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RASCAL FINITE SETS

PIER LUIGI PAPINI

Abstract. In this paper we consider finite sets in a normed, infinite dimensional space. First,
we study the following problem: given a finite set F', does there exist a sphere containing F' on
its surface? We indicate some results and we collect some examples concerning this problem,
also for sets of small cardinality. Then we give an example of a three-point set, in a Hilbert

space, without incenter.

1. Introduction

We shall denote by (X,]|.||) a normed space over the real field R; F will always
indicate a finite subset of X. Also, we assume that X is infinite-dimensional, though
several results can be stated for spaces having a finite dimension “large enough” with
respect to #F, the number of elements of F.

For x € X and r > 0, we denote by U(x,r) the set {y € X;|lx —y|| =r}.

As usual, we denote by [,,, 1 < p < oo, the space of all sequences = (z1,...,Zn,...)
such that 3°°° |z;|P is summable, with the norm ||z|| = (35, |z:[P)'/?.

A subset A of X is said to be equilateral if ||z — y|| is constant for all pairs z, y in A.

We say that F' lies on a sphere if there exist € X and r > 0 such that F C U(x,r).

Clearly, if F' contains two points then it always lies on a sphere.

We shall consider the following property, which was introduced and studied in [3] for
a normed space X:

(P) any finite subset of X lies on a sphere.

Here we deal with spaces having or lacking property (P), and we indicate some related
results: only an infinite-dimensional space can have property (P). Other connected
results have been indicated in [4] and in [11].

2. Triplets Versus Quadruplets

We start with a few simple remarks.
It is clear that if X is strictly convex and F' contains (at least) three collinear points,
then F' cannot lie on a sphere: in fact, this property characterizes strictly convex spaces.
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If the norm of X is Hilbertian, then it is simple to see that every finite, equilateral
set lies on a sphere (it is enough to consider the centroid of the set).

If #F = 3 and F is equilateral, then we can add a point to F' so that the new set is
still equilateral (see [12]): this implies that, in any space, every three-point equilateral
set lies on a sphere. Still in [12] an example of a maximal, equilateral set containing 4
points was given.

An example of a Banach space containing an equilateral set F' of 4 points, not lying
on a sphere, was given in [2], Example 6.1.

In many Banach spaces not every three-point, non collinear set, lies on a sphere. More
precisely, the following is true (see [10], Proposition 41):

A Minkowski plane is smooth iff every noncollinear triplet lies on a sphere.

Compare with Example 3 below; see also the discussion at the beginning of Section

We give now some examples of triplets or quadruplets not lying on a sphere; clearly,
all the spaces involved lack property (P).

Example 1. Let X =1;. Let F' = {ey, -e1, aea}, 0 < a < 1, e; denoting the i-th
element of the natural basis; note that F' is not collinear. Assume that F' C U(c, p) for

some ¢ = (¢1,...,¢p,...) € X and some p > 0. From ||c — e1]|| = ||c + e1]| we obtain
¢1 = 0; moreover, from ||c — e1|| = ||c — aez|| we obtain 1 + |ca2] = |c2 — «|: this is a
contradiction, proving that F' cannot lie on a sphere.

If we consider a set like F' in [,, 1 < p < oo, then 1+ |e2]? = |ca — |P gives a

contradiction only for & = 0 (note that in this case the three points are collinear).

Example 2. Let X = ¢,; z = (1, %, %, %, %, Ly = (f%, -1, f%, f%, f%, L F=
{z,y,0} (F is not collinear). Assume that F' C U(c,r) for some ¢ = (c1,...,¢pn,...) € X
and some r > 0: then ||c|| = ||c—0|| = r; if |¢p| = r for some n > 3, then max{|c, —zy|,
len —ynl; n >3} =r+1 soeither [[c—z|| > 7, or |[[c—y|| > r. If [[c—0|| = |c1]| = r, then
either ¢; < 0,50 |[c—x|| > |e1—x1| = 147 > r,orer > 0,50 [[c—y|| > [e1—y1| = 347 > 7
similar implications, if ||c — || = |c2| = r. This contradiction proves that F' does not lie
on a sphere.

