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TWIN SIGNED ROMAN DOMINATION NUMBERS
IN DIRECTED GRAPHS

ASGHAR BODAGHLI, SEYED MAHMOUD SHEIKHOLESLAMI AND LUTZ VOLKMANN

Abstract. Let D be a finite simple digraph with vertex set V(D) and arc set A(D). A
twin signed Roman dominating function (TSRDF) on the digraph D is a function f :
V(D) — {~1, 1,2} satisfying the conditions that (i) ¥ yen-[y) f(X) = 1and ¥ yen+py f(X) 21
for each v € V(D), where N~ [v] (resp. N*[v]) consists of v and all in-neighbors (resp.
out-neighbors) of v, and (ii) every vertex u for which f(u) = —1 has an in-neighbor v
and an out-neighbor w for which f(v) = f(w) = 2. The weight of an TSRDF f is w(f) =
Y vev(p) f (V). The twin signed Roman domination number y;, (D) of D is the minimum
weight of an TSRDF on D. In this paper, we initiate the study of twin signed Roman
domination in digraphs and we present some sharp bounds on y},(D). In addition, we
determine the twin signed Roman domination number of some classes of digraphs.

1. Introduction

Let D be a finite simple directed graph with vertex set V(D) and arc set A(D) (briefly V
and A). The integers n = n(D) = |V(D)| and m = m(D) = |A(D)| are the order and the size of
the digraph D respectively. A digraph without directed cycles of length 2 is an oriented graph.
For an arc (u,v) € A(D), the vertex v is an out-neighbor of u and u is an in-neighbor of v,
and we also say that v is out-dominated by u or u is in-dominated by v. For every vertex
v, we denote the set of in-neighbors and out-neighbors of v by N~ (v) = N H() and N (v) =
NJ(v), respectively. Let N[v] = N~ [v] = N~ (v) U{v} and Nj[v] = N*[v] = N"(v) U {v}. We
write d;;(v) for the outdegree of a vertex v and dp(v) for its indegree. The minimum and
maximum indegree and minimum and maximum outdegree of D are denoted by 6~ (D) =6,
A™(D) = A", 6" (D) =6 and A*(D) = A", respectively. A digraph D is called regular or r-
regularif 6~ (D) = 6" (D) = A™(D) = A™(D) = r. For asubset S < V, let dg (v) (resp. d{(v))
denote the number of in-neighbors (resp. out-neighbors) of v in S. If X € V (D), then D[X] is
the subdigraph induced by X. If X € V(D) and v € V(D), then A(X, v) is the set of arcs from
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X to v. We denote by A(X, Y) the set of arcs from a subset X to a subset Y. We denote by D!
the digraph obtained from D by reversing the arcs of D. For a real-valued function f: V — R
the weight of fisw(f) =Y ,cv f(v), and for S € V, we define f(S) =Y ,es f (1), so w(f) = f(V).
Consult [10] for the notation and terminology which are not defined here.

A signed Roman dominating function (abbreviated SRDF) on D is defined as a function
f:V—1{-1,1,2} such that (i) f(N™[v]) = X xen-[ f(x) = 1foreachvertex v € V and (ii) every
vertex u for which f(u) = —1 has an in-neighbor v for which f(v) = 2. The weight of an SRDF
fonadigraph D is w(f) =¥ jev(p) f (V). The signed Roman domination number vy sg(D) of D
is the minimum weight of an SRDF on D. A yr(D)-function is a signed Roman dominating
function on D of weight ysg(D). For an SRDF f on D, let V; = V;(f) ={v e V| f(v) = i}.
A signed Roman dominating function f: V — {-1,1,2} can be represented by the ordered
partition (V_y, V1, V) of V. For notational convenience, we let V; o = V; U V5, |V} 2| = 1y » and
|Vil = n; for i = -1,1,2. Then, n;» = n; + ny and n = n; + ny + n_;. Furthermore, let Dy, =
DI[Vj U V,] be the subdigraph induced by the set V; » = V; U V and let D, » have size m; ». For
i=1,2,if V; # @, let D; = D[V;] be the subdigraph induced by the set V; and let D; have size
m;. Hence, my o = my + my +|A(Vq, Vo) +1A(V,, V1)I. The signed Roman domination number
of a digraph was introduced by Sheikholeslami and Volkmann in [8] and has been studied in
[9].

A signed Roman dominating function of D is called a twin signed Roman dominating
function (briefly TSRDF) if it also is a signhed Roman dominating function of D71, i.e., f(N*[v]) =
1 for every v € V and every vertex u for which f(u) = —1 has an out-neighbor v for which
f () = 2. The twin signed Roman domination number for a digraph D is y:R (D) = min{w(f) |
f is a TSRDF of D}. Since every TSRDF of D is an SRDF on both D and D! and since the con-
stant function 1 is a TSRDF of D, we have

max{yg(D),Ysg(D~ ")} < yiz(D) < n. (1.1)

In this paper, we initiate the study of the twin signed Roman domination number and estab-

lish some sharp lower bounds on twin signed Roman domination number of digraphs.

We make use of the following results in this paper.

Observation 1. If f = (V_1, V1, V5) is a TSRDF on a digraph D of order n, then

@ n=[Vil+|Val+|V_1l.

