∥2 −∥xn+1 −p∥2

βn,i
+2λn

αn

βn,i
∥p∥∥ỹn,N −p∥

+ ϵn

βn,i

1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn − xn+1∥
βn,i

(∥xn −p∥+∥xn+1 −p∥)+2λn
αn

βn,i
∥p∥∥ỹn,N −p∥

+ ϵn

βn,i

1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2.

By Proposition 3.9 or by hypothesis (ii) on the sequences, we have

∥xn −xn+1∥
βn,i

= ∥xn −xn+1∥
βn,k0

· βn,k0

βn,i
→ 0.

So, the conclusion follows. ���

Remark 3.3. Let us consider N = 3 and the following sequences:

(a) βn = 1
2 + 2

n2 , γn =σn = 1
4 − 1

n2 , ∀n > 2;

(b) λn = 1
2∥A∥2 − 1

2n2 , ∀n > ∥A∥;

(c) αn = 1
n2 , ϵn = 1

n3/4 , δn = 1
n1/4 , rn = 2− 1

n2 , ∀n > 1;

(d) βn,1 = 1
n1/4 , βn,2 = 1

2 − 1
n2 , βn,3 = 1

n1/3 , ∀n > 1.

It is easy to see that all hypotheses (i)−(iii), (H0), (H7) and (H8) of Proposition 3.12 are satis-

fied.

Remark 3.4. Under the hypotheses of Proposition 3.12, analogously to Proposition 3.11, one

can see that

lim
n→∞∥Si un − yn,i−1∥ = 0, ∀i ∈ {2, . . . , N }.

Corollary 3.1. Let us suppose that the hypotheses of either Proposition 3.11 or Proposition 3.12

are satisfied. Then ωw (xn) =ωw (un) =ωw (yn,1), ωs(xn) =ωs(un) =ωs(yn,1) and ωw (xn) ⊂Ω.
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Proof. By Remark 3.1, we have ωw (xn) = ωw (un) and ωs(xn) = ωs(un). Note that by Remark

3.4,

lim
n→∞∥SN un − yn,N−1∥ = 0.

In the meantime, it is known that

lim
n→∞∥SN un −un∥ = lim

n→∞∥un −xn∥ = lim
n→∞∥xn − yn∥ = 0.

Hence we have

lim
n→∞∥SN un − yn∥ = 0. (3.42)

Furthermore, it follows from (3.1) that

lim
n→∞∥yn,N − yn,N−1∥ = lim

n→∞βn,N∥SN un − yn,N−1∥ = 0,

which together with limn→∞ ∥SN un − yn,N−1∥ = 0, yields

lim
n→∞∥SN un − yn,N∥ = 0. (3.43)

Combining (3.42) and (3.43), we conclude that

lim
n→∞∥yn − yn,N∥ = 0,

which together with limn→∞ ∥xn − yn∥ = 0, leads to

lim
n→∞∥xn − yn,N∥ = 0. (3.44)

Combining (3.39) and (3.44), we get

lim
n→∞∥tn −xn∥ = 0. (3.45)

Note that

yn −xn = γn(zn − xn)+σn(Tzn −xn)

= γn(zn − tn)+γn(tn −xn)+σn(Tzn −T tn)+σn(T tn − xn).

Passing to the norm and using Lemma 2.4 we get

σn∥T tn − xn∥ = ∥yn −xn −γn(zn − tn)−σn(Tzn −T tn)−γn(tn −xn)∥
≤ ∥yn −xn∥+∥γn(zn − tn)+σn(Tzn −T tn)∥+γn∥tn −xn∥
≤ ∥yn −xn∥+ (γn +σn)∥zn − tn∥+γn∥tn −xn∥
≤ ∥yn −xn∥+∥zn − tn∥+∥tn − xn∥.
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So, from (3.32), (3.38), (3.45) and liminfn→∞σn > 0 it follows that

lim
n→∞∥T tn − xn∥ = 0,

which together with (3.45), yields

lim
n→∞∥T tn − tn∥ = 0. (3.46)

Now we observe that

∥xn − yn,1∥ ≤ ∥xn −un∥+∥yn,1 −un∥ = ∥xn −un∥+βn,1∥S1un −un∥.

By Propositions 3.8 and 3.11, ∥xn −un∥→ 0 and ∥S1un −un∥→ 0 as n →∞, and hence

lim
n→∞∥xn − yn,1∥ = 0.

So we get ωw (xn) =ωw (yn,1) and ωs(xn) =ωs(yn,1).

