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COINCIDENCE AND FIXED POINT RESULTS FOR
NON-COMMUTING MAPS

ABDUL LATIF AND SALEH A. AL-MEZEL

Abstract. In the setting of Banach spaces, some results on the existence of coincidence and common fixed points for

single-valued and multivalued non-commuting maps with and without contractive type conditions are obtained.

1. Introduction and preliminaries

Let (X, d) be ametric space. We denote CB(X) for the family of nonempty closed bounded
subsets of X, and H for the Hausdorff metric on CB(X), i.e., for any A, B € CB(X),

H(A,B) = max{ supd(a, B), supd(b, A)},
acA beB

where d(a, B) = inf{d(a, b) : b € B} is the distance from the point a to the subset B.

Let M be a nonempty subset of a metric space X. Let T : M — CB(M) be a multivalued
map and f: M — M a continuous single-valued map.

i) Tiscalled an f-contraction [2] if there exists a constant & € (0,1) such thatforall x, y € K,

H(T(x), T(y) < hd(f(x), f(y)

ii) T is called a generalized f -contraction [1, 4] if there exists a constant & € (0, 1) such that
forall x,ye M,

H(T(), T() < hmax{d(f (0, fG), d(f (9, T, d(f ), T,
1
5 |dre, T +dr o, e | |

If M is a nonempty closed subset of a Banach space X. Then

iii) T and f are compatible [4] if fT(x) € CB(M) for each x € M and r}i_l}()loH(T(f(xn)),
f(T'(x,)) = 0 whenever {x,} is a sequence in M such that r}l_ILIO Tx;, = K € CB(M) and
r}l_{glo fxp=tek.
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iv) T and f are reciprocally continuous [11] on M if fT(x) € CB(M) for each x € M and
r}i_{gofon = fK, nlglc}c T fx, = Tt whenever {x,} is a sequence in M such that nlglolo Txy,=
K e CB(M) and r}i_{&fxn =tek.
v) T and f are R-weakly commuting [9], if there exists a positive constant R such that, for
eachxe M
H(T(f(x)), f(T)) = RIf(x) =Tl

vi) M is called g-starshaped if g € M and Ax+ (1-A1)q € M for all x € M and all A with
0<A<l.
vii) For a g-starshaped set M, define for all xe M and forall1,,0<1, <1

Jn(x)=A,T(x)+(1-An)q.

Note that, for each n =1, J,, carries M into CB(M).
For a g-starshaped shaped set M we say
viii) T and f are R-subcommuting [8] if for each x € M, fT(x) € CB(M) and there exists a
positive constant R such that for f(q) =g, and0<1<1

R
H(T(f(x), f(T(x)) = 1 I () = Ta(0]

ix) T and f are R-subweakly commuting [10] if for each x € M, fT(x) € CB(M) and there
exists a positive constant R such that for f(qg) =gand0=A1<1,

H(T(f(x)), f(T(x) < RIf(x) = Ja(0)l,

where, Jj(x) =AT(x)+(1-A)q.

Note that each commuting map implies R-subcommuting, which implies R-weakly com-
muting but the converse of these implications are not true [8]. Also, commuting maps are
R-subweakly commuting but not conversely [10].

A point x € M is called a fixed point of T if x € T(x) and the set of fixed points of T is
denoted by Fix(T). A point x € M is called a coincidence point of f and T if f(x) € T(x). We
denote by C(f n T) the set of coincidence points of f and 7.

For the setting of single-valued and multivalued maps, Kaneko [2, 3] proved coincidence
and common fixed point results for commuting and weakly commuting maps. In [4], Kaneko
and Sessa have introduced the notion of compatible maps and proved a coincidence point
result for such maps. Pathak [7] has given the concept of weakly compatible maps and gen-
eralized the coincidence point result of Kaneko and Sessa[4]. In fact, commuting maps are
weakly commuting, weakly commuting are compatible and compatible are weakly compati-
ble but the converse implication are not true in general. On the other hand, in the setting of
metric and Banach spaces, Latif and Abu-Hajar [5], Latif and Tweddle [6] have proved some
coincidence and common fixed point results for commuting maps. Recently, Rhoades [8]
has generalized these results by introducing the notion of R-subcommuting maps. While,
Shahzad[10] introduced a notion R-subweakly commuting maps and studied the coincidence
and common fixed point results of [6] under this concept.
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In this paper, we prove some new results on the existence of coincidence and common
fixed points for R-subweakly commuting maps in the setting of Banach spaces.

To make the paper self-contained, we recall the following results due of Kaneko and Sessa
(4],

Theorem 1.1. Let (X, d) be a complete metric space, f : X — X and T : X — CB(X) be com-
patible continuous maps such that T(X) < f(X) and T is a generalized f-contraction. Then
C(fnT) #2.

Lemma 1.2. Let (X, d) be a complete metric space, f : X — X and T : X — CB(X) be com-
patible maps. Then fT(z) = T f(z) providedze C(fn T).