(b) Every vertex in V_, is in-dominated and out-dominated by some vertex of Va.
© () =1V1l+2[Va] =Vl

(d) V1 UV, isadominating set of D.

(e) yir(D) =n~—kifandonlyif|Vo| =2|V_1| - k.
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Proof. Since (a), (b), (c), (d) are trivial, we only prove (e). If Y:R (D) = n— k, then we deduce
from (a) and (c) that | V1| +|Va| +|V_1| —k = n—k =|V1|+2|V,|—|V_;| which implies that | V| =
2|V_1| — k. The proof of the inverse is similar. O

As we observed in (1.1), y’;R (D) = max{ysr(D),Ysr (D™H}. Now we show that the differ-
ence Y (D) — max{ysr(D),Ysr (D™1} can be arbitrarily large.

Theorem 2. For every positive integer k, there exists a digraph D such that

¥i2(D) —max{ysr(D),ysr(D™ 1} = 4k - 2.

Proof. Let k = 1 be an integer, and let D be a digraph with vertex set
V(D) =1{x,y,u1,uy,..., U, V1, V2,..., Vak}
and arc set
AD) =1{(x, ui), Wi, ui), (¥, V), Wi, X), Ukt iy Vi), (03, Y) 11 < 0 < k.

Obviously, D = D! and so, ysr(D) = ysr(D~1). It is easy to verify that the function f: V(D) —
{=1,1,2} defined by f(x) = f(y) =2, f(u;) = f(vg+;) = —1for1 <i < k and f(u) = 1 other-
wise, is an SRDF of D and so yr(D) < 4. Now let g be a y},(D)-function. Since N*[u] =
{u} for each u € {u;,vi.; |1 <i < k} and N [u] = {u} for each v € {upy;,vi |11 <i < k},
we must have g(u) = 1 for each u € V(D) — {x, y}. It follows that y{,(D) = 4k +2. Thus
y’;R (D) —max{ysg(D),Ysr (D™1)} = 4k — 2, and the proof is complete. Oa

Observation 3. Let D be a digraph of order n = 2. Theny ,(D) = 3 — n, with equality if and
only if D is a directed cycle of order 2.

Proof. Let f be a y,(D)-function. If f(x) = 1 for each x € V(D), then y{,(D) = n >3 -n.
Suppose next that f(v) = —1 for at least one vertex v € V(D). Then there exists a vertex w €
V(D) with f(w) = 2 and therefore Y:R (D) =2—-(n—-1) =3-n, and the desired bound is proved.
Assume now that y’s“R(D) =3-n, and let f be a Y:R (D)-function. This implies that D
has exactly one vertex w with f(w) =2 and n — 1 vertices y1, y»,..., Yn—1 such that f(y;) = -1
for 1 =i < n—1. By the definition, w is an in-neighbor as well as an out-neighbor of y; for
1<i=<n-1.Thisimplies n =2, and thus D is a directed 2-cycle of order 2.

Conversely, if D is a directed 2-cycle of order 2 with the vertex set {v, w}, then define the
function g: V(D) — {—1,1,2} by g(v) = =1 and g(w) = 2. Then g is a TSRDF on D of weight
1=3-nandsoy;,(D)=3-n. O

Observation 4. If D is a digraph of order n =3, theny;,(D) 25— n.
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Proof. Let f be a Y:R(D)-function. If f(x) =1 for each x € V(D), then Y:R(D) >n=5-n.
Suppose next that f(v) = —1 for at least one vertex v € V(D). Then there exist a vertex w €
V(D) with f(w) = 2. If there is a second vertex z # w with f(z) = 2, then we deduce that
y:R(D) >4—(n-2) = 6—n. Thus we suppose that f(x) < 1 for x € V(D) — {w}. If f(x) =1 for
all vertices x € V(D) — {v, w}, then we obtain y:R (D)=1+(n-2) =5-n. So assume that there
is a second vertex u # v with f(u) = —1. Then w is an in-neighbor as well as an out-neighbor
of u and v. Consequently, there exists an in-neighbor z; and an out-neighbor z, (z; = 2z, is
possible) such that f(z;) = f(z2) = 1. This leads to y’;R (D) 23— (n—-2) =5-n, and the proofis

complete. O

2. Special families of digraphs

In this section we determine the twin signed Roman domination number of some classes
of digraphs, including directed paths, directed cycles, acyclic tournaments and circulant tour-

naments.

Proposition 5. If P, is a directed path of order n = 3, theny;,(P,) = | 5] +2.

Proof. Let P,, = v1v,... v, be a directed path where (v;, v;+1) € A(P,) for 1 <i < n-—1. First we
show that Y:R(Pn) > ng +2. Let fbea Y:R(Pn)-function. Clearly, f(vy)) =1, f(v,) =1 and if
fw) =-1, then f(vi+1) = f(v;—1) =2 for each 2 < i < n—1. We proceed by induction on n.
Assume that n = 3. If f(v,) = 1, then y’;R (P3) = w(f) =3 as desired. If f(v2) = —1, then we must
have f(v1) = f(v3) = 2 that implies y},(P3) = w(f) = 3. If n = 4, then as above we can see that
Yir(P4) = 4. Let n =5, and let the statement be true for any directed path of order less than n.
If f(v,—1) = 1, then clearly the function f, restricted to P,, — v, is a TSRDF and it follows from
the induction hypothesis that y*,(P,) = o(f) = f(vp) + Y z(Ppo) = 1+ |27 +2 = | 2] +2.
Assume that f(v,-1) = —1. Then f(v,) = f(v,-2) = 2 and clearly the function f, restricted to
Py —{vn, Vy-1} is a TSRDF and it follows from the induction hypothesis that y{,(P,) = w(f) =
FW)+ ) +Yig(Pp2) =1+ 252 +2= | 3] +2. Thus Yo (Py) = | 5] +2.

