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EXTREME MONOPHONIC GRAPHS AND EXTREME
GEODESIC GRAPHS

A. P SANTHAKUMARAN AND P. TITUS

Abstract. For a connected graph G = (V, E) of order at least two, a chord of a path P is an
edge joining two non-adjacent vertices of P. A path P is called a monophonic path ifitis a
chordless path. A monophonic set of Gis a set S of vertices such that every vertex of G lies
on a monophonic path joining some pair of vertices in S. The monophonic number of G
is the minimum cardinality of its monophonic sets and is denoted by m(G). A geodetic
setof Gis a set S of vertices such that every vertex of G lies on a geodesic joining some pair
of vertices in S. The geodetic number of G is the minimum cardinality of its geodetic sets
and is denoted by g(G). The number of extreme vertices in G is its extreme order ex(G). A
graph G is an extreme monophonic graph if m(G) = ex(G) and an extreme geodesic graph
if g(G) = ex(G). Extreme monophonic graphs of order p with monophonic number p and
p—1are characterized. It is shown that every pair a, b of integers with 0 < a < b is realized
as the extreme order and monophonic number, respectively, of some graph. For positive
integers r,d and k = 3 with r < d, it is shown that there exists an extreme monophonic
graph G of monophonic radius r, monophonic diameter d, and monophonic number k.
Also, we give a characterization result for a graph G which is both extreme geodesic and
extreme monophonic.

1. Introduction

By a graph G = (V, E) we mean a finite undirected connected graph without loops or mul-
tiple edges. The order and size of G are denoted by p and g, respectively. For basic graph
theoretic terminology we refer to Harary [4]. For vertices x and y in a connected graph G,
the distance d(x, y) is the length of a shortest x-y path in G. An x-y path of length d(x, y) is
called an x-y geodesic. The neighborhood of a vertex v is the set N(v) consisting of all vertices
u which are adjacent with v. A vertex v is an extreme vertex of G if the subgraph induced by
its neighbors is complete. An extreme vertex of G is also called a simplicial vertex of G. The

number of extreme vertices in G is its extreme order ex(G).
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A geodetic set of G is a set S of vertices such that every vertex of G lies on a geodesic path
joining some pair of vertices in S. The geodetic number of G is the minimum cardinality of
its geodetic sets and is denoted by g(G). A geodetic set of cardinality g(G) is called a g-ser.
The geodetic number of a graph was introduced in [1, 5] and further studied in [2]. A graph
G is an extreme geodesic graph if g(G) = ex(G). Extreme geodesic graphs were introduced and
studied in [4].

A chord of apath P is an edge joining two non-adjacent vertices of P. A path P is called a
monophonic path if it is a chordless path. A set S of vertices of G is a monophonic set if each
vertex v of G lies on an x — y monophonic path for some x, y € S. The minimum cardinality
of a monophonic set of G is the monophonic number of G and is denoted by m(G). The

monophonic number of a graph was studied in [9].

For any two vertices u and v in a connected graph G, the monophonicdistance dy,(u, v)
from u to v is defined as the length of alongest u—v monophonic pathin G. The monophonic
eccentricityen(v) of avertex vin Gis ey, (v) = max {d;, (v, u) : u € V(G)}. The monophonic
radius, rad,(G) of Gis rad;(G) = min {e,;(v) : v € V(G)} and the monophonicdiameter,
diam,(G) of Gis diam,(G) = max {e;,(v) : v € V(G)}. Avertex u in G is a monophonic eccen-
tric vertex of avertex v in G if e;, (1) = d,; (1, v). The monophonic distance was introduced in
[7] and further studied in [8].

The following theorems will be used in the sequel.
Theorem 1.1 ([2]). Each extreme vertex of a graph G belongs to every geodetic set of G.

Theorem 1.2 ([4]). Let G be a connected graph with at least three vertices. The following state-
ments are equivalent:

(i) Gisa block.

(ii) Every two vertices of G lie on a common cycle.
Theorem 1.3 ([9]). Each extreme vertex of a graph G belongs to every monophonic set of G.
Theorem 1.4 ([9]). No cutvertex of a graph G belongs to any minimum monophonic set of G.

Theorem 1.5 ([9]). Let G be a connected graph with cutvertices and let S be a monophonic set

of G. If x is a cutvertex of G, then every component of G — x contains an element of S.

Theorem 1.6 ([5]). Let G be a connected graph with cutvertices and let S be a geodetic set of G.

If x is a cutvertex of G, then every component of G — x contains an element of S.
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2. Extreme monophonic graphs
Definition 2.1. A graph G is said to be an extreme monophonic graph if m(G) = ex(G).