For X = ¢ (the space of all convergent sequences), or X = [, a similar example can
be given, by taking F' = {z,y,0} withz = (1,-2,1,1,1,...); y=(-2,1,-1,—-1,—-1,....).
In this case, also by assuming ||c|| = r = lim,, o|cn| We get a contradiction.

Example 3. Let X =1[,, 1 < p < oco. Consider the following subset of X: F =
{e1,—e1, aea, —aea} where 0 < o < 1 and ey, e are the first two elements of the natural
basis. Note that no triplet in F' is collinear.

Assume that F' C U(c,r) for some ¢ = (¢1,¢2,...) € X and some r > 0: ||c — e1]| =
llc + e1]] implies ¢; = 0; also, ||c — aes||P = ||c + aes||P implies ¢ = 0. Moreover,
llc—e1]| = ||c — cez|| implies 143" <o lcn|? =aP + >, <4 |cn|P, a contradiction proving
that F' does not lie on a sphere. B B
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3. Some Positive Results

In [3] two examples of spaces where finite sets always lie on a sphere have been given:
one is a smooth (not complete) normed space; the other one is a complete (but not
smooth) space.

Here we indicate an example of a simple normed space with property (P).

Example 4. Let X be the space of all real sequences z = (z1,...,2p,...) with a
finite number of non null components, with the norm:

[lz|] = max{|z;|,1 < i < oo}.

Assume that a1, ..., a, are the elements of F, with components (a;);, 1 <i <n and
j € N. Let & = maxi<i<n ||a;||, and n, such that (a;); =0 for j >n, andi=1,...,n.

Take x = aey, (e,, being the n,-th element of the natural basis); then F' C U(x, ).

Remark 1. If we complete the above space, then property (P) fails (see Example
2).

A “positive” result is the following.

Proposition 1. Any space X can be embedded as a norm-one complemented hyper-
plane of a space Y so that for every finite subset F' of X, the subset in Y corresponding
in a natural way to F' lies on a sphere.

Proof. Given X, let Y = (R® X)oo. If FF = {21,..., 25} C X and mazi1<i<pl||z:i|| =
a, let 2/ = (0,2;) (1 <i<n). Then F' = {},...,z,} C U(c,a) where ¢ = (,0).

Remark 2. The above Proposition does not say that (R® X ). satisfies (P) (see [3,
Example 1]).

If X is smooth, then the following is true (see [3], Theorem 2).

(P’) given z1,...,2, in X and € > 0, we can find for i = 1,...,n points :c; such
that ||x; — z;|| < e and z4,...,x, lie on a sphere.

This result relies on “Vlasov’s property” (see [13], p.35). More precisely, spaces
with a strictly convex dual are characterized by the following property: the union of an
increasing, unbounded sequence of open balls is either an open halfspace, or the whole
space.

Since we deal with finite sets (generating finite-dimensional spaces), we recall that when
dim(X) < oo, X is smooth if and only if the dual is strictly convex.

The above result holds also in ¢,; the proof given below simply relies on the fact that

the space considered in Example 4 is dense in ¢,.

Proposition 2. The space ¢, satisfies property (P’).

Proof. Let X = c,; given x1, ..., Tn, set maxi<;<n||zi|| = a. Take a positive € < «,
then find n, € N such that (z;); < e for j > n,. Set z; = ((zi)1, ..., (Zi)n,1,0,...,0,...)
(1 <4 < n); then we have: ||z; — z;|| < e. Moreover {z;,...,z,} C U(x,a) where

T = aey,.
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Remark 3. We note that property (P) lifts for example to finite , products of spaces,
1 < p < 0. The same is true when the product is performed by using a monotone norm,
or also more general types of norms (see [7], [9]).

4. Concerning (in)Stability; Nearly Collinear Sets and Big Spheres

Next examples show that, also when the norm is Euclidean, small perturbations of a
set F' lying on a sphere can imply big changes concerning the center or the size of the
sphere containing it; the finite sets we consider lie on a sphere.

Example 5. In this example, we indicate two sets “near” to each other, while the
spheres containing them (which have the same radius) have “distant” centers.

