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ON CERTAIN INTEGRAL FORMULAS INVOLVING
THE PRODUCT OF BESSEL FUNCTION AND JACOBI POLYNOMIAL

NABI ULLAH KHAN, MOHD GHAYASUDDIN AND TALHA USMAN

Abstract. In the present paper, we establish some interesting integrals involving the
product of Bessel function of the first kind with Jacobi polynomial, which are expressed in
terms of Kampé de Fériet and Srivastava and Daoust functions. Some other integrals in-
volving the product of Bessel (sine and cosine) function with ultraspherical polynomial,
Gegenbauer polynomial, Tchebicheff polynomial, and Legendre polynomial are also es-
tablished as special cases of our main results. Further, we derive an interesting connec-
tion between Kampé de Fériet and Srivastava and Daoust functions.

1. Introduction

Some very interesting integrals associated with a variety of special functions have been
established by many authors (see, [9], [10], [13], [14]). Very recently, Choi and Agarwal [11]
gave some interesting unified integrals involving the Bessel function of the first kind, which
are expressed in terms of generalized (Wright) hypergeometric functions.

Motivated by the above-mentioned works, in the present paper, we establish a new class
of integral formulas involving the product of Bessel function J,(z) with Jacobi polynomial
P,(f’ﬁ ) (z), which are expressed in terms of Kampé de Fériet and Srivastava and Daoust func-
tions. Some other integrals involving the product of Bessel (sine and cosine) function with
ultraspherical polynomial, Gegenbauer polynomial, Tchebicheff polynomial, and Legendre
polynomial are also established as special cases of our main results. Next, we establish a very
interesting connection between Kampé de Fériet function and Srivastava and Daoust func-

tion.
The Bessel function J, (z) of the first kind and order v is defined by (see [4], [7])
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It is well known that

2
Ji(z) =/ — sinz
2 nz
2
_1(2) =1/ — cosz.
2 nz

The Jacobi polynomial Pﬁ,a’ﬁ ) (z) is defined by (see [4], [7])

and
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From (1.4) and (1.5) it follows that Pi,a'ﬁ '(2)isa polynomial of degree n and that
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For f = a, the polynomial Pﬁ,“’“) (z) is called the ultraspherical polynomial and
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where cﬁ (z) is the Gegenbauer polynomial (see [4], [7]),
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where T,,(z) and Uy, (z) are the Tchebicheff polynomials of the first and second kind, (see [4],

[7]) and
POY(z) = P, (2),

where P, (z) is the Legendre polynomial (see [4], [7]).

(1.10)

In 1921, the four Appell functions were unified and generalized by Kampé de Fériet,

who defined a general hypergeometric function of two variables. The notation introduced by

Kampé de Fériet for his double hypergeometric function of superior order was subsequently
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abbreviated by Burchnall and Chaundy. We recall here the definition of a more general double
hypergeometric function in a slightly modified notation (see [7]):
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where, for convergence,
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Srivastava and Daoust [7] multivariable hypergeometric function is given as follows:
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where the multiple hypergeometric series converges absolutely under the parametric variable
constraints, and (1), denotes the well known Pochhammer symbol.

In our present investigation, we also need to recall the following Obhettinger’s integral
formula [5]:

f N x+a+ Va2 +2ax) Mdx=2Aa “( )“w 1.13)
0 2/ TA+A+uw

provided 0 < R(u) < R(A).

2. Main results

In this section, we establish two interesting integrals involving the product of Bessel func-
tion with Jacobi polynomial, which are expressed in terms of Kampé de Fériet and Srivastava
and Daoust functions.

Theorem 2.1. The following integral formula (in terms of Kampé de Fériet) holds true: For
R(V)>-1, 0<RWw) <RA+v) and x>0,
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Proof. In order to derive (2.1), we denote the left-hand side of (2.1) by I, expanding the Bessel
function J, and Jacobi polynomial P;la’ﬁ ) with the help of (1.1) and (1.4) and interchanging the
order of integration and summation (which is verified by uniform convergence of the involved
series under the given conditions), we get

co n _ 2\ k
1oy v 3t (1+a) 5 Z ('n)k(1+“+,6+n)k ( y) ( by)
moizo MTv+m+1)A+a) \ 4 2

x / A Nx+ a+ Va2 +2ax)”ArvEemel gy 2.2)
0

Using (1.13) in the above expression and after a little simplification, we get
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Now separating the k-series into its even and odd terms and then using the result (A) ;45 =
(A);m (A+ m), in the second term of the given expression, we get
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Finally after a little simplification, summing up the above series with the help of (1.11), we
arrive at the right-hand side of (2.1). This completes the proof. Oa

Theorem 2.2. The following integral formula (in terms of Srivastava and Daoust function)
holds true: ForR(v) > -1, 0 <R(u) <R(A +v) and x >0,
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Proof. In order to derive (2.5), we denote the left-hand side of (2.5) by II, expanding J, and
a ﬁ ) in their series form and then using the lemma (see [4]):
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On using (1.13) in the above expression and after a little simplifications, we arrive at
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Finally, summing up the above series with the help of (1.12), we arrive at the right-hand side
of (2.5). This completes the proof.

