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ON SOLVABILITY OF A COUPLED HYBRID SYSTEM
OF QUADRATIC FRACTIONAL INTEGRAL EQUATIONS

KAZEM GHANBARI AND YOUSEF GHOLAMI

Abstract. Of concern is studying solvability of the hybrid systems of quadratic fractional
integral equations. To this aim applying hybrid fixed point theory due to Dhage, exis-
tence of at least one positive solution for mentioned systems via so called D-Lipschitzian
mappings will be concluded . We illustrate the obtained results by presenting an exam-
ple.

1. Introduction

The fractional calculus is the theory of arbitrary order integration and differentiation that
generalizes the integer order ones in classic differential calculus. Not only in theoretical man-
ner but also as a result of more accurate description of real world phenomena in comparison
with classic differential calculus, we can observe the boom of development of theory of frac-
tional calculus in less than three decades in almost whole sciences related to mathematics
such as biosciences, medicine, engineering, economy and so on. More details and applica-
tions can be found in the monographs and papers [26], [23], [1]-[12], [14]-[20]. On the other
hand the theory of integral equations by itself has been introduced as full applicable theory in
mathematics and great theories such as geomagnetic theory, transport theory, mechanics and
so forth. So we can conclude that combination of fractional calculus and integral equations
may introduce more effective tool for analysis and description of topics mentioned above. In
this way more interesting applications can be found in references [25], [27] and references
cited therein. Let us now introduce in the sequel the main motivation for preparing this pa-

per.

The authors in [22], by means of Dhage hybrid fixed point theory obtained periodic solu-

tions of integral equation

x(1) = Zﬁ(t,x(ai(t))).Lki(t, $)gi(s, x(b;(s))ds.
i=1
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The authors in [13], considered the fractional order integral equation

t (t_S)a—l
x(1) =f(t,x(t))+g(t,x(t))f ——u(s,x(s))ds, teJ=][0,1], a>0,
o I'(a)

and via above mentioned theory concluded the existence of at least one solution.

In this paper we consider the coupled hybrid system of quadratic fractional integral equa-

tions

n

L(t
u(r) = Z{kl,i(t,u(t),v(t))+g1,i(t,u(t),v(t))-f0 (

_ S)ai—l

fri(s, u(s), v(S))dS},

i=1 r(ai)

n E(t—s)finl (1.1)
v(t)=) {kz,j(t,u(t), v(1) +gz,j(t,u(t),v(t))-f ———f2,j(s,u(s), v(S))dS},

| o TB))

where te€ J=[0,T], T,a;,B; €R", i,j=1,2,...,n.
Assume that the following hypotheses are satisfied throughout this paper.

(A1) ki€ CUxR%RY) for i =1,2,...,n and there exist positive constants Ly k, ,, Lo, k, ;» Pk,
with Ly g, ; < La i, ; such that
1 Lk, In(Q+lw —uz2lg)

kyi(t,uy,)—kyi(t,up, )lg< — ,ted, up, ur e C(R),
k1, (2, ur,.) = ka,i (8, u2, Vg 21 Tox,, 00+ 1t — 211 5) 1L, U2 € C[R)

where E = C(J,R) is a Banach space endowed with the max-norm, also assume that
supkyi(t,u,v)=pg,;, i=12,...,n,ted, u,ve CR).

(A2) &1, € C(Jx R2,R*) for i = 1,2,...,n and there exist positive constants Ly g, ., L2 g, Qg ;
with Ly g, ; < Lp g, ; such that

1 Lig,In(0+lug —uzllp)
2nM; Ly g, +In(1+ [|uy — u2llp)’

||g1,i(t) ul»-) _gl,i(t» uZ»-) ”E = te J]) Uy, U € C(R)»

where M; = ||I(‘fjf1,,-(., u, v)|, also suppose that
sup g1,i(t,u, v) = pg, ;» i=12,...,n, ted, u,ve CR).
(A3) fi,irfo,j€ COxRERY) fori,j=1,2,...,nand
sup f1,i(t,u,v)=01;, supfz;(t,u,v)=03; 1i,j=1,2,...,n, ted,uveCRR).

