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INEQUALITIES FOR SOME CLASSICAL INTEGRAL TRANSFORMS

PIYUSH KUMAR BHANDARI AND SUSHIL KUMAR BISSU

Abstract. By using a form of the Cauchy-Bunyakovsky-Schwarz inequality, we estab-
lish new inequalities for some classical integral transforms such as Laplace transform,
Fourier transform, Fourier cosine transform, Fourier sine transform, Mellin transform
and Hankel transform.

1. Introduction

The well-known Cauchy-Bunyakovsky-Schwarz (CBS) inequality [1] states that

b

(/b u%(x)v%(x)dx)2 < (fb u(x)dx)(/ v(x)dx), (1

for every function u, v : [a, b] — (—oo,00) such that the integrals exist.

As we know, the Cauchy Schwarz and Cauchy-Bunyakovsky-Schwarz inequalities play an
important role in different branches of modern mathematics such as Hilbert space theory,
classical real and complex analysis, numerical analysis, probability and statistics, qualitative
theory of differential equations and their applications. To date, a large number of generaliza-
tions and refinements of these inequalities have been investigated in the literature (see, e.g.,
[2]-[8]).

A. Laforgia and P. Natalini [9] used the following form of the CBS inequality (1):

(/ g0 ax) = [ " gt [ g ) @

to establish some new Turdn-type inequalities involving the special functions as gamma, or
Polygamma functions and Riemann zeta function. Here f and g are two nonnegative func-
tions of a real variable and m and n belong to a set S of real numbers, such that the involved
integrals in (2) exist.
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Motivated by this remark, we have the idea to replace u(x) and v(x) in (1) by g" (x) hothP (x)
and g2~ (x) h% P (x) respectively, to introduce the following new inequality:

( f ’ g(x)h“(x)dx)z < ( f ’ g (%) h’“ﬁ(x)dx) ( f ’ g>r (x)h“‘ﬁ(x)dx) 3)

in which a, B,y € R and g,  are real integrable functions such that the involved integrals in
(3) exist.

The aim of this paper is to apply the continuous inequality (3) for some classical integral
transforms in order to get new inequalities.

2. The Results

In this section, we apply the inequality (3) to establish new inequalities for some classical
integral transforms.

2.1. An inequality for the Laplace transform

Theorem 1. Let L{f (x); p} or f(p) be the Laplace transform of a function f (x) defined for x > 0
with parameter p such that Re(p) > 0. Then, for every real numbers «, f andy such that a >0
and a > |B|, we have

2

2= g U G G

Proof. Let f(x) be a function defined for x > 0, then the Laplace transform [10] of f(x), de-
noted by L{f (x); p} or ?(p), is defined by

Lif(x); pt = f(p) =f0 e PXf(x)dx 4)

provided that the integral exists for some real or complex value of parameter p. In general
Re(p) > 0, where Re(p) means real part of p.

Now if g(x) = f(x), h(x) = e”P* are substituted in inequality (3) for [a, b] — [0,00) the
following inequality is derived

( f - e_apr(x)dx)z < f - e~ PP Y (x)dx( f - e~ @PPY 27 (x)dx)

0 0 0

= ([ ze G = e mpel ] amme o (Eop) )
0 «a a o (ax+p) a+p o (a—p) a-p
By (4), above inequality is equivalent to

e R P R )
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= Lz{f(g)} < azajﬁz [L{fy(aiﬁ)} Lyr* Y( /3)}]

a>0, a>|fland a, B,y €R. (5)

if and only if the corresponding integrals exist.

Corollary1. Let L{f (x); p} or f(p) be the Laplace transform of a function f (x) defined for x >0
with parameter p such that Re(p) > 0. Then, for every real numbers «,  andy such thata >0
and a > |B|, we have

(D=l 7 (aahe (gl

Proof. According to the convolution theorem of Laplace transform, i.e.

L{f (0} L{g(x)} = L{/o fuglx- u)du} (6)

Using (6), inequality (5) is in fact equivalent to:

2

Lz{f(g)}< aﬂz {f fY(a+ﬂ)f Y(a ,6) },a>0,a>|,6| and a,B,yeR. (7

2.2. An inequality for the Fourier transform

Theorem 2. Let Z{f (x); p} or F(p) be the Fourier transform of a function f(x) defined on
(—o0,00) with parameter p. Then, for every real numbers «, f andy such thata > 0 and a > ||,

15 R v P | ES T PR )

Proof. Let f(x) be a function defined on (—oo0,00) and be piecewise-continuously differen-

we have

tiable and absolutely integrable in (—oo,00), then the Fourier transform of f(x) , denoted by
F{f(x); p} or Z(p), is defined as

Ff(x);pt=F(p) = \/%f_ooeipr(x)dx, (—oo< p<o0) (8)
Hence, if g(x) = f(x), h(x) = e’P* and [a, b] — (—o0,00), are considered in inequality (3) then
we get
[ senas] = ([ o) eooe rcoa

© 1 © 1

= (f_(:éeipuf(g)du)z = (f_oo (a+P) lpyfy(a+,6)dv) (f_oo (a—p) eipw]cZ Y(a ﬁ) )
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By (8), above inequality is equivalent to
=27V = mpl# () i ()

- (D) = s [ N ()} a0 a9 and ver, ©

if and only if the corresponding integrals exist.