Remark 1. On setting a = f = b =0 and using P;O’O)(l) =1in (2.1) and (2.5), respectively, the

resulting identities reduce to Theorem 1 of Choi and Agarwal [11].

3. Special cases

In this section, first, we give some integral formulas involving the product of Bessel func-
tion with ultraspherical polynomial, Gegenbauer polynomial, Tchebicheff polynomial and
Legendre polynomial and then we derive some other integrals involving the product of sine
(cosine) function with Jacobi polynomial, ultraspherical polynomial, Gegenbauer polyno-
mial, Tchebicheff polynomial and Legendre polynomial as special cases of our main results.

Corollary 3.1. The following integral formula holds true under the same condition of Theorem

2.1:
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where Pﬁf"“) (z) is the ultraspherical polynomial (see [4], [7]).

This corollary can be established with the help of Theorem 2.1 by putting § = a.
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Corollary 3.2. The following integral formula holds true under the same condition of Theorem

2.1:

oo b
f N x+a+Vx2+2ax)"), J ) Cf, (1 — J dx
0 X+a+

x+a+vVxi+2ax x2+2ax
D lCwIA+v+ DI A+v—p)
nfrv+DIrA+v)IA+A+v+p)

— yv 21—v—,u au—]t—v

A A+v+1), AA+v—w): 5 A@2;—-n), A2;21+n); 2 22
4:0; 4
XF4:1;3 _@'m
AR A+V), AZL+A+v+p:v+LARI+Y), 4
+by nRl+n)A+v+1)A+v—-p)
2a A+v)A+A+v+pI+3)
AA+v+2), A;A+v—u+1): 5 A2;—n+1), A(2;1+2]+n); 2 22
4: 0; 4 y
xFy 13 4a?’ 4a? |’
AA+V+1), A2+ A+v+p:v+]; ARL+3), 3

where Cfl (z) is the Gegenbauer polynomial (see [4], [7]).

The above corollary can be established with the help of Theorem 2.1 by putting f = a =
- % and then using (1.7).

Corollary 3.3. The following integral formula holds true under the same condition of Theorem

2.1:
by
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where T, (z) is the Tchebicheff polynomial of the first kind (see [4], [7]).
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The above corollary can be established with the help of Theorem 2.1 by putting f = a = —%
and then using (1.8).

Corollary 3.4. The following integral formula holds true under the same condition of Theorem
2.1:
© a1 -1 Y by
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0 xX+a+
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(3.4)
where Uy, (z) is the Tchebicheff polynomial of the second kind (see [4], [7]).

The above corollary can be established with the help of Theorem 2.1 by putting f = a = %

and then using (1.9).

Corollary 3.5. The following integral formula holds true under the same condition of Theorem

2.1:
by
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where P, (z) is the Legendre polynomial (see [4], [7]).
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The above corollary can be established with the help of Theorem 2.1 by putting f =a =0
and then using (1.10).

Corollary 3.6. The following integral formula holds true: For 0 <R(u) < R(A+ %) and x>0,

N x+a+ Va2 +2ax)_(’l_%)sin J ) p&h (1 - dx
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(3.6)
The above corollary can be established with the help of Theorem 2.1 by putting v = % and
then using (1.2).

Corollary 3.7. The following integral formula holds true: For 0 < R(u) < R(A - %) and x>0,
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The above corollary can be established with the help of Theorem 2.1 by putting v = —

D=

and then using (1.3).
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Remark 2. In a similar way, with the help of Theorem 2.1, we can find some other integral for-
mulas involving the product of sine (cosine) function with ultraspherical polynomial, Gegen-
bauer polynomial, Tchebicheff polynomial and Legendre polynomial. Also, we can establish
some other interesting special cases with the help of Theorem 2.2 by choosing some suitable
values of a, f and v.

4. Connection between the Kampé de Fériet and Srivastava and Daoust functions

In this section, we gives an interesting relation between Kampé de Fériet and Srivastava
and Daoust functions as follow:
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2a A+VA+A+v+ (1 +a)
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1:1,1): _;0+a,);

3
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The above relation can be established by comparing (2.1) and (2.5).

5. Concluding remarks

In the present investigation, we have established some unified integral formulas, which
are expressed in terms of Kampé de Fériet and Srivastava and Daoust functions. Further, we
have derived a connection between Kampé de Fériet and Srivastava and Daoust functions
from our main results. Also, it is noticed that, the Bessel function can be expressed in terms
of the Fox H-function. Therefore, the results presented in this paper are easily converted in
terms of the Fox H-function after some suitable parametric replacement.
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