Now we show that Y:R(Pn) < L%J + 2. If n is odd, then define g: V(P,) — {-1,1,2} by
g(vei—1)=2forl<i<(n+1)/2and g(vy;) =—-1for1 <i < (n-1)/2, and if n is even then
define g: V(P,) — {—1,1,2} by g(v,) =1,8(ve;—1) =2for1 <i<n/2and g(vy;) =—1forl1 <
i < (n-2)/2. Ttis easy to see that g is a TSRDF of P,, of weight L%J +2andso y;,(Py) = ng +2.
This completes the proof. O

The proof of next result can be found in [8].

Proposition A. Let C,, be a directed cycle of order n = 2. Then ygr(C,) = n/2 when n is even
andysg(Cy) = (n+3)/2 when n is odd.
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Proposition 6. Let C,, be a directed cycle of order n = 2. Theny ;,(Cy) = ysr(Cp).

Proof. By (1.1) and Proposition A, we have

nl2 if niseven

(Cy) =
Vsritn {(n+3)/2 if nis odd.

LetC,, = v1vy...v,v1. If niseven, then the function g: V(C,,) — {—1,1,2} defined by g(v2;_1) =
—1 and g(ve;) =2 for 1 < i < n/2, is clearly a TSRDF on C,, of weight n/2. Thus Y:R(Cn) =
vsr(Cy) in this case. Let n be odd and define g: V(C,,) — {-1,1,2} by g(v2;_1) = —1 and
g(ve;) =2for1<i<(n-1)/2 and g(v,) = 2. Obviously, g is a TSRDF on C,, of weight (n+3)/2
and so y ;5 (Cy) = yYsr(Cp). O
A tournamentis a digraph in which for every pair u, v of different vertices, either (u, v) €

A(D) or (v,u) € A(D), but not both. Here we determine the exact value of the twin signed

Roman domination number for particular types of tournaments.

The acyclic tournament AT (n) of order n has the vertex set V(AT (n)) = {uy, U, ..., Un}. An
arc goes from u; into u;j ifand only if i < j.

Let n be an odd positive integer such that n = 2r + 1 with a positive integer r. We de-
fine the circulant tournament CT(n) with n vertices as follows. The vertex set of CT(n) is
V(CT(n)) = {up, u1,...,un—1}. Foreach i, the arcs are going from u; to the vertices u;+1, Uit2,...,

u;+r, where the indices are taken modulo n.

Proposition 7. Forn =3,
if nis odd

3
(AT =
Ysr(AT (1) { 4  ifniseven.

Proof. First let n be odd. Define f: V(AT (n)) — {—1,1,2} by f(u1) = f(un) =2, f(ve;) = -1
forl <i<(n—-1)/2 and f(x) = 1 otherwise. It is easy to see that f is a TSRDF on AT (n) of
weight 3 which implies y:R (AT(n)) < 3. Now we show that y:R (AT(n)) = 3. Assume that gisa
Y:R(AT(n))-function. Since N~ [u1] = {u1} and N* [u,] = {u,}, we have g(u;) = 1 and g(u,) = 1.
If V_; = @, then the result is immediate. Suppose that u; € V_; for some 2 <i < n-1. Then
Yip(AT(n) = w(g) = g(N~ [u;]) + g(N*[u;]) — g(u;) = 3 and hence y (AT (n)) = 3.

Now let n = 4 be even. Define f : V(AT(n)) — {—1,1,2} by f(u1) = f(u,) =2, f(uzi) = -1
for1 <i<(n—-2)/2 and f(x) = 1 otherwise. It is easy to see that f is a TSRDF on AT (n) of
weight 4 which implies that y;,(AT(n)) < 4. To prove y;,(AT(n)) = 4, let g be a y;,(AT(n))-
function. If V_; = ¢, then the result is immediate. Suppose that V_; # @. If g(u;) = 2 for
some 2 < i < n-1, then we have y;‘R(AT(n)) =w(g) = g(N"[uj—1]) + g(NT[uj1]) + g(u;) = 4
as desired. Henceforth, g(u;) <1foreach2 <i<n-1and g(u;) = g(u,) = 2. We claim that

[V_1] = |V1]. Assume, to the contrary, [V_;| > |V;]. Since |V_;| +|V;| = n—2is even, we deduce
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that [V_y| = |V;]| + 2. But then g(N~[u,-1]) < 0 which is a contradiction. Thus |V_;| = [V;| and
0 Yz (AT(n)) = w(g) = 2| V2| +|V1| = |V_1| = 4 as desired. Therefore y},(AT(n)) = 4 in this case.
This completes the proof. O

The proof of the next result can be found in [8].

Proposition B. Let n = 2r + 1 where r is a positive integer. If r # 2, then y;r(CT(n)) = 3 and
¥sr(CT(5)) = 4.