Let X be the Euclidean plane; we consider two sets which are not collinear (but are
not far from being collinear). Take F = {(0,0); (g, V1 —¢2 — 1); (—&, V1 —¢e2 — 1)}
(e < 1) : then the (unique) sphere containing F is centered at ¢ = (0, —1) and has radius
r=1.

Now take F' = {(0,0); (g, 1 —v1 —€?); (—¢, 1 —+/1 — £2)} : then the (unique) sphere
containing F' is centered at ¢/ = (0,1) and has radius » = 1. The Hausdorff distance
between F and F” is 2v/1 — €2, which is near to 0 for € small; but ||c — ¢/|| = 2 (so their
centers are not near).

Example 6. In this example, we have sets “near” to each other, while the radii of
the spheres containing them are “very different”.

Let X be the Euclidean plane. Take G = {(0,0); (v2e — 2,¢); (—v/2e — 2, )} with
€ < 1 : then the (unique) sphere containing F' is centered at ¢ = (0,1) and has radius
r=1.

Now take G' = {(0,0); (e, €); (—¢, €)} : then the (unique) sphere containing F is
centered at ¢ = (0,¢) and has radius 7’ = e. Therefore the Hausdorfl distance between
G and G’ is vV2e — €2 — ¢, while the difference r — r’ is 1-¢.

We consider now collinear sets.

We observe first that the radius r of a sphere containing a set F' = {x1,...,2p,...}
must be not smaller than the (Chebyshev) radius of F; i.e.,

r > infiex Supy<;<p |17 — 24|

If X is strictly convex, then a collinear triplet cannot lie on a sphere.
Also: if X is uniformly convex, then we can estimate -by using the modulus of convexity-
how far a set F' consisting of three collinear points is, from lying on a sphere of radius r.
More precisely, if we consider a small perturbation of a collinear set F', a sphere of big
radius is necessary to contain F': spheres can be “near to” collinear triplets only if their
radii are “big enough”, depending on the roundness of the space.

For sake of simplicity, we indicate an estimate for spaces whose norm derives from an
inner product. The extension to uniformly convex spaces would be not too difficult.
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Let X be a Hilbert space; recall that X is uniformly convex, with modulus of convexity

5e)=1—1/1—=. (1)

This means that given z, y in X,
if [lzf] < 75 [lyll < 75 llz =yl > &, then [[552]| < r(1 - 8(5)).

Proposition 3. Let X be an inner product space; assume that F' is a three-point set,
containing two points and the middle point of the segment, of length 2«, they determine.
Then in order to obtain a set lying on a sphere of radius p, it is enough to move the

2p+a—24/p2—a2+ap

5

points of ‘i—;; it is necessary to move at least one of them of

Proof. Let F = {—x, 0, z} and ||z|| = a. Set:

B(a,2) = {y € X; lly+al| = |ly — all}.

If X is an inner product space, then E(-z,z) is nothing else than the hyperplane
(through 6) orthogonal to x.

We want to give an upper estimate.

Take on E(-z,x) a point ¢ # 6, then consider U (c, p); also, set ||c —z|| =d (> «). In
order to have —z, 6, x near to Ul(c, p), we can ask, for example, that:

p = llell = [le =zl = p. (2)

We have ||z—(—z)|| = 2, and then, by using (1), [|¢|| = [Je—(Z2)[| = d(1-8(22)).
So (2) becomes d —p=p—d(1—6(22)),or p=d—26(22)=d—2(1—/1— 3—;)

This shows that we obtain a triplet lying on a sphere, by moving the elements of F'
of

i [B-ar 1
d—p=75-— T = SV —a?).

2 4

Of course, the last term gives a decreasing function of d, which goes to 0 as d — co.

This result can be formulated in the following way (set d — p = ¢).

If we want to change the three points of the collinear set F' as given, so that the new
set lies on a sphere of radius p, it is enough to move them of

c= e VETTF @ p <o) o o= VHT T,

but according to (2), 2p — d > 0, thus p — e > 0; so the last equality is equivalent to

=<,

4p

Now we see the problem from the other side, in order to obtain a lower estimate.
Take again F' as before. Assume that we can find F' = {u,v, 2z}, lying on the sphere

U(ec, p), and such that:

lutzll<e fv-0ll<e lz-zll<e (a>e)
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Set u=—x+1x'; z=x + 2”; we have:
U+ z '+ 2" u+z u—+z
2= < e 2 > Yol = o — o1l — 118 - “F2 01> p— 2.