Let p ∈ ωw (xn). Then there exists a subsequence {xni } of {xn} such that xni * p. Since

p ∈ ωw (un), by Proposition 3.11 and Lemma 2.5 (demiclosedness principle), we have p ∈
Fix(Si ) for each i = 1, . . . , N , i.e., p ∈ ∩N

i=1Fix(Si ). Taking into account p ∈ ωw (tn) and ∥tn −
Gtn∥ → 0 (due to (3.38) and (3.45)), by Lemma 2.5 (demiclosedness principle) we know that

p ∈ Fix(G) =: GSVI(G). Also, since p ∈ ωw (tn) and ∥T tn − tn∥ → 0 (due to (3.45) and (3.46)),

by Lemma 2.3 (Demiclosedness principle) we get p ∈ Fix(T ). Moreover, by Lemma 2.11 and

Proposition 3.8 we know that p ∈ GMEP(Θ,h). Next we prove that p ∈ Γ. As a matter of fact,

from (3.32) and (3.44) we know that yni ,N * p and ỹni ,N * p. Let

T̃ v =
{

∇ f (v)+NC v, v ∈C ,

;, v ̸∈C ,

where NC v = {u ∈ H : 〈v −p,u〉 ≥ 0,∀p ∈C }. Then, T̃ is maximal monotone and 0 ∈ T̃ v if and

only if v ∈ VI(C ,∇ f ); see [19] for more details. Let (v,u) ∈ G(T̃ ). Since u −∇ f (v) ∈ NC v and

ỹn,N ∈C , we have

〈v − ỹn,N ,u −∇ f (v)〉 ≥ 0.

On the other hand, from ỹn,N = PC (I −λn∇ fαn )yn,N and v ∈C , we have

〈v − ỹn,N , ỹn,N − (yn,N −λn∇ fαn (yn,N ))〉 ≥ 0,

and hence

〈v − ỹn,N ,
ỹn,N − yn,N

λn
+∇ fαn (yn,N )〉 ≥ 0.

Therefore we have

〈v − ỹni ,N ,u〉
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≥ 〈v − ỹni ,N ,∇ f (v)〉
≥ 〈v − ỹni ,N ,∇ f (v)〉−〈v − ỹni ,N ,

ỹni ,N − yni ,N

λni

+∇ fαni
(yni ,N )〉

= 〈v − ỹni ,N ,∇ f (v)〉−〈v − ỹni ,N ,
ỹni ,N − yni ,N

λni

+∇ f (yni ,N )〉−αni 〈v − ỹni ,N , yni ,N 〉
= 〈v − ỹni ,N ,∇ f (v)−∇ f (ỹni ,N )〉+〈v − ỹni ,N ,∇ f (ỹni ,N )−∇ f (yni ,N )〉
−〈v − ỹni ,N ,

ỹni ,N − yni ,N

λni

〉−αni 〈v − ỹni ,N , yni ,N 〉

≥ 〈v − ỹni ,N ,∇ f (ỹni ,N )−∇ f (yni ,N )〉−〈v − ỹni ,N ,
ỹni ,N − yni ,N

λni

〉−αni 〈v − ỹni ,N , yni ,N 〉.

From (3.32) and since ∇ f is Lipschitz continuous, we obtain that limn→∞ ∥∇ f (ỹni ,N )

−∇ f (yni ,N )∥ = 0. From ỹni ,N * p, {λn} ⊂ [a,b] ⊂ (0, 1
∥A∥2 ) and (3.32), we have

〈v −p,u〉 ≥ 0.

Since T̃ is maximal monotone, we have p ∈ T̃ −10 and hence p ∈ VI(C ,∇ f ), which

implies p ∈ Γ. Consequently, it is known that p ∈ Fix(T ) ∩∩N
i=1 Fix(Si ) ∩ GMEP(Θ,h) ∩

GSVI(G)∩Γ =: Ω. ���

Theorem 3.1. Let us suppose that Ω ̸= ;. Let {αn}, {βn,i }, i = 1, . . . , N , be sequences in (0,1) such

that 0 < liminfn→∞βn,i ≤ limsupn→∞βn,i < 1 for each index i . Moreover, let us suppose that

(H0)−(H6) hold. Then the sequences {xn}, {yn} and {un} defined by scheme (3.1), all converge

strongly to the unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn −xn−1∥+αn = o(ϵnδ
2
n).

Proof. First of all, let us show that ωw (xn) ⊂ Ξ. As a matter of fact, we note that F : C → H

is η-strongly monotone and κ-Lipschitzian and V : C → H is a ρ-contraction with ρ ∈ [0,1).

Observe that

µη≥ τ ⇔ µη≥ 1−
√

1−µ(2η−µκ2)

⇔
√

1−µ(2η−µκ2) ≥ 1−µη

⇔ 1−2µη+µ2κ2 ≥ 1−2µη+µ2η2

⇔ κ2 ≥ η2

⇔ κ≥ η.

Take a fixed w ∈ ωw (xn) arbitrarily. Then there exists a subsequence {xni } of {xn} such that

xni * w . Hence, according to Corollary 3.1, we get w ∈Ω. Since xn+1 = PC vn and 0 < γ ≤ τ,

from (3.1) and (3.16), it follows that for all p ∈Ω

∥xn+1−p∥2 = 〈vn −p, xn+1 −p〉+〈PC vn − vn ,PC vn −p〉
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≤ 〈vn −p, xn+1 −p〉
= 〈(I −ϵnµF )yn − (I −ϵnµF )p, xn+1 −p〉
+ϵnδnγ〈V xn −V p, xn+1 −p〉+ϵn(1−δn)γ〈Sxn −Sp, xn+1 −p〉
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉

≤ (1−ϵnτ)∥yn −p∥∥xn+1 −p∥
+ϵnδnγρ∥xn −p∥∥xn+1 −p∥+ϵn(1−δn)γ∥xn −p∥∥xn+1 −p∥
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉

≤ (1−ϵnτ)(∥xn −p∥+
p

2λnαn∥p∥)∥xn+1 −p∥
+ϵnδnγρ∥xn −p∥∥xn+1 −p∥+ϵn(1−δn)γ∥xn −p∥∥xn+1 −p∥
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉

≤ [1−ϵnτ+ϵnδnγρ+ϵn(1−δn)γ](∥xn −p∥+
p

2λnαn∥p∥)∥xn+1 −p∥
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉

≤ [1−ϵnδnγ(1−ρ)](∥xn −p∥+
p

2λnαn∥p∥)∥xn+1 −p∥
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉

≤ (∥xn −p∥+
p

2λnαn∥p∥)∥xn+1 −p∥
+ϵnδn〈(γV −µF )p, xn+1 −p〉+ϵn(1−δn)〈(γS −µF )p, xn+1 −p〉. (3.47)

Thus, we have

〈(µF −γS)p, xn+1 −p〉

≤ (∥xn −p∥+p
2λnαn∥p∥−∥xn+1 −p∥)∥xn+1 −p∥

ϵn(1−δn)
+ δn

1−δn
〈(γV −µF )p, xn+1 −p〉

≤ (∥xn − xn+1∥+
p

2bαn∥p∥)∥xn+1 −p∥
ϵn(1−δn)

+ δn

1−δn
∥(γV −µF )p∥∥xn+1 −p∥.

Since αn
ϵn

→ 0, ∥xn−xn+1∥
ϵn

→ 0, δn → 0 and xni * w , we conclude from the boundedness of {xn}

that for all p ∈Ω

〈(µF −γS)p, w −p〉
= lim

i→∞
〈(µF −γS)p, xni −p〉

≤ limsup
n→∞

〈(µF −γS)p, xn −p〉
= limsup

n→∞
(〈(µF −γS)p, xn+1 −p〉+〈(µF −γS)p, xn −xn+1〉)

= limsup
n→∞

〈(µF −γS)p, xn+1 −p〉

≤ limsup
n→∞

[
(∥xn −xn+1∥+

p
2bαn∥p∥)∥xn+1 −p∥

ϵn(1−δn)
+ δn

1−δn
∥(γV −µF )p∥∥xn+1 −p∥] = 0.
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That is,

〈(µF −γS)p, p −w〉 ≥ 0, ∀p ∈Ω.

Since 0 < γ≤ τ≤µη and

〈(µF −γS)x − (µF −γS)y, x − y〉 ≥ (µη−γ)∥x − y∥2, ∀x, y ∈C ,

we know that µF−γS is monotone and (µκ+γ)-Lipschitz continuous with constant µκ+γ> 0.

Thus, by Minty’s lemma [43], we have

〈(µF −γS)w, p −w〉 ≥ 0, ∀p ∈Ω,

which yields w ∈Ξ. This shows that ωw (xn) ⊂Ξ. Furthermore, it is clear that

〈(µF −γV )x − (µF −γV )y, x − y〉 ≥ (µη−γρ)∥x − y∥2, ∀x, y ∈C .

So, it follows that µF −γV is (µη−γρ)-strongly monotone with constant µη−γρ > 0. In the

meantime, it is easy to see that µF −γV is (µκ+γρ)-Lipschitz continuous with constant µκ+
γρ > 0. Thus, there exists a unique solution x∗ in Ξ to the VIP

〈(µF −γV )x∗, p −x∗〉 ≥ 0, ∀p ∈Ξ. (3.48)

Next, let us show that ∥xn − x∗∥→ 0 as n →∞. In fact, we now take a subsequence {xn j }

of {xn} satisfying

limsup
n→∞

〈(γV −µF )x∗, xn −x∗〉 = lim
j→∞

〈(γV −µF )x∗, xn j −x∗〉.

Without loss of generality, we may further assume that xn j * x̃; then x̃ ∈ Ξ according to the

conclusion ωw (xn) ⊂Ξ proved as above. So, it follows from (3.48) that

limsup
n→∞

〈(γV −µF )x∗, xn − x∗〉 = 〈(γV −µF )x∗, x̃ −x∗〉 ≤ 0. (3.49)

Putting p = x∗ in (3.47), we obtain from 0 < γ≤ τ

∥xn+1 −x∗∥2

≤ (1−ϵnτ)(∥xn −x∗∥+
p

2λnαn∥x∗∥)∥xn+1 −x∗∥
+ϵnδnγρ∥xn −x∗∥∥xn+1 −x∗∥+ϵn(1−δn)γ∥xn − x∗∥∥xn+1 −x∗∥
+ϵnδn〈(γV −µF )x∗, xn+1 −x∗〉+ϵn(1−δn)〈(γS −µF )x∗, xn+1 −x∗〉