(A4) Replacing i with j and u with v also a with 8 in conditions (A;), (A2) the corresponding
conditions will be satisfied for k3 ;, go,j for j =1,2,..., n in hybrid system (1.1).
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2. Preliminaries

This section contains two steps. First we represent some concepts from fractional calcu-
lus that will be needed in the sequel and in second one in preparatory manner we will briefly
overview the hybrid fixed point theory due to B. C. Dhage.

Definition 2.1 ([23]). The fractional Riemann—Liouvilleintegral of order a > 0 for function
f € L'(0,00) is defined as

I8 f(0) = f (t-9)* ' f(s)ds, 2.1

I'a)
where I'(a) = °° s*1e=3ds denotes the Euler gamma function.

Definition 2.2 ([23]). The fractional Riemann— Liouville derivative of order a > 0 for func-
tion f € L'(0,00) is given by

Dgf =1 )f (t—9)""* 1 f(s)ds, 2.2)

oo (4
where n = [a] + 1.

Lemma 2.3 ([26]). Let a > 0 then

I'(u+1)
I'(u—a+1)

0 Ifu>-1, p#a—iwithi=1,2,...,[al+1andt>0, theanJ”: th-a,

(i) Dg, %~ i=0,fori=1,2,...,[a] + 1.
(iii) IquLl(O 00), then D“ I“ u(t) = u(r), I“ D“ u(t) = u(r) +Z cit% i,
(iv) Dgu(t) =0 u(t) = Zc,-t““',

where c; € R, n = [a] + 1. We notice that replacing a with —« in (i), gives us fractional integra-
tion of power functions.

In what follows we will apply the Banach space (58, ||.||s):
B=ExE, E={ulueC,R)},
(@, Vs =llule+lvie lule= Htleégi{u(t)l ue k.
Define set S < B as

S={u,v)eBlul®),v()=0, teJ, (w,V)n =1},
={u,veElul®),v(t)=0, teJ, lulg+llvlig=r}. (2.3)

Definition 2.4. We define the integral operators Ty, T> : E — E by

n t t— a;—1
Tyu(t) =) {kl,i(t;u(t);V(t))+gl,i(t;u(t);l/(t))- A %fl,i(&u(s),v(s))ds},

i=1 i

n t (t_S)ﬁj_l (2~4)
To,p () = ) < ko, j (2, u(0), V(D) + &2, (£, (D), V(D). | ————fo,(s,u(s), v(s)ds .

j=1 0 r(,B])
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Now we can define the operator T : 85 — ‘B as follows
L(u,v) = (T1,u, T2,v) (2.5)

Definition 2.5 ([1]). Let X be a normed vector space. A mapping T : X — X is said to be D-
Lipschitzian, provided there exists a continuous and nondecreasing function y : R* — R*
such that for x,y € X

ITx=Tyl <yr(lx=yl), wr©) =0,

The function y 7 is called a D-function of T on X.

Remark 2.6 ([24]). If ¢, : RT — R" are two D-functions, then i) ¢ + v, ii) A¢, for A > 0, and
iii) poy are also D-functions on R*. Frequently used D-functions are ¢(r) = kr, with k > 0,
o(r) = %, with0< L=< K, ¢(r) =r—In(1+71), ¢(r) =In(1 + r), etc. So we conclude that the
inequalities in hypotheses (A;) — (A4) are reasonable.

Definition 2.7 ([21]). Let X be a normed space and suppose S < X. A finite set of N balls
B(xy,€) with x,, € X and € > 0 is said to be a finite e—covering of S, provided that every element
of S lies inside one of the balls B(x;,¢), i.e.

N
Sc U B(xp,0).

n=1

The set of centers {x,} of a finite e-covering is called a finite e—net for S.