Proposition 8. Letn =3 and n =2r + 1, wherer is a positive integer. Then

5 ifn=5,

*(CT(n) =
Ysr(CT (1)) {3 otherwise.

Proof. Firstlet r #2. If r = 1, then the result is immediate by Proposition 6. Suppose that
r = 3. By (1.1) and Proposition B, we have Y:R (CT(mn)) = 3. If r is an odd integer, then define the
function f: V(CT(n)) — {-1,1,2} byf(u%l) = f(ur+%1) =2, f(up)=—-1for0<i=< %1 orr+
l<sisr+ %1 and f(u;) = 1 otherwise. Assume now that r is even. If r = 4, then define
f(us) = f(ug) = f(uy) = f(ug) =2 and f(x) = —1 otherwise. If r = 6, then define the function
f:V(CT(n) — {-1,1,2} by f(u%z) = f(u%4) = f(u3r2+2) = f(uer+4) =2,f(u;))=-1for0<i=<
sorr+1<i<r+3and f(u;) =1 otherwise. Obviously, f is a TSRDF on CT'(n) with w(f) =3
in each case. It follows that y:R(C T(n)) =3.

Now, let r =2 and f be a y’s"R(CT(S))-function. If V_.; = @, then y’s"R(CT(5)) =5 Let V| #

@. Assume, without loss of generality, that f(u) = —1. Since f is a TSRDE we must have
fu1) + f(uz) =23 and f(uz) + f(uy) = 3. This yields y;,(CT(5)) = 5. Now the result follows by
(1.1) and the proof is complete. O
3. Bounds

In this section we establish some lower sharp bounds on the twin signed Roman domi-
nation number in terms of order and size of a digraph.

Theorem 9. IfD is a digraph of order n = 2, then
3

\/z\/ﬁ—n.

Yir(D) =
Furthermore, this bound is sharp.

Proof. Let f = (V_1,V1,V2) be a y;,(D)-function. If V_; = @, then y;,(D) = n = %\/ﬁ— n
for n = 2. Hence we may assume that V_; # @. Since each vertex of V_; has at least one in-
neighbor and one out-neighbor in V», it follows from the Pigeonhole Principle that we have

2|V_1| 271_1
A, Vo)1 +[A(V-y, v) 2 =—
V2 ny
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2n_

ny
2n§ + nyny —n_1 — ny = 0. It follows from Observation 1 (part (a)) that 2n§ +mny+n —n=0.
1
9

for at least one vertex v € V». Therefore 2 < f(N*[v]) + f(N"[v]) <4ny +2n; —

L and so

Since ny = 1 and n, is an non-negative integer, %nl np, —zn; =0and n% > n;. Thus

> 8 8 o 2 5 1
2n2+§n1n2+§n1—nz(2n2+n1n2+n1—n)+(§n1n2—§”1) =20

and thus 3n, +2n; = 3v/'n/2. Therefore y:R(D) =2np+n;—n_1=3n,+2n-n=3vVn/2-n,
which establishes the desired bound.

To prove the sharpness, let K ,: be the complete digraph with k = 1 vertices vy, vy, ..., Uk.
To each v; add 2k — 1 vertices w{ , wé, e wé' (1 such that w; is an in-neighbor as well as an
out-neighbor of v; for1 <i < kand 1 < j <2k—1. Let D be the resulting digraph of order
2k?. Then the function f: V(D) — {~1,1,2} defined by f(v) =2if v e V(K and f(x) = -1
otherwise, is a TSRDF of weight 2k — k(2k — 1) = 3k — 2k? = 3v/n(D)/2) — n(D). Therefore

Y:r(D) =3vn(D)/2-n(D) and so y;,(D) =3y n(D)/2 - n(D). O
Next we establish some sharp bounds on the twin signed Roman domination numbers

of oriented graphs.

Theorem 10. If D is an oriented graph of order n = 2, then

3
yip(D) = SC1+ V1+4n) - n.
Furthermore, this bound is sharp.

Proof. Let f = (V_1,V1,V,) be a Y:R(D)-function. If V.1 = @, then y;‘R(D) >n= %(—1 +
V1+4n)—n for n = 2. Hence, we may assume that V_; # @. Since each vertex in V_; has
at least one in-neighbor and one out-neighbor in V5, it follows from the Pigeonhole Principle
that for at least one vertex v € V, the sum of its in-neighbors and its out-neighbors is at least

A7l = 21 Therefore, 2 < f(N*[v])+f(N~[v]) < 2ny+m—2L+2, and so 2nZ+nynpy—2n_ =

0. It follows from Observation 1 (part (a)) that 4n§ +2niny+4n, +4n; —4n = 0. Since np, =1

and n; is an non-negative integer, 13—0 ning— %nl = 0. Therefore,

2 16 16 8
4(n2+—n1+—) —1—4n=4n5+ —n’+1+ —mny+—n; +4n; —4n—1
3 2 2791 3 3

10 4
= (411% +2n1ny+4ny +4ny —4n) + (? nnp— 6111)

>0,

or equivalently, 3n, +2n; = %(—1 +v1+4n). Thus

3
Yir(D) =2n2+n1—n_y :3n2+2n1—n2E(—1+\/1+4n)—n,
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as desired.

To prove the sharpness, let k be an odd integer and Kj a complete graph. Assume that
V(G) ={vy, vy,..., vi} is the vertex set of Ki and let {Cy,Cy,...,C-1)/2} be a Hamiltonian fac-
torization of K. Suppose, without loss of generality, that C; = (v1v2...v). Let Gi be the
graph obtained from K. by adding k paths of length 2 between v; and v;;) foreach1<i <n,
where v,,.1 = vy. Clearly, Gi has k + k? vertices. Suppose that Hy. is an orientation of Gy so
that:

1. C;is a directed cycle in Hy for each i,
2. (vi,vis1) € A(Hp) fori=1,2,...,n,

3. k paths of length 2 between v; and v, are directed paths from v; to v;4;.