≤ (1−ϵnτ)∥xn − x∗∥∥xn+1 −x∗∥+ϵnδnγρ∥xn − x∗∥∥xn+1 −x∗∥
+ϵn(1−δn)γ∥xn − x∗∥∥xn+1 −x∗∥+ϵnδn〈(γV −µF )x∗, xn+1 −x∗〉
+ϵn(1−δn)〈(γS −µF )x∗, xn+1 − x∗〉+

p
2λnαn∥x∗∥∥xn+1 −x∗∥
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= [1−ϵnτ+ϵnδnγρ+ϵn(1−δn)γ]∥xn −x∗∥∥xn+1 − x∗∥+ϵnδn〈(γV −µF )x∗, xn+1 − x∗〉
+ϵn(1−δn)〈(γS −µF )x∗, xn+1 −x∗〉+

p
2λnαn∥x∗∥∥xn+1 −x∗∥

≤ [1−ϵnδnγ(1−ρ)]∥xn −x∗∥∥xn+1 −x∗∥+ϵnδn〈(γV −µF )x∗, xn+1 −x∗〉
+ϵn(1−δn)〈(γS −µF )x∗, xn+1 −x∗〉+p

2λnαn∥x∗∥∥xn+1 −x∗∥
≤ [1−ϵnδnγ(1−ρ)]

1

2
(∥xn − x∗∥2 +∥xn+1 −x∗∥2)+ϵnδn〈(γV −µF )x∗, xn+1 −x∗〉

+ϵn(1−δn)〈(γS −µF )x∗, xn+1 −x∗〉+p
2bαn∥x∗∥∥xn+1 −x∗∥.

It turns out that

∥xn+1−x∗∥2 ≤ 1−ϵnδnγ(1−ρ)

1+ϵnδnγ(1−ρ)
∥xn −x∗∥2 + 2

1+ϵnδnγ(1−ρ)
[ϵnδn〈(γV −µF )x∗, xn+1 − x∗〉

+ϵn(1−δn)〈(γS−µF )x∗, xn+1−x∗〉]+ 1

1+ϵnδnγ(1−ρ)
2
p

2bαn∥x∗∥∥xn+1−x∗∥

≤ [1−ϵnδnγ(1−ρ)]∥xn −x∗∥2 + 2

1+ϵnδnγ(1−ρ)
[ϵnδn〈(γV −µF )x∗, xn+1 − x∗〉

+ϵn(1−δn)〈(γS −µF )x∗, xn+1 − x∗〉]+2
p

2bαn∥x∗∥∥xn+1 −x∗∥
= [1−ϵnδnγ(1−ρ)]∥xn −x∗∥2 +ϵnδnγ(1−ρ) · 2

γ(1−ρ)(1+ϵnδnγ(1−ρ))

×
{
〈(γV −µF )x∗, xn+1 −x∗〉+ (1−δn)〈(γS −µF )x∗, xn+1 −x∗〉

δn

}
+2

p
2bαn∥x∗∥∥xn+1 − x∗∥. (3.50)

On the other hand, we notice the assumptions on the scheme (3.1) that limn→∞(ϵn +
αn)/δ2

n = 0 and max1≤i≤N ∥x −Si x∥ ≥ k̄ ·d(x,Ω),∀x ∈ C for some k̄ > 0. Then, for x∗ ∈ Ξ, we

obtain

〈(γS −µF )x∗, xn+1−x∗〉 = 〈(γS −µF )x∗, xn+1 −PΩun〉+〈(γS −µF )x∗,PΩun −x∗〉
≤ 〈(γS −µF )x∗, xn+1 −PΩun〉
≤ ∥(γS −µF )x∗∥∥xn+1 −PΩun∥
≤ ∥(γS −µF )x∗∥(∥xn+1 −un∥+∥un −PΩun∥)

= ∥(γS −µF )x∗∥(∥xn+1 −un∥+d(un ,Ω))

≤ ∥(γS −µF )x∗∥(∥xn+1 − xn∥+∥xn −un∥+ 1

k̄
max

1≤i≤N
∥un −Si un∥)

≤ ∥(γS −µF )x∗∥(∥xn+1 − xn∥+∥xn −un∥+ 1

k̄

N∑
i=1

∥un −Si un∥). (3.51)

From (H1), (H3) and ∥xn −xn−1∥ = o(ϵnδ
2
n) we have

lim
n→∞

∥xn − xn−1∥
ϵn−1δ

2
n−1

= lim
n→∞

∥xn −xn−1∥
ϵnδ

2
n

ϵn

ϵn−1

δ2
n

δ2
n−1

= 0. (3.52)
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From (3.27), (H4) and ∥xn − xn−1∥ = o(ϵnδ
2
n) we get

∥un −un−1∥
ϵnδn

≤ ∥xn −xn−1∥
ϵnδn

+L
|rn − rn−1|

rnϵnδn

≤ ∥xn −xn−1∥
ϵnδn

+L
|rn − rn−1|

r̄ ϵnδn
→ 0 as n →∞.