Definition 2.8 ([21]). Let X be a normed space. Aset Sc X is said to be a Totally Bounded
if and only if it has a finite e—covering for every € > 0.

Theorem 2.9 (Hausdorff compactness criterion [21]). Assume that X be a normed space. A set
S c X is compact if and only if it is closed and totally bounded.

Theorem 2.10 (Dhage fixed point theorem [1]). Assume that S be a nonempty closed convex
and bounded subset of Banach algebra X. Let A,C : X — X and B : S — X be three operators
with the following properties:
(i) A,C are D-Lipschitzian with D-functions ¢ 4 and ¢ respectively.
(ii) B is completely continuous.
(iii) x=Ax+CxBy=>x€S, forallyeS.
(iv) ¢pa(r)+Mec(r)<r, forr >0 where M = ||B(S)|.

Then the equation Ax + CxBx = x has a solution in S.
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3. Main results

Theorem 3.1. Suppose that the conditions (A1) —(Ay) hold. Then the fractional coupled system
(1.1) has at least one positive solution in S.

Proof. We are going to the represent of the proof in three steps as follows:

(S1) Suppose that

Aviu(d) = ) kit u(®), v(0),

i=1
Criu(®) = g,i(t,u(®),v®), i=12,...,n, 3.1
fe—9n .
Bl,iu(t) = —fl,i(sy u(s)y U(S))dsy 1= 1)2»-“)”)
o Tlay)

Ay ju(t) = ) ko j(t,u(t), v(1),
j=1

Co,jv(t) = g,j(t,u(n),v(1), j=1,2,...,n, (3.2)
Bojuin = [ s, viods, =12
2,j V() = 0 T6) f2,i(s,uls), vis)ds, j=1,2,...,n.
Define ;
D kit u(e), v(1)
Avip i) =| % : (3.3)
Y ko (1, u(t), (1))
j=1
&1,i(t, u(t), v(r)) 0 ..
Crioiu,v)(t)=[°" , L,j=1,2,...,n, 3.4
bizj(th V) 0 gt um, o) 7 mo G0
t(r_ yai—1
f%fl,i(&u(ﬂ,v(ﬂ)d&
Byip,j(u, v)(1) = Ot(t_s)bj—l , L,j=1,2,...,n. (3.5
; sz,j(s,u(S),v(S))ds

Now we can transform operator ¥ (u, v) defined by (2.5) to the operator

T, v)(1) = A2, j (W, V) +Y Y Cuigj(u, V)(E) By, (1, v)(1), (3.6)
ij

such that above double summation acts on (i, j) = (1,1), (2,2),..., (n, n).
Indeed we shall show in this step that % (u,v) is a nonlinear D-Lipschitzian with D-

function " "
Yuv = Z Vi, + wkz,j +ZZ{Wg1,iMi +1//g2,j Mj}’ 3.7
-1 T

i=1 J
where (i, j) = (1,1),(2,2),...,(n,n) and ¥, ,, Yi,;» Vg, Vg, are D-functions corre-

sponding to the nonlinear D-Lipschitzian k; ;, k2,j, g1,i, &,j. To this aim by means of
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conditions (A4;), (A4) we have

| A1,i2,j(ur, v1) — Ay 2, j(uz, v2) s

n n
< Y lkyiGoun, vn) = ki Gz, v2) g+ ) kg, jGour, v1) — ko, j(, Uiz, v2) |
i=1 j=1
n Lik,,In(1+ |ty — uzllp) n Ly g, In(I+[lv1 = v2llg)
<> ' +
Z2n (Lo, +InQ+llu —u2llp)  1=2n (Lz,kg_j +In(1+ vy — v2||E))

In(Q+luy—uzllgp) In(+Ilvy—v2lE)
< +

2 2
- In(1+ [[(u1, u2) — (v1, v2) ) N In (1 + [[(u1, u2) — (v1, v2) )
- 2 2
=In(1+ I(u1, u2) — (v1, v2)llss). (3.8