Then the function f: V(G) — {—1,1,2} defined by f(v) =2 if v € V(K}) and f(x) = —1 other-
wise, is a TSRDF of weight 2k — k? = 3(~1 + vI+4n(G)) — n(G). Therefore y*,(D) < 3(-1+
VI+4n(G)) - n(G) and so y!x(D) = 3(-1+ VI +4n(G) - n(G). O

Let f = (V_1, V1, V») be a signed Roman dominating function on D. We recall that Dy, =
D[Vj U V,] is the subdigraph induced by the set V; » = V] U V5 and D; , has size m ». Also, for
i=1,2,if V; # @, then D; = D[V;] is the subdigraph induced by the set V; and D; has size m;.
Hence, my » = my + my + |A(Vy, Vo) + |A(V,, V))I.

Theorem 11. Let D be an oriented graph of order n and size m without isolated vertices. Then
" 3n
Yr(D) = 5 ™

Proof. Let D be an orientation of G and f = (V_;,V;,V») bea y’;R (D)-function. By the defini-
tion of a TSRDE each vertex in V_; has at least an in-neighbor and an out-neighbor in V5, and
so |[A(V_1, Vi2)| + |A(Vi2, Vo) = |A(V_1, V)| + |A(V,,V_1)| = 2n_,. For each vertex v € V5, we
have f(v) +2d{;2(v) +d{;l(v) —d{;ﬁl(v) = f(N*[v]) = 1, and f(v) +2d;2(v) +d§1(v) —d‘zl(v) =
f(N~[v]) =1.So f(v) +2d{;2(v) +d{;1(v) -1= d{;ﬁl(v) and f(v) +2d§2(v) +d;1(v) -1= d‘zl(v).

Hence,

2n_1 < [A(V_1, V)| + 1AV, V_1)|
=Y @ ) +dy )

veV,
< Y (fw)+2dy, () +dy, () =1+ f(v) +2dy, (v) + dy, (1) = 1)
veV,

=) (2d;{, (v)+2dy, (V) +d (v)+dy, (V) +2f (V) - 2)
V2 v Vi Vi

veV,
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=4my + AV, Vo) +|A(V2, V)| +2n,
=4my =3 AV, V)| +|A(V2, VI)I) —4my + 20y,

and so
- 3(AWV, Vo) +|A(Va, V) +4my +2n_1 —2n

4

miz
Thus

m=my+|AV_1, Vi2)| +[A(Vi2, Vo) |+ m—g

1AV, Vo) +|A(Vo, VD) +4my +2n_1—2n
- (|A(Vy, Vo) + | A(V2, V1)) 1 1 2+2n_1+m_1

4
3(AWVY, Vo)l +1A(Vo, VI)I) +4my +10n_1 —2n12 +2my N
= m_q
4
3(|A(Vl, Vz)l + |A(V2, V1)|) +4m1 +10n— 121112 +27l1 m
= -1
4

or equivalently, n12 = (3(|A(Vy, Vo)l +|A(Va, V1)) +4my +10n—4m+2n; +4m_1)/12. So

Yr(D) =2n2+n1—n_
=3n12— (N2 +2n1) —n—,
=3n12—n1— (N1 +nz+n_y)
=3n;,—n1—n
- BUAWV, W) +IAVL, V) +4my +10n—4m+2ny +4m_q)

4
_3n-2m N 3IAWVL, V) +|A(V2, VI)I) +4my —2ny +4m_

2 4

—ny—n

Let I = B(|A(Vy, W)+ |A(Vo, V))) +4my —2n1 +4m_y) /4. Tt suffices to show that I = 0, since
then y;‘R (D) = w as desired. If n; =0, then I = m_; = 0. Henceforth, we may assume that
m=1 Ifvel, d;u(v) =0 and d;u(v) = 0, then since there is no isolated vertex in G, we
deduce that every in-neighbor and out-neighbor of v belongs to V_;. But then f(N"[v]) <0
and f(N*[v]) <0, a contradiction. Hence |A(v, V; U V5)| +|A(V; U Vo, v)| = 1 for each v € V.

Therefore,

41 =3(|A(V1, Vo)l + |A(Va, VD)) — 21y +4my +4m_,
=|A(V1, Vo) +1A(Vo, V)| +4m_; +
+2 ) (AW V) +1A(V2, 1)) +2 ) (AW, VDI +]A(VL, v)) —2m

veV; vev;

= |[A(V1, Vo)l +[A(V2, Vi) +4m_1 >0

3n—-2m

Therefore y:R (D) > =*5= and the proof is complete. O
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Corollary 12. Let T be a tree of order n>3. If T is an orientation of T, then y},(T) = [5]+1.

Proposition 5 shows that Corollary 12 and therefore Theorem 11 is sharp for odd n.