That is, ∥un −un−1∥ = o(ϵnδn). Also, from (3.31) we obtain

∥xn+1−p∥2 ≤ ∥xn −p∥2 − (1−ϵnτ){(1−βn)[∥xn −un∥2 + (1−λ2
n(αn +∥A∥2)2)∥yn,N − ỹn,N∥2

+ν2(2ζ2 −ν2)∥F2tn −F2p∥2 +ν1(2ζ1 −ν1)∥F1 t̃n −F1p̃∥2]+ βn

1−βn
∥yn −xn∥2}

+2λnαn∥p∥∥p − ỹn,N∥+ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −p∥2 − (1−ϵnτ)(1−βn)∥xn −un∥2 +2bαn∥p∥∥p − ỹn,N∥
+ϵn

1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2,

which leads to

(1−ϵnτ)(1−d)
∥xn −un∥2

δ2
n

≤ (1−ϵnτ)(1−βn)
∥xn −un∥2

δ2
n

≤ ∥xn −p∥2 −∥xn+1 −p∥2

δ2
n

+2b
αn

δ2
n
∥p∥∥p − ỹn,N∥+ ϵn

τδ2
n
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −xn+1∥
δ2

n
(∥xn −p∥+∥xn+1 −p∥)+2b

αn

δ2
n
∥p∥∥p − ỹn,N∥

+ ϵn

τδ2
n
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2.

Since αn

δ2
n
→ 0, ϵn

δ2
n
→ 0 and ∥xn+1−xn∥

δ2
n

→ 0 (due to (3.52)), we have

lim
n→∞

∥xn −un∥
δn

= 0. (3.53)

Repeating the same argument process as in (3.40), we obtain that (noting that yn,0 = un)

∥yn −p∥2 ≤ ∥xn −p∥2−(1−βn)βn,N (1−βn,N )∥SN un −yn,N−1∥2+2λnαn∥p∥∥ỹn,N −p∥, (3.54)

and for i ∈ {1, . . . , N −1},

∥yn −p∥2 ≤ ∥xn −p∥2−(1−βn)βn,i

N∏
k=i

(1−βn,k )∥Si un −yn,i−1∥2+2λnαn∥p∥∥ỹn,N −p∥. (3.55)

Substituting (3.54) and (3.55) in (3.31), respectively, we have

∥xn+1−p∥2 ≤ (1−ϵnτ)∥yn −p∥2 +ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2
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≤ ∥yn −p∥2 +ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −p∥2 − (1−βn)βn,N (1−βn,N )∥SN un − yn,N−1∥2 +2λnαn∥p∥∥ỹn,N −p∥
+ϵn

1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2,

and for i ∈ {1, . . . , N −1},

∥xn+1−p∥2

≤ ∥yn −p∥2 +ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −p∥2 − (1−βn)βn,i

N∏
k=i

(1−βn,k )∥Si un − yn,i−1∥2 +2λnαn∥p∥∥ỹn,N −p∥

+ϵn
1

τ
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2.

So, it follows that

(1−d)βn,N (1−βn,N )
∥SN un − yn,N−1∥2

δ2
n

≤ (1−βn)βn,N (1−βn,N )
∥SN un − yn,N−1∥2

δ2
n

≤ ∥xn −p∥2 −∥xn+1 −p∥2

δ2
n

+2λn
αn

δ2
n
∥p∥∥ỹn,N −p∥+ ϵn

τδ2
n
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −xn+1∥
δ2

n
(∥xn −p∥+∥xn+1 −p∥)+2b

αn

δ2
n
∥p∥∥ỹn,N −p∥

+ ϵn

δ2
nτ

∥γ(δnV xn + (1−δn)Sxn)−µF p∥2,

and for i ∈ {1, . . . , N −1},

(1−d)βn,i

N∏
k=i

(1−βn,k )
∥Si un − yn,i−1∥2

δ2
n

≤ (1−βn)βn,i

N∏
k=i

(1−βn,k )
∥Si un − yn,i−1∥2

δ2
n

≤ ∥xn −p∥2 −∥xn+1 −p∥2

δ2
n

+2λn
αn

δ2
n
∥p∥∥ỹn,N −p∥+ ϵn

δ2
nτ

∥γ(δnV xn + (1−δn)Sxn)−µF p∥2

≤ ∥xn −xn+1∥
δ2

n
(∥xn −p∥+∥xn+1 −p∥)+2b

αn

δ2
n
∥p∥∥ỹn,N −p∥

+ ϵn

τδ2
n
∥γ(δnV xn + (1−δn)Sxn)−µF p∥2.

Since αn

δ2
n
→ 0, ϵn

δ2
n
→ 0, ∥xn+1−xn∥

δ2
n

→ 0 (due to (3.52)) and 0 < liminfn→∞βn,i ≤ limsupn→∞βn,i

< 1 for each i ∈ {1, . . . , N }, we deduce that (noting that yn,0 = un)

lim
n→∞

∥Si un − yn,i−1∥
δn

= 0, ∀i ∈ {1, . . . , N }. (3.56)
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Obviously for i = 1, we have ∥S1un −un∥/δn → 0.

To conclude, we have that

∥S2un −un∥
δn

≤ ∥S2un − yn,1∥
δn

+ ∥yn,1 −un∥
δn

= ∥S2un − yn,1∥
δn

+ βn,1∥S1un −un∥
δn

from which ∥S2un−un∥
δn

→ 0. Thus by induction ∥Si un−un∥
δn

→ 0 for all i = 2, . . . , N since it is

enough to observe that

∥Si un −un∥
δn

≤ ∥Si un − yn,i−1∥
δn

+ ∥yn,i−1 −Si−1un∥
δn

+ ∥Si−1un −un∥
δn

≤ ∥Si un − yn,i−1∥
δn

+ (1−βn,i−1)
∥Si−1un − yn,i−2∥

δn
+ ∥Si−1un −un∥

δn
.