2. Main results
First we prove our results on the existence of coincidence points.

Theorem 2.1. Let X be a Banach space and let M be a nonempty closed q-star-shaped
subset of X. Let f : M — M be a continuous affine map such that f(M) = M and f(q) = q. Let
T : M — CB(M) be a multivalued map which R-subweakly commutes with f. Suppose that
each of the maps ], is continuous generalized f -contraction. Then

a) C(fnJy) #9, foranyn=1.
b) C(fnT)# @, provided T(M) is bounded and (f — T)M is closed.

Proof. a) Choose a sequence {h,} of a real numbers with 0 < h;, <1 and h, — 1 as n —
oo. Since M is a closed subset of a Banach space X, then M is a complete metric space and
T(M)c M = f(M). Also, for each n, J,(M) c M = f(M). Now we show that foranyn =1, J,
and f are compatible maps. Let {y,} € M be such that for a fixed «, /4 (y,) — K € CB(M) and
f(yn) = y€ K, as n — oco. Then, since f is affine and R-subweakly commutes with T we get,

H(]af()’n)»f]a(_)/n)) = "han(_Vn) +(1- hn)q_ hnfT(_Vn) -(1- hn)q”
= hnH(Tf(J/n);fT(Yn) = hnR"f(yn) —Ja(y)ll.

Thus, HUqg f(¥n), fJa(yn)) — 0 as n — oo and hence for any n > 1, J, and f are compatible
maps. Therefore, by Theorem 1.1 C(f n J,) # @, forany n = 1.

b) From the proof of part (a), there exists an x,, € M such that f(x,) € J,(x,) = h, T(x,) + (1 —
hy) g, and so there exists some w, € T(x,) such that f(x,) = h,w, + (1 - h,)q. Thus,

"f(xn)_wn” =(1_hn)"q_wn”-

Since T'(M) is bounded and w,, € T'(x,) c T(M), we have that |g — w;| is bounded, and so by
the fact 1, — 1 and n — oo, it follows that (f(x,) — w,) — 0 as n — co. Now, since

Fxn) —wn € flxn) = T(xp) = (f =T)(xp) = (f = T)M,

and (f — T)M is closed, we get 0 e (f — T)M and thus C(f N T) # <.
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Theorem 2.2. Let X be a Banach space and let M be a nonempty closed q-star-shaped
subset of X. Let f : M — M be a continuous affine map such that f(M) = M and f(q) = q. Let
T : M — CB(M) be a multivalued map which R-subweakly commutes with f. Suppose that
each of the maps J,, is reciprocally continuous with respect to f. Then

a) C(fnJy) #9, foranyn=1.
b) C(fnT)# 3, provided T(M) bounded and (f — T)M closed.

Proof. a) Following the proof of Theorem 2.1(a), for a fixed but arbitrary natural number a
we get HUJq f(¥n), f1a(¥n)) — 0 as n — oo, where J(y,) — K€ CB(M) and f(y,) — y€ K, as
n — oo. Now, since the maps J, and f are reciprocally continuous, we get H(J4(y), f(K)) =0
and J,(y) = f(K). Since y e K, f(y) € f(K) and f(y) € Jo(y). Therefore C(f n J,) # &, for any
n=1.

b) From part (a), there exists x, € M such that f(x,) € J,(x,) = h, T(x,) + (1 - h,)q, and the
rest of the proof same as the proof of Theorem 2.1(b).

Now we prove some common fixed point results.

Theorem 2.3. Assume that either all the hypotheses of Theorem 2.1 or Theorem 2.2 hold. If
f(zn) # f?(zy) implies z,, € C(f N J), then Fix(J,) N Fix(f) # @ foranyn = 1.

Proof. Suppose that all the hypotheses of Theorem 2.1 (or Theorem 2.2) hold. Then for
each n = 1 there exists z, € M such that f(z,) € J,(z,). It follows from the proof of Theorem
2.1 part (a) that each of the J,, and f are compatible. So applying Lemma 1.2, we have

fzn) = f(f(zp) € fIn(2) = Juf(2),
and thus f(z,) is a common fixed point of J, and f.

Lemma 2.4. Let X be a Banach space and let M be a nonempty q-starshaped subset of X.
Letf:M— MandT: M— CB(M) be R-subweakly commuting maps such that f(q) = q. Then
fT(2)=Tf(z) providedze C(fn]y).

Proof. If ze C(f n Jy), then by the R-subweak commutativity of f and T we have
H(T(f(2), f(T(2))) =Rl f(2) = JA(2)]| = 0.
Thus, we get f(T(2)) = T(f(2)).
Applying Lemma 2.4 we have the following common fixed point result.

Theorem 2.5. Let X be a Banach space and let M be a nonempty q-starshaped subset of X.
Let f: M — M and T : M — CB(M) be R-subweakly commuting maps such that f(q) = q. If
there exists a point z € M such thatfz(z) =f(2) e Jy(2)NT(z), then Fix(T) N Fix(f) # .

Proof. Applying Lemma 2.4, we have

fR=f(f(2)efT(z)=Tf(2),



COINCIDENCE AND FIXED POINT RESULTS FOR NON-COMMUTING MAPS 109

which implies that f(z) is a common fixed point of T'and f.
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