Corollary 2. Let Z{f(x); p} or & (p) be the Fourier transform of a function f(x) defined on
(—00,00) with parameter p. Then, for every real numbers a,  andy such thata >0 and a > ||,

we have )

=z wmm L) (o)

Proof. According to the convolution theorem of Fourier transform, i.e.

1 oo
g{f(x)}g{g(x)}=9{\/?f f(u)g(x—u)du}. (10)
T J—oo

Using (10), inequality (9) is in fact equivalent to:

gz{f(g)}sazajﬁz\/%g{f_ fy(a+,6)f2 Y(a ,3) },a>0,a>|,6|andy€IR. (1

2.3. An inequality for the Fourier cosine transform

Theorem 3. Let Fc{f (x); p} or Fc(p) be the Fourier cosine transform of a function f(x) defined
for x > 0 with parameter p such that p > 0. Then, for every real numbers o« and 3 such that
a # B, we have

FULC) = FA LT PN FA P ().

Proof. Let f(x) be a function defined for x > 0 and be piecewise-continuously differentiable
and absolutely integrable in (0,00), then the Fourier cosine transform of f(x), denoted by
Fcif (x); pt or Fc(p), is defined as

2 o0
Fclf(x); pt=Fclp) = \/;fo f(x)cos pxdx, (p>0). (12)

Hence, if g(x) = cos px, h(x) = f(x), [a, b] — [0,00) and y = 1 are considered in inequality (3)
then we get

oo 2 [e.0] [e.0]
(f f%x)cos pxdx) < (f P (x)cos pxdx)(f % P(x)cos pxdx).
0 0 0
By applying (12) in above inequality, the following result will eventually be obtained

FLO < FAf P FAf Py, a#p. (13)
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2.4. An inequality for the Fourier sine transform

Theorem 4. Let Fs{f (x); p} or Fs(p) be the Fourier sine transform of a function f(x) defined
for x > 0 with parameter p such that p > 0. Then, for every real numbers @ and  such that
a # B, we have

FH 0} = Fsif P01 Fs(f* P ()

Proof. Let f(x) be a function defined for x > 0 and be piecewise-continuously differen-
tiable and absolutely integrable in (0,00), then the Fourier sine transform of f(x), denoted
by Zs{f (x); p} or Fs(p) , is defined as

2 o0
Fsif (x); p}y = Fs(p) = \/;fo f(x)sin pxdx, (p>0). (14)
Now, applying inequality (3) for g(x) = sin px, h(x) = f(x), [a, b] — [0,00) and y = 1 results in:
o] 2 o] o]
(/ f“(x)sinpxdx) < (/ o) sinpxdx)(/ % sinpxdx).
0 0 0
By (14), which is equivalent to

FU ) < Fsif PN Py, a#B (15)

2.5. An inequality for the Mellin transform

Theorem 5. Let M{f (x); p} or M(p) be the Mellin transform of a function f (x) defined for x >0

with parameter p. Then, for every real numbers a and f such that a # 3, we have

M2{f%x)} < MIF*Px)) M{feP(x)).

Proof. Let a function f(x) be defined for 0 < x < oo, then the Mellin transform of f(x), denoted
by M{f(x); p} or M(p), is defined as

M{f(x);p}=M(p)=fO P f(x)dx. (16)

Hence, if g(x) = xP71 hx) = f(x), [a,b] — [0,00) and y = 1 are considered in inequality (3),
then we get

(f xp_lfa(x)dx)z < (f xp_lf“+ﬁ(X)dx)(f x’”‘lf“_ﬁ(x)dx).
0 0 0
By (16), this can be written as
MA{fo(x)} < MUFS POoIMife Py a#p. 17)

This completes the proof.
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2.6. An inequality for the Hankel transform

Theorem 6. Let H,{f (x); p} or Hy,(p) be the Hankel transform of a function f(x) defined for
x > 0 with orderv = 0 and parameter p. Then, for every real numbers @ and 3 such that a # f3,
we have

HZ{f*(x)} < H AP0} Hy{f* P ().

Proof. Let f(x) be a function defined for all positive values of the variable x, i.e., for x > 0,
Then the Hankel transform of f(x), denoted by H,{f (x); p} or H,(p), is defined as

Hy £ (0; p} = Hy (p) = fo Xy (px) f(x)dx 18)

where J, (px) is the Bessel function of the first kind of order v = 0.

By (3) with g(x) = xJ, (px), h(x) = f(x), [a, b] — [0,00) and y = 1, we get
o a 2 o a+p o a-—
(f xJy(px) f (x)dx) = (f xJv(px) f (x)dx)(f xJv(px) f ﬁ(x)dx).
0 0 0

By (18), this is equivalent to
H2(f%x)) < HAf* Py Hyif* Py a#p. (19)

This completes the proof.
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