Furthermore, it is clear from (3.51) that

〈(γS −µF )x∗, xn+1 − x∗〉
δn

≤ ∥(γS −µF )x∗∥(
∥xn+1 −xn∥

δn
+ ∥xn −un∥

δn
+

N∑
i=1

∥un −Si un∥

k̄δn
).

Hence, from (3.52), (3.53) and ∥Si un−un∥
δn

→ 0,∀i {1, . . . , N }, that

limsup
n→∞

〈(γS −µF )x∗, xn+1 −x∗〉
δn

≤ 0. (3.57)

Thus, from (H0), (3.49), (3.57) and
∑∞

n=0αn <∞ it can be readily seen that
∑∞

n=0 ϵnδnγ(1−ρ) =
∞,

∑∞
n=0 2

p
2bαn∥x∗∥∥xn+1 −x∗∥ <∞ and

limsup
n→∞

2

γ(1−ρ)(1+ϵnδnγ(1−ρ))

{
〈(γV −µF )x∗, xn+1 −x∗〉

+ (1−δn)〈(γS −µF )x∗, xn+1 −x∗〉
δn

}
≤ 0.

Consequently, applying Lemma 2.8 to (3.50), we infer that the sequence {xn} converges strongly

to x∗. This completes the proof. ���

In a similar way, we can conclude another theorem as follows.

Theorem 3.2. Let us suppose that Ω ̸= ;. Let {αn}, {βn,i }, i = 1, . . . , N , be sequences in (0,1) such

that βn,i → βi for each index i as n → ∞. Suppose that there exists k ∈ {1, . . . , N } for which

βn,k → 0 as n → ∞. Let k0 ∈ {1, . . . , N } the largest index for which βn,k0 → 0. Moreover, let us

suppose that (H0), (H7) and (H8) hold and

(i) ϵn
βn,k0

→ 0 as n →∞;

(ii) if i ≤ k0 and βn,i →βi then
βn,k0
βn,i

→ 0 as n →∞;

(iii) if βn,i →βi ̸= 0 then βi lies in (0,1).

Then the sequences {xn}, {yn} and {un} defined by scheme (3.1), all converge strongly to the

unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn − xn−1∥+αn = o(ϵnδ
2
nβn,k0 ).
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Remark 3.5. Theorems 3.1 and 3.2 improve, extend, supplement and develop [8, Theorem

4.1], [24, Theorem 3.2], [31, Theorems 3.1 and 3.2] and [41, Theorems 3.12 and 3.13] in the

following aspects.

(i) The multi-step iterative scheme in [24, Theorem 3.2] is extended to develop a hybrid ex-

tragradient iterative scheme (3.1) with regularization by virtue of Korpelevich’s extragradient

method, Mann’s iteration method [25] and gradient projection method (GPM) with regular-

ization. The iterative scheme (3.1) is based on Korpelevich’s extragradient method, viscos-

ity approximation method (see [22, 23]), Mann’s iteration method, hybrid steepest-descent

method (see [2, 25]) and gradient-projection method (GPM) with regularization. In the mean-

time, the iterative scheme (3.1) is also the generalization, improvement and development of

the iterative ones in [8, Theorem 4.1], [31, Theorems 3.1 and 3.2] and [41, Theorems 3.12 and

3.13].

(ii) The argument techniques in our Theorems 3.1 and ?? are very different from those tech-

niques in [8, Theorem 4.1], [24, Theorem 3.2], [31, Theorems 3.1 and 3.2] and [41, Theorems

3.12 and 3.13] because we make use of the properties of strict pseudocontractions (see Lem-

mas 2.3 and 2.4), the ones of the resolvent operator associated with Θ and h (see Lemmas

2.9−2.11), the fixed point problem x∗ = Gx∗ (⇔ GSVI (1.6)) (see Proposition 2.2), the equiv-

alence of inclusion problem 0 ∈ T̃ v to the VIP v ∈ VI(C ,∇ f ) for maximal monotone oper-

ator T̃ (see (2.2)), the contractive coefficient estimates for the contractions T λ associating

with nonexpansive mappings (see Lemma 2.7) and the new argument process in the proof of

ωw (xn) ⊂Ω and ωw (xn) ⊂Ξ.

(iii) The problem of finding an element of Fix(T )∩∩N
i=1Fix(Si )∩GMEP(Θ,h)∩Ξ∩Γ in our

Theorems 3.1 and 3.2 is more general and more subtle than the one of finding a fixed point

of a nonexpansive mapping T in [8, Theorem 4.1], the one of finding an element of Fix(T )∩
∩N

i=1Fix(Si )∩GMEP(Θ,h) in [24, Theorems 3.2] (where T is a nonexpansive mapping), the

one of finding an element of Fix(T ) ∩∩N
i=1Fix(Si ) ∩ GMEP(Θ,h) in [41, Theorems 3.12 and

3.13] (where T is a nonexpansive mapping) and the one of finding an element of Fix(T )∩
∩N

i=1Fix(Si )∩GMEP(Θ,h)∩Ξ in [31, Theorems 3.1 and 3.2] (where T is a strict pseudocon-

traction).