Thus ky,;, ko, ; are two D-Lipschitzian with corresponding D-functions

Ly, In(1+r) Ly k,; In(1+7)
Yk, (1)

Vi, (1) = L i,j=1,2,...,n. (3.9)

21y f,, +In(L+ 1))’ " 2n(lyp,, +In(1+ 1)

Equivalently we have been proved that A ;  j(u, v) is a D-Lipschitzian with correspond-
ing D-function

YA ()= (Z Vi, + Z sz,j) . (3.10)
i-1 im1

Similarly by means of conditions (A»), (A4) we conclude that
Y Y IIC1iz2,jB1,iz2,j(u1, v1) — Cu,i2,jBu,i2, j (U2, v2) |
i j

=2 > {llgniCur, v1) = gu,iC 2, v NG fril g+ 1182,(o ur, v1)
]

=82, 2, VNI o}

Yy Lig  In(1+llus — uzllg) M; . Ly, In(1+ vy - v2llp) M;
~ T 2nM; (Log,, +In(1+ |uy = upllp))  2nMj(Lag, , +In(1 +|lvy = v2lE))

L
- In(1+[lu —uz2llp) N In(1+[v1—v2lE)
2 2
- In (1 + [[(u1, u2) — (v1, v2) ) N In (1 + [[(u1, u2) — (v1, v2) )
2 2
=In(1+ [[(u1, u2) — (v1, v2)lI8) . (3.11)

for (i, j) = (1,1),(2,2),...,(n, n). Hence we deduce that both of operators g1 ;, g2, ; are
D-Lipschitzian with corresponding D-functions
Lig In(1+7) ) Ly,g In(1+7)
’ i r = )
2nM;(La,g, , +In(1+ 1)) Ve 2nMj(Lpg,, +In(1+7))

Ve, ()= i,j=12,...,n.

(3.12)
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Itcanbethat} ;3 ; Cyi2,jBi,i2,j(u, v) isa D-Lipschitzian with corresponding D-function

Ve (N =2 (Ve Mi+wg, Mj|r, (i, ) = (1,1),2,2),..., (n, n). (3.13)
iJ

At last, by means of (3.8)-(3.13) one can observe that T(u, v) defined by (3.6) is a D-
Lipschitzian with corresponding D-function v, , defined by (3.7). So (S;) is complete
now.

(S2) In this step we must prove that the operator By ; 2, j(u, v) defined by (3.5) is completely
continuous on S defined by (2.3). In this way firstly applying the Hausdorff compactness
criterion given by Theorem 2.9, we will prove that S is a compact subset of Banach space
B.

It is clear that S < ‘B is a cone in ‘B. Let us define

-
Su={u€ek ||u”ESE; re i,

: (3.14)
Sy={veEllvlgs=s X te .

Clearly S, S, is closed. Therefore S, S, are complete. Thus as a result of equicontinuity
of u(t),v(t), the Arzela— Ascoli theorem implies that S,, S, are relatively compact.
Hence Theorem 2.9 ensures that S, S, are totally bounded. Thus via Definition 2.8 we
conclude that there exist two finite e—coverings as

Ue(uy), Ye(vy) 1=1,23,...,0, j=1,2,3,..., 1,

such that l
1
Sue JYe(u),
o (3.15)
2
SUC Uu(:‘(vj)r
j=1
where
Ue(ui) ={ue Syl lu—u;llg<el,
(3.16)
Yewp) ={veSylllv—vjllp <el.
Define

Sij = {(w,v) € Sy x Syl ueUe(uy), veie(vy}.

Itiseasytoseethat Sc S, xS, clU;,jSij, 1=i<h, 1<j<b.