4. Twin Signed Roman domination in oriented graphs

Let G be the complete bipartite graph K3 5 with bipartite sets V; = {v, v2, v3} and Vo =
{u1, up, us, ug, us}. Let D be an orientation of G such that all arcs go from V; to V» and D,
be an orientation of G such that A(D,) = {(vi,uj),(wj,v)) i =12 r=3and1 < j<5} It
is easy to see that y{,(D1) = 8 and y;,(D2) = 5. Thus two distinct orientations of a graph can
have distinct twin signed Roman domination numbers. Motivated by this observation, we de-
fine lower orientable twin signed Roman domination number dom ;,(G) and upper orientable

twin signed Roman domination number Dom,(G) of a graph G as follows:
dom;,(G) = min{y,(D) | Dis an orientation of G},

and
Dom;,(G) = max{y;,(D) | D is an orientation of G}.

Corresponding concepts have been defined and studied for orientable domination (out-dom-
ination) [7], twin signed total domination [4] and twin domination number [6].

In this section, we determine the orientable twin signed Roman domination number of
complete bipartite graphs and complete graphs. Let m < n and K, be the bipartite graph

with bipartite sets X = {uy, u,..., un} and Y ={vy, vo,..., vy}
Proposition 13. Forn=2,

3 ifn=3

dom®, (K> ) =
SRES2,n 2 otherwise.

Proof. The result is immediate for n = 2 by Proposition 6. Suppose that n = 3. First let n =
4. Let D be an orientation of K, such that y;,(D) = domg, (K> ,) and let f be a y;,(D)-
function. Assume, without loss of generality, that f(u;) < f(uy). It follows from f(N*[u]) =1
and f(N™[u1]) = 1 that

2< fINTlu)+ fF(IN" [ = Y fw) +2f (wr) =y5p(D) + f(u1) = f(ua).
i=1
Since f(u1) < f(u2), we deduce that y;, (D) > 2.

Now we show that dom:R (Ky,) < 2. Let D be an orientation of K3 , such that

A(D) ={(v1, u1), (uz, v U {(ug, vj), (vj, up) |2 < j < n}.
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First let n be even. Define f: V(K3 ) — {—1,1,2} by f(v1) = -1, f(u1) = f(uz) =2 and f(v;) =
(=1)/*!for2 < j < n. Itis easy to see that f is a TSRDF of D of weight 2 and so domj, (K3 ,) <2
in this case. Now let n be odd. Define f : V(Ky,,) — {-1,1,2} by f(v1) = f(v2) = f(v3) =
=1, f(u1) = f(uz) = f(vg) =2 and f(v)) = (=1)/ for 5 < j < n. Clearly, f is a TSRDF of D of
weight 2. Hence, dom}, (K> ,) = 2.

Suppose that n = 3. If f(u;) = -1 (the case f(uy) = —1 is similar), then at least for two i,
fw;) =2,sayi=1,2and f(v3) = 1. Thus we have y, (K3 3) = 5-2 = 3. Henceforth, we assume
fuj)=1fori=1,2. Let f(v;) = —1forsome 1 <i <3. Then f(u;) = f(up) = 2. Since either
dt(uy) >d (up) or d (u1) > d*(u;), we have Z?zlf(vi) > —1. Thus y;,(K>3) = 3. To prove
y’;R (Kz,3) < 3, let D be an orientation of K3 3 such that

A(D) = {(v;, u1), (u, vy) i = 1,2 U{(uy, v3), (U3, U2)}.

Now define g : V(D) — {-1,1,2} by g(u1) = g(uz) =2, f(v2) = +1 and f(vy) = f(v3) = —1.
Obviously, g is a TSRDF on D of weight 3 and the proof is complete. O

Proposition 14. dom;,(K33) =5.

Proof. First we show that dom:R (Ks,3) = 5. Let D be an orientation of K33 with y:R (D) =
dOl’l’l:R(Ks’g), and let f be a y:R(D)-function. If f(x) =1 for each x € V(K33), then we are
done. Assume, without loss of generality, that f(u;) = —1. Since f is a TSRDF of D, u; has an
in-neighbor and an out-neighbor with label 2. Suppose f(v;) = f(v2) = 2. We deduce from
f(N*[w]) =1 and f(N"[u;]) = 1 that f(v3) =1 and so

3
Y f(v)=5. (3.1
i=1

If f(v3) = 1, then it follows from f(N*[v3]) =1 and f(N~[vs]) = 1 that Z?zlf(ui) > (0 and so
y’s“R(D) = Z?zlf(ui) +Z‘:?:1f(v,~) >5 as desired. Let f(v3) = 2. We deduce from f(N*[v3]) =1
and f(N"[vs]) = 1 that ¥3_, f(u;) = =1 and so y,(D) = ¥3_, f(u;) + X3, f(v;) = 5. Thus
dom;,(K33) = 5.