(iv) Our Theorems 3.1 and 3.2 generalizes [31, Theorems 3.1 and 3.2] and [41, Theorems 3.12

and 3.13] in from the nonexpansive mapping T to the strict pseudocontraction T and extend

them to the setting of the THVIP (1.8) (defined over the set Fix(T )∩∩N
i=1Fix(Si )) with con-

straints of GMEP (1.3), SFP (1.5), and GSVI (1.6). In the meantime, our Theorems 3.1 and 3.2

extend the THVIP (defined over the set Fix(T )) in [8, Theorem 4.1] and the THVIP (defined

over the set Fix(T )∩∩N
i=1Fix(Si )) in [24, Theorem 3.2] to Problem 1.3, i.e., the THVIP (defined

over the set Fix(T )∩∩N
i=1Fix(Si )) with constraints of GMEP (1.3), SFP (1.5), and GSVI (1.6).
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4. Applications

For a given nonlinear mapping A : C → H , we consider the variational inequality prob-

lem (VIP) of finding x̄ ∈C such that

〈A x̄, y − x̄〉 ≥ 0, ∀y ∈C . (4.1)

We will indicate with VI(C ,A ) the set of solutions of the VIP (4.1).

Recall that if u is a point in C , then the following relation holds:

u ∈ VI(C ,A ) ⇔ u = PC (I −λA )u, ∀λ> 0.

In the meantime, it is easy to see that the following relation holds:

GSVI (1.6) with F2 = 0 ⇔ VIP (4.1) with A = F1. (4.2)

An operator A : C → H is said to be an α-inverse strongly monotone operator if there

exists a constant α> 0 such that

〈A x −A y, x − y〉 ≥α∥A x −A y∥2, ∀x, y ∈C .

As an example, we recall that the α-inverse strongly monotone operators are firmly non-

expansive mappings if α ≥ 1 and that every α-inverse strongly monotone operator is also
1
α -Lipschitz continuous (see [34]).

Let us observe also that, if A is α-inverse strongly monotone, the mappings PC (I −λA )

are nonexpansive for all λ ∈ (0,2α] since they are compositions of nonexpansive mappings

(see p.419 in [34]).

Let us consider S̃1, . . . , S̃M a finite number of nonexpansive self-mappings on C and A1, . . .,

AN be a finite number of α-inverse strongly monotone operators. Let T : C →C be a ξ-strict

pseudocontraction with fixed points. Let us consider the following mixed problem of finding

x∗ ∈ Fix(T )∩GMEP(Θ,h)∩GSVI(G)∩Γ such that

〈(I − S̃1)x∗, y −x∗〉 ≥ 0, ∀y ∈ Fix(T )∩GMEP(Θ,h)∩GSVI(G)∩Γ,

〈(I − S̃2)x∗, y −x∗〉 ≥ 0, ∀y ∈ Fix(T )∩GMEP(Θ,h)∩GSVI(G)∩Γ,

· · ·
〈(I − S̃M )x∗, y − x∗〉 ≥ 0, ∀y ∈ Fix(T )∩GMEP(Θ,h)∩GSVI(G)∩Γ,

〈A1x∗, y −x∗〉 ≥ 0, ∀y ∈C ,

〈A2x∗, y −x∗〉 ≥ 0, ∀y ∈C ,

· · ·
〈AN x∗, y −x∗〉 ≥ 0, ∀y ∈C .

(4.3)

Let us call (SVI) the set of solutions of the (M + N )-system. This problem is equivalent to

finding a common fixed point of T, {PFix(T )∩GMEP(Θ,h)∩GSVI(G)∩ΓS̃i }M
i=1, {PC (I −λAi )}N

i=1. So we

claim that the following holds.
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Theorem 4.1. Let us suppose that Ω = Fix(T ) ∩ (SVI) ∩ GMEP(Θ,h) ∩ GSVI(G) ∩Γ ̸= ;. Fix

λ > 0. Let {αn}, {βn,i }, i = 1, . . . , (M +N ), be sequences in (0,1) such that 0 < liminfn→∞βn,i ≤
limsupn→∞βn,i < 1 for all indices i . Moreover, let us suppose that (H0)−(H6) hold. Then the

sequences {xn}, {yn} and {un} explicitly defined by scheme

Θ(un , y)+h(un , y)+ 1
rn
〈y −un ,un −xn〉 ≥ 0, ∀y ∈C ,

yn,1 =βn,1PFix(T )∩GMEP(Θ,h)∩GSVI(G)∩ΓS̃1un + (1−βn,1)un ,

yn,i =βn,i PFix(T )∩GMEP(Θ,h)∩GSVI(G)∩ΓS̃i un + (1−βn,i )yn,i−1, i = 2, . . . , M ,

yn,M+ j =βn,M+ j PC (I −λA j )un + (1−βn,M+ j )yn,M+ j−1, j = 1, . . . , N ,

ỹn,M+N = PC (yn,M+N −λn∇ fαn (yn,M+N )),

yn =βn xn +γnGPC (yn,M+N −λn∇ fαn (ỹn,M+N ))+σnTGPC (yn,M+N −λn∇ fαn (ỹn,M+N )),

xn+1 = PC [ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )yn], ∀n ≥ 0,
(4.4)

all converge strongly to the unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn − xn−1∥+αn =
o(ϵnδ

2
n).