For the graph G given in Figure 2.1, v; and v; are the only two extreme vertices so that
ex(G) = 2. The set S = {v;, v7} is a minimum monophonic set of G so that m(G) = ex(G) = 2.

Therefore, G is an extreme monophonic graph.

Vg Us
Us U7
U1 U2 U3
Figure 2.1: G.

For any nontrivial tree T with k end vertices, ex(T) = k and by Theorems 1.3 and 1.4,
m(T) = k. Thus any nontrivial tree is an extreme monophonic graph. It is obvious that the
cycle C,(p = 4) and the complete bipartite graph K;,5(2 < r < s) are not extreme monophonic
graphs. By Theorem 1.3, we see that for any connected graph G of order p, 0 < ex(G) < m(G) <
p. It is an easy consequence of Theorem 1.3 that a connected graph G of order p = 2 is an

extreme monophonic graph with monophonic number p if and only if G = K},.

The following theorem gives a characterization of extreme monophonic graphs of order

p with monophonic number p — 1.

Theorem 2.2. Let G be a connected graph of order p = 3. Then G is an extreme monophonic
graph with m(G) = p—1ifand only if G = Ky + UmKj, where} m; = 2.

Proof. Let G = Ky + Um;Kj, where 3 m; = 2. Since G has exactly one cutvertex and all other
vertices are extreme, it follows from Theorems 1.3, 1.4 that m(G) = p — 1. Conversely, let G be
an extreme monophonic graph with m(G) = p—1. Then there exists exactly one non-extreme
vertex, say x, in G. If p = 3, then G is a path of order 3 and hence G = K} + J2K;. Let p = 4.
We claim that x is the cutvertex of G. Otherwise, x lies on a smallest cycle, say C, of length at
least 4. Then the neighbors of x on C do not belong to a minimum monophonic set of G and
hence m(G) < p -2, which is a contradiction. Hence G — x has at least two components. We
prove that each component is complete and x is adjacent to every vertex of each component.
Suppose there exists a component B, which is not complete. Let u and v be two vertices in B
such that d(u, v) = 2. Then by Theorem 1.2, both © and v lie on a common cycle and hence u

and v lie on a smallest cycle of length at least 4. Hence m(G) < p —2, which is a contradiction.
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Thus each component of G — x is complete. Now, if x is not adjacent to some vertex of a
component, then x lies on a monophonic path of length at least 3 so that m(G) < p —2, which

is a contradiction. Hence G = K1 Um;Kj, where Kj is the vertex x and } m; > 2. O

For any connected graph G, we have 0 < ex(G) < m(G) and 2 < m(G) < p. In view of this,

we have the following realization result.

Theorem 2.3. For every pair a, b of integers with 0 < a < b and b = 2, there exists a connected
graph G with ex(G) = a and m(G) = b.

Proof. We consider two cases, according to whether a=0or a = 1.

Case (i) a=0. Let 1, F», ..., F;,..., Fp be such that each F; is a copy of C4 with vertices v; 1, v; 2,
vis, Viafori=1,2,...,b. Let G be the graph obtained by identifying the vertices v;; of F;(1 <
i < b). The graph G is shown in Figure 2.2. Since b = 2, G has the unique cutvertex, say x.

Clearly, no vertex of G is an extreme vertex and so ex(G) = 0. By Theorem 1.5, every
monophonic set of G contains at least one vertex from each component of G—xand so m(G) =
b.LetS={v13,V23,V33,..., Vp3}. Since S is a monophonic set of G, it follows that m(G) =S| =
b.

V1,3 V1,3

Uba

Ub3
Figure 2.2: G Figure 2.3: G

Case (ii) a = 1. If a = b, then the complete graph G = K, has the desired properties. If a < b,
then we construct a graph G as follows. Let Fy,F»,...,Fj,...,F,_, be such that each F; is a
copy of C, with vertices v; 1,v;2, Vi3, Viafori=1,2,...,b— a. Let Kj 4 be the star at x and let
U ={u,uy,...,us} be the set of endvertices of Kj . Let G be the graph obtained by identifying
the vertices v; ; of F;(1 < i < b—a) and the vertex x of K] ,. The graph G is shown in Figure 2.3

and it is clear that ex(G) = a.
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By Theorems 1.3 and 1.5, every monophonic set of G contains at least one vertex from
each component of G — x so that m(G) = b. Let S = {uy, up, ..., Ug, V1,3, V2,3,..., Up—q,3}. Since S

is a monophonic set of G, it follows that m(G) = b. O

For any connected graph G, rad(G) < diam(G) < 2rad(G). Ostrand [6] showed that ev-
ery two positive integers r and d are realizable as the radius and diameter, respectively, of
some connected graph. Ostrand’s theorem can be extended to extreme monophonic graphs

so that the monophonic number can also be prescribed.