To prove dom;‘R (K3,3) <5, let D be an orientation of K3 3 such that
A(D) ={(uy, vi), (U2, vy), (v, u3) [ 1 < i <3}

and define f: V(K3 3) — {—1,1,2} by f(u1) = f(uz) = f(v1) =2, f(uz2) = 1, f(v2) = f(v3) =—1. It
is easy to see that f is a TSRDF of D of weight 5 and so dom:R (K3,3) 5. Thus dom:R (K33)=5

and the proofis complete. O

Proposition 15. For n >4, dom;,(K3 ;) = 4.
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Proof. First we show that dom;‘R (Ks,n) =2 4. Let D be an orientation of K3, ,, such that Y:R (D) =
dom;‘R (Ks,n), andlet f bea y:R (D)-function such that |V_;nYis as large as possible. Suppose
fX) =Y fup) and f(Y) = X1, f(vp). If Vy = @, then yiR(D) = n+3 > 4 and we are
done. Assume that V_; # @. Firstlet |[V_; n Y| = 1. Assume, without loss of generality, that
v1 € V_1nY. Since f is a TSRDF of D, v; has an in-neighbor and an out-neighbor with label
2. Suppose f(u1) = f(up) = 2. It follows from f(N*[u3]) =1 and f(N " [ug]) = 1 that f(Y) =
2—-2f(u3). Hence

Ysr(D) = fF(X)+ f(Y) 2 (4+ f(uz) + (2-2f(u3)) =6 - f(u3) 2 4.

Now let [V_1nY|=0. Then V_; < X. Assume, without loss of generality, that u; € V_;. As
above, we may assume that f(v;) = f(v2) = 2. If f(v;) = 1 for some 3 < i < n, then we must
have f(X) =2-2f(v;) = 0 that implies y’s“R(D) = f(X)+ f(Y) = n+2 = 6. Otherwise, we have
Yir(D) = f(X)+ f(Y) =22n—-3 = 5. Thus y{, (D) = 4 in all cases.

Now we prove that dom;‘R (K3,n) < 4. Firstlet n be even. Let D be an orientation of K3 ,
such that

A(D) = {(uy, v1), (u3, v1), (V1, U2), (2, Uzl U{(v;, 1), (U2, v4), (U3, vj) 12<i<n,3< j<ni

Define f: V(K3 ) — {=1,1,2} by f(v1) = f(v2) = =1, f(u1) = f(up) = f(uz) =2 and f(v)) =
(=1)J for 3 < j < n. It is easy to see that f is a TSRDF of D of weight 4 and so dom}, (K3 ,) <4.
Hence dom;‘R (K3,,) = 4 in this case. Now let n be odd. Let D be an orientation of K3 , such

that

A(D) ={(v1, u1), (uz, v1), (uz, v1) U {(u1, vi), (Vi u2), (v, uz) |2<i < nj.

Define f: V(K3 ) — {=1,1,2} by f(v1) = f(v2) = f(v3) = f(va) = -1, f(v5) =2, f(u1) = f(u2) =
f(uz) =2and f(v;) = (-1)/ for6 < J < n. Itis easy to see that f is a TSRDF of D of weight 4
and so dom (K3 ;) < 4. Thus dom;, (K3 ,,) = 4 and the proof is complete. Od

Proposition 16. If m =4,5, then dom;‘R (Km,n) = m+2.

Proof. First we show that dom:R (Km,n) = m+2. Let D be an orientation of K;;, , such that
Yip(D) = dom, (K, ) andlet f be ay,(D)-function such that |V_1NY|is as large as possible.
The result is immediate if [V_;| = 0. Suppose that [V_;|=1. If [V_;nX|#0and |[V_;nY]| #
0, then f(X) =4 and f(Y) = 4. Thus Y:R(Km,n) = f(X)+ f(Y) = 8 > m+2. Suppose that
[V_1 N X| =0 (the case |[V_;n Y| = 0 is similar). If |V} n X| = 1, then clearly f(Y) = 0. On
the other hand, it follows from V_; nY # ¢ that |V, n X| =2 and so f(X) = m + 2. Therefore
y;‘R(Km,n) =f(X)+f(Y)=m+2. Let f(u;) =2 foreach 1 <i < m. Then we have f(X) =2m
and f(Y) = —2. Consequently, y:R(Km,n) =fX)+f(Y)=2m-2=2m+2.
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Now we show that dom:R (Kim,n) < m+2. Let D be an orientation of K, ,, such that
AD) ={(u, v), (i, up) |1 si<npui(u;,v)) |3<si=m,l<j<n}

Define f: V(K n) — {=1,1,2} by f(u1) = f(up) =2, f(u;) =1for3<i<mand f(v;) = (-1)i+1
for 1 <i <nwhen niseven, and f(v)) =2, f(v2) = f(v3) = -1, f(v;)) = (=) T ford < i < nif
nis odd. It is easy to see that f is a TSRDF of D of weight m + 2 and so dom (K, ) < m +2.
Thus dom’;R (Km,n) = m+2 and the proof is complete. O

Proposition 17. For n=m =6, dom}, (K, ) = 8.

Proof. First we show that dom;*R (Kim,n) = 8. Let D be an orientation of K, , such that y;‘R (D) =
dom;‘R(Km,n), and let f = (V_1,V1,V,) be a y’s"R(D)-function. If V.1 = @, we are done. Let
Va#Z@g. If|IVoinX|#0and [V nY| #0, then clearly f(X) =4 and f(Y) = 4 that implies
Ysr(Km,n) = f(X) + f(Y) = 8. Suppose that [V_; n Y| = 0 (the case |V_1 n X| = 0 is similar).
Since each vertex with label -1 has an in-neighbor and an out-neighbor with label 2, we have
fY)zn+2. IfVinY # @, then f(X) = 0 that implies y ;5 (Kpm,n) = f(X) + f(Y)=n+2=8.
Otherwise, f(v;) =2foreach 1 <i < n. Itfollows that f(Y) = 2n and f(X) = —2. Consequently,
YipKmn) = f(X)+ f(Y)22n-2>8.