So, if we assume & < £, the ball of radius p centered at c contains the segment [u, z],
of length > 2a — 2¢, and the middle point has a distance from ¢ not smaller than p — 2¢.
In other terms, the unit ball of X contains a segment of length at least %, and the

distance of its middle point from cis > 1 — 2—;. According to (1), this implies:
2
20 — 2 2 200 — 2 1 /2a—2 2
1—5(7a E)21——6, or 5(7(1 E)zl—\/l——(ia E) S—E7
p p p 4 p p

2

— 2

1 (0‘ E) >1__E<:>p2—(a—g)2>(p—25)2<:>552—25(2p+a)+a2<O.
P P

SO

Therefore, we obtain:

_ 2 _ 2
e 20+ a —2+/p? —a® + ozp.
- 5
This completes the proof.

5. A Three-Point Set Without Incenter

Recall that the following problem, related to property (P’), is an important one for
applications (see [1], [5]): given a finite set F, find a “small” annulus containing F. The
discussion in the previous section is related also to this problem. In fact, if we say that
the size of the annulus is connected with the difference between those of the inner and
the outer circle, we have seen that “size 0” is not usual, but “small size” is possible if
the balls are big enough.

Another important problem, often considered in location theory (see for example [6])
is the following one:

Given a set A, find a point x € Y, Y given, such that

inf ||z — a|| = sup inf — all. *
inf lle —all = sup int 1y — | ()

When such a point z exists, it is called an incenter of A.

If A is assumed to be bounded, then the problem makes sense only if Y is bounded
(otherwise infye 4]|z — al| goes to infinity for = going far from A).

Here we shall assume that we have a finite set F' = {a1,...,a,}, and that Y is
closed and bounded; moreover, we assume that the underlying space X is a Banach
space (without completeness of X, we can hardly hope for existence of solutions). These
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assumptions are usual done in applications, where in general X is finite-dimensional (so
the problem is also called a “maxmin” problem).
In case we take Y = co(F), then there always exists some ¢ such that

min ||¢ — a|| = maxmin ||z — al|.

a€F z€Y a€F
In fact, co(F) has finite affine dimension, so the problem becomes finite-dimensional and
then compactness implies existence of solutions.

The above problem (k) was studied from a general point of view, for A a convex
set. The existence of solutions is then related to the structure of the underlying Banach
space: see for example [8].

We indicate now, for X a Hilbert space, an example of a three-point set without
incenter.

Example 7. Let X=ls, and F = {a1, as, a3} where:

a1 = (0,1,0,0,...)

a2_(27 250705")
V3 1
a3_(_77 250705")

Let Y ={z € X; |z1]| < @; |zn| <2 — ﬁ forn >2; 377 x| <2, 50 ||z < 2}

Given z € Y, let 2’ be the orthogonal projection of z on the two-dimensional subspace
generated by e; and es; also, denote by Z the projection of Y onto this subspace (Z is
a rectangle).

For every z € Z, we have the estimate mini<;<s||z—a;|| < 1. Therefore, if z € Y, then
min; <;<s||z—a;]|* = mini <;<5(||z—a'|[*+||2’ —a;]]?). Since 2’ € Z, min<;<s||z—q;| <
V22 + mini<j<slla” = a][* < V.

Now take, for n > 3, ¢, = (0,0,...,2 — %, 0,...), only the (n + 1) — th coordinate
being # 0. We have:

[lenll €25 ¢ €75

also, for 7 =1,2,3 (||a]| =1) :

1\? 1 4
n n n

Therefore sup, cyminge ||z — al| > /5.

But we cannot have, for € Y, mingeallz — al| > v/5. In fact, this would imply
[z —a;|| =1 for all j, so @1 =22 = 0; 2 = /> " s |zal? < D05 |@n| < 2, which is
impossible since there must be more than one component of x different from 0. Therefore
F has no incenter.
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