In fact if we take (u;}, v;;) € S;j, then S;, x S;, can be covered by finite 4e—covering
Uae(uij, vij) = {(u, ) € Sy x Syl 1w, v) = (uij, vij) s < 4ef.
In other means for every (u, v) € S, x S, there exist indices i, j such that

uele(u;), vele(vy).
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Therefore

lu—uijl <lu—u;l+lu; —ujjl <e+e=2e

(3.17)

lv—vijl<lv—-vil+|v;—vijl<e+e=2e.
(3.17) implies that || (&, v) — (u;, v ;) s <4€. Hence S has a finite 4¢—covering. Therefore
using Theorem 2.9 we conclude that S is compact.
Turning back to the definition of By ;2 j(u, v) given by (3.5) and considering the condi-
tion (As), we conclude that By ; » j(u, v) is continuous on S. Thus By ;2 j(S) is completely
continuous on S. This completes the (S»)
In the last step we are going to show that if

n

Uy = Z {k1,i(us, v) + 810 Cous, 0).I f1 i Uy, 0)},
o (3.18)

Vs = Z {kz,j(~» u, U*) + gz,j (-) u, U*)-Ioj_fz,j(ﬂ u, U*)}»
=

then (u.,v,) € S for all (u,v) € S. By means of conditions (A;) — (A4) and Applying
Lemma 2.3, it is easy to check that
n T'a; + Dpku + pgl'iel,iTai

Ty (1) < -,
1,u(?) 1:21 T +1) a1
. (3.19)
To (1) < i L(B;+ Dk, +Pgo 02T _ r
2,v _j:1 r(ﬁj+1) 2.

On the other hand [T (u, V) los = I T1,ullg + | T2,, |l E. SO we have

1% (w, V) g < r =2max{ry, r}.

Equivalently, we have proved that T(S) c S, that is if (3.18) be satisfied, then (u., v.) € S
for all (u, v) € S. So (S3) is completed.

Since all of the conditions (i)—(iv) in Theorem 2.10 hold, then the coupled hybrid system

of fractional quadratic integral equations (1.1) has at least one positive solution in S. a

4. An example

Let us consider the coupled hybrid system of FQIEs

n

l’(t
=Y kit u®),vd)+g it t,t.fi
u(1) 1:21{ 1,i (6 u(®), v(0) + g1,i(t, u(t), v(1)) . T

_ s)a,-—l

fr,i(s, u(s), v(s))ds},

(t—s)hi1
LB

4.1)

n t
v()=) {kz,j(t,u(t), V(1) + 82,j(t, u(1), v(t)).fo f2,j (s, u(s), v(S))dS}.
j=1
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Take te J=[0,4] and a; = Ziz_l, Bj= %‘H fori,j=1,2,...,n. Setting

Lyt =Ly, =Lpg,; =Lpg, =1, p=12, i,j=12,..,n,

and
In(1+|ul) In|u|
ky,i(t,u,v) = - , &Liltu,v)= T , 1=12,...,n,
’ 2n(1+exp(i + t2)) ' 45t
1077 —— (1+12)
[
ko i(t,u,v)= InL +vD i(t,u,v)= Infvl i=1,2 n
2 U rexp(+ ) 82T . P ST
X 2nm® —— |1+ 1%
r(332)
(tan~(i + 1+ w)* + (cot i+t +v))*
fl,i(t)uyv):4 p , l:1,2,...,n,
P [N 2 —1/: 2
sin~ " (j+t+u)) +(cos  (j+t+v)
fojtyu ) = S ) 8( / Loivzem,
4.2)
and after a direct calculation, we have
2i—1
. 477
sup{fi,i(t,u, )l ted, u,ve C(R), i=1,2,...,n} =5m7, Mi:S”rzii_ﬂ)’ i=1,2,...,n,
2
2i+1
4
sup{fs,j(t,u, )l t€d, u,ve CR), j=1,2,...,n} =77 Mi:nZTH—S)’ i=12,...,n.
2

By means of above setting all of conditions (A;) — (A4) hold. So according on the Theorem 3.1
we deduce that coupled hybrid system of FQIEs (4.1) has at least one positive solution in S.
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