To prove dom;‘R (Km,n) <8, let D be an orientation of K, , such that
AD) = {(u;j, ), (v, uy) | 1 =i = mpu (g, vj), (vj, uz), (u;, vj) 13<i<m,3< j<n

If m and n are even, then define f: V(K ,) — {-1,1,2} by f(u1) = f(u) = f(v1) = f(v2) =
2, fuy) = (-1)! for each 3 < i < m and flw)) = (=1)/ for each 3 < j <n. If mand n are
odd, then define f: V(K ) — {—1,1,2} by f(u1) = f(u2) = f(ug) = f(v1) = f(v2) = f(v3) =2,
flug) = flus) = f(vg) = f(vs) = =1, f(u;) = (=1)! for each 6 < i < m and fwy) = (-1)/ for
each 6 < j < n. If mis even and n is odd (the case m is odd and n is even is similar), then
define f: V(K ») — {=1,1,2} by f(u1) = f(uz) = f(v1) = f(v2) = f(3) =2, f(va) = f(v5) = -1,
fluy) = (-=1)! for each 3 < i < m and fwj) = (-=1)/ for each 6 < J < n. Itis easy to see that f
is a TSRDF of D of weight 8 and so dom (K, ) < 8. Thus dom}, (K, ,) = 8 and the proof is
complete. O

Proposition 18. If G is a bipartite graph of order n, then Dom’;R(G) =n.

Proof. Let X and Y be the partite sets of G. Let D be an orientation of G such that A(D) =
{(u,v)|lue Xand ve Y} and let f be a y:R(D)-function. Since d~ (1) = 0 for each u € X and
d* (v) = 0 for each v € Y, we must have f(x) = 1 for each x € V(G). Hence, Dom},(G) = w(f) =
n and the result follows by (1.1). Oa
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Proposition 19. For n=3,

4 ifn=4,6

dom?*,(K,) =
SR 3 otherwise.

Proof. Let V(K},) = {v1, v9,..., U5} be the vertex set of K,,. First let n # 4,6. Assume that D is an
orientation of K, such that y;,(D) = dom;*R (Ky) and f is a y ;5 (D)-function. If V_; = @, then
clearly dom;‘R(Kn) > 3. Hence, we may suppose that f(v;) = —1 for some i, say i = 1. Since
f(N"[v1]) =1and f(NT[v1]) = 1, we have that

domj,(K,) = f(N"[v1]) + f(N"[v1]) = f(v) 21+ 1= (=1) =3.

Now we show that dom,(K,) < 3. If n is odd, then dom,(K},) < 3 by Proposition 7. Let n be
even and D be an orientation of K, such that

A(D) ={(v1, v3), (v1, v5), (V1, V7), (V2, V1), (V2, ), (V2, Ug), (U3, V2,), (V3, V4), (U3, V), (V3, Us),
(v4, V1), (V4, V2), (V4, Vg), (V4, U7), (U5, V2), (U5, V3), (U5, V4), (U5, U6), (U5, U7), (U5, Ug),
(vs, V1), (v7, V2), (V7, v3), (V7, Us), (U7, Vg), (Vg, V1), (U, V4), (U8, Ue)}
Ul(vj,vi),(vi,v2) | j=1,3,...,8and 9 < i < n} U{(v;, vi41), (0}, vjs1), (v, V),

(Wi, Vj+1), Vi1, ), (Vir1, Vi) |9 < i < j<nand i, j are odd}.

Define f: V(Ky) — {—1,1,2} by f(v1) = f(v2) = f(v3) =2, f(va) =1, f(vs) = f(ve) = f(v7) =
f(vg) =—1and f(v;) = (-1)*! for9 < i < n. Itis easy to verify that f is a TSRDF of D of weight
3 and so dom;,(K},) < 3. Thus dom},(K,) = 3 in this case.

It is not hard to see that dom:R (K4) = 4. Let n = 6. It follows from Proposition 7 that
dom{,(Kg) < 4. Assume that D is an orientation of K¢ such that y,(D) = dom},(Ks) and
fisa y:R (D)-function. Since w(f) < 4, we have V_; # ¢. Since each vertex with label —1
must have an in-neighbor and an out-neighbor with label 2, we may assume, without loss
of generality, that f(v;) = -1 and f(v2) = f(v3) = 2. As above, we obtain dom;,(Ks) = 3 that
implies f(vy) + f(vs) + f(ve) = 0. If f(vy) + f(vs)+ f(v6) =0, then, without loss of generality,
we may suppose that f(vy) = f(vs) = —1, f(ve) = 2. The digraph induced by vy, v4, v5 has
at least one vertex with in-degree one and out-degree one, say x. Since f(N*[x]) =1 and
f(N~[x]) = 1, the vertex x should have at least two in-neighbors and two out-neighbors in
{vy, v3, v} that is impossible. Thus f(vy4) + f(vs) + f(ve) = 1 that implies dom:R (Kg) = 4. This
completes the proof. O
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