Theorem 4.2. Let us suppose that Ω ̸= ;. Fix λ > 0. Let {αn}, {βn,i }, i = 1, . . . , (M + N ), be se-

quences in (0,1) and βn,i → βi for all i as n →∞. Suppose that there exists k ∈ {1, . . . , M +N }

such that βn,k → 0 as n →∞. Let k0 ∈ {1, . . . , M +N } be the largest index for which βn,k0 → 0.

Moreover, let us suppose that (H0), (H7) and (H8) hold and

(i) ϵn
βn,k0

→ 0 as n →∞;

(ii) if i ≤ k0 and βn,i → 0 then
βn,k0
βn,i

→ 0 as n →∞;

(iii) if βn,i →βi ̸= 0 then βi lies in (0,1).

Then the sequences {xn}, {yn} and {un} defined by scheme (3.1), all converge strongly to the

unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn − xn−1∥+αn = o(ϵnδ
2
nβn,k0 ).

Remark 4.1. If in system (4.3), ∇ f = 0, F1 = F2 = A1 = ·· · = AN = 0 and T is a nonexpansive

mapping, we obtain a system of hierarchical fixed point problems introduced by Mainge and

Moudafi [20, 21].

On the other hand, recall that a mapping S : C →C is called ζ-strictly pseudocontractive

if there exists a constant ζ ∈ [0,1) such that

∥Sx −Sy∥2 ≤ ∥x − y∥2 +ζ∥(I −S)x − (I −S)y∥2, ∀x, y ∈C .

If ζ= 0, then S is nonexpansive. Put A = I−S, where S : C →C is a ζ-strictly pseudocontractive

mapping. Then A is 1−ζ
2 -inverse strongly monotone; see [37].

Utilizing Theorems 3.1 and 3.2, we also give two strong convergence theorems for finding

a common element of the solution set GMEP(Θ,h) of GMEP (1.3), the solution set Γ of the
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SFP (1.5) and the common fixed point set ∩N
i=1Fix(Si )∩Fix(S) of finitely many nonexpansive

mappings Si : C →C , i = 1, . . . , N , and a ζ-strictly pseudocontractive mapping S : C →C .

Theorem 4.3. Let ν1 ∈ (0,1−ζ). Let us suppose that Ω=∩N
i=1Fix(Si )∩Fix(S)∩GMEP(Θ,h)∩Γ ̸=

;. Let {αn}, {βn,i }, i = 1, . . . , N , be sequences in (0,1) such that 0 < liminfn→∞βn,i ≤ limsupn→∞
βn,i < 1 for all indices i . Moreover, let us suppose that there hold (H0)−(H6) with γn = 0,∀n ≥ 0.

Then the sequences {xn}, {yn} and {un} generated explicitly by

Θ(un , y)+h(un , y)+ 1
rn
〈y −un ,un −xn〉 ≥ 0, ∀y ∈C ,

yn,1 =βn,1S1un + (1−βn,1)un ,

yn,i =βn,i Si un + (1−βn,i )yn,i−1, i = 2, . . . , N ,

ỹn,N = PC (yn,N −λn∇ fαn (yn,N )),

tn = PC (yn,N −λn∇ fαn (ỹn,N )),

yn =βn xn + (1−βn)((1−ν1)tn +ν1Stn),

xn+1 = PC [ϵnγ(δnV xn + (1−δn)Sxn)+ (I −ϵnµF )yn], ∀n ≥ 0,

(4.5)

all converge strongly to the unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn − xn−1∥+αn =
o(ϵnδ

2
n).

Proof. In Theorem 3.1, put F1 =A = I −S and F2 = 0. Then A is 1−ζ
2 -inverse strongly mono-

tone. Hence we deduce that Fix(S) = VI(C ,A ) = GSVI(G) and

Gtn = PC (I −ν1F1)PC (I −ν2F2)tn

= PC (I −ν1F1)tn

= (1−ν1)tn +ν1Stn .

Thus, in terms of Theorem 3.1, we obtain the desired result. ���

Theorem 4.4. Let ν1 ∈ (0,1−ζ). Let us suppose that Ω=∩N
i=1Fix(Si )∩Fix(S)∩GMEP(Θ,h)∩Γ ̸=

;. Let {αn}, {βn,i }, i = 1, . . . , N , be sequences in (0,1) such that βn,i → βi for all i as n → ∞.

Suppose that there exists k ∈ {1, . . . , N } for which βn,k → 0 as n →∞. Let k0 ∈ {1, . . . , N } be the

largest index for which βn,k0 → 0. Moreover, let us suppose that there hold (H0), (H7) and (H8)

with γn = 0,∀n ≥ 0 and

(i) ϵn
βn,k0

→ 0 as n →∞;

(ii) if i ≤ k0 and βn,i → 0 then
βn,k0
βn,i

→ 0 as n →∞;

(iii) if βn,i →βi ̸= 0 then βi lies in (0,1).

Then the sequences {xn}, {yn} and {un} generated explicitly by (4.5), all converge strongly to the

unique solution x∗ ∈Ω of Problem 1.3 provided ∥xn − xn−1∥+αn = o(ϵnδ
2
nβn,k0 ).
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