Theorem 2.4. For positiveintegersr,d and k = 3 withr < d < 2r, there exists an extreme mono-
phonic graph G withrad(G) =r, diam(G) = d and m(G) = k.

Proof. If r =1, then d =1 or 2. If d = 1, then letting G = K, it follows from Theorem 1.3 that
m(G) = k and so G is an extreme monophonic graph. Also, if d = 2, then letting G = K] , it
follows from Theorem 1.3 that m(G) = k and so G is an extreme monophonic graph. Now, let

r = 2. We construct a graph G with the desired properties as follows:

2
LetC: x1,X2,...,Xa,...,Xp,..., Xn, X1 be a cycle of order n.

Casel.r=d.Letn=k+2r.Leta= [M-‘ andb=n- {%W.Thenitisclearthat2<a<b< n.

Subcase (i). k is even. Let G be the graph obtained from C by joining every pair of vertices
of {x1,x»,..., x4} and also every pair of vertices of {xp, Xp+1,-..., X5, X1}. The graph G is shown
in Figure 2.4 for k =6 and r = 3. Clearly, S = {x2, x3,..., Xq—1, Xp+1, Xp+2,--., Xn} is the set of all
extreme vertices of G with |S| = k. It is easily verified that the eccentricity of each vertex of G
is r so that rad(G) = diam(G) = r. It is clear that S is the unique minimum monophonic set

of G so that m(G) = k and G is an extreme monophonic graph.

X1
X1 X2
X11 X3
X10 X4
X9 X5
X8 X6
X7

Figure2.4: G
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Subcase (ii). k is odd. Let G be the graph obtained from C by joining every pair of vertices
of {x2, x3,..., X4}, every pair of vertices of {xp, Xp+1,..., X5} and also adding the edge x,x,. The
graph G is shown in Figure 2.5 for k =5 and r = 3. Then S = {x1, X3, X4,..., Xa—1, Xp+1, Xp+2, - »
Xn—1} is the set of all extreme vertices of G with |S| = k. It is clear that 1 < d(x1,x;) <r
fori=2,3,...,nand d(X1,.7CnT+1) = d(X1,XnT+3) = r. Hence eccentricity of x; is r. Similarly, it
can be verified that eccentricity of each of the remaining vertices is also r. Hence rad(G) =
diam(G) = r. Itis clear that S is the unique minimum monophonic set of G so that m(G) = k

and G is an extreme monophonic graph.

X1

X11 X2

X10 X3

X9 X4

X8 X5

X7 X6

Figure 2.5: G

Case 2. r<d <2r. Let Pgiy: Uy, Up,...,Ur, Ury1,..., Ug+1 De a path of order d + 1. Add k-2
new vertices vy, U, ..., Vg2 to Py4 and join each v;(1 < i < k- 2) to ug, there by producing
the tree G of Figure 2.6. Then S = {uy, U441, 1, V2, ..., Vik—2} is the set of all extreme vertices of
G with |S| = k. It is clear that e(u,41) = r,e(i;) = d and r < e(x) < d for all other vertices x in

G. Then rad(G) = r and diam(G) = d. It is clear that S is the unique minimum monophonic

set of G and so m(G) = k. O
Uq Ug+1
L — oo . o Py P Py ®
1231 uz Ur Ur+1
U1 U2 V-2

Figure 2.6: G
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For any connected graph G, rad,;(G) < diam,,(G). Santhakumaran and Titus [7] showed
that every two positive integers a and b with a < b are realizable as the monophonic radius
and monophonic diameter, respectively, of some connected graph. This theorem can be ex-
tended to extreme monophonic graphs so that the monophonic number can also be pre-
scribed when rad,,(G) < diam,,(G).

Theorem 2.5. For positive integers r,d and k = 3 with r < d, there exists an extreme mono-
phonic graph G withrad,,(G) =r, diam,(G) = d and m(G) = k.

Proof. We prove this theorem by considering two cases.

Casel. r=1.Then d = 2. Let Cg4, : V1, V2,..., V442, V1 be a cycle of order d + 2. Let G be the
graph obtained by adding k — 2 new vertices uy, Uy, ..., U2 to C442 and joining each of the
vertices uy, Uy, ... Ug_2, U3, Vs, ..., U4+ to the vertex v;. The graph G is shown in Figure 2.7. It
is clear that e, (v1) =1, e, (v2) = e (V442) =d and 2 < e, (x) < d — 1 for all other vertices x in
G. Hence rad,,(G) =1 and diam,,(G) = d. Let S = {uy, uy,..., Uxp_s, V2, U442} be the set of all
extreme vertices of G. By Theorem 1.3, every monophonic set of G contains S. It is clear that

S is a monophonic set of G and so ex(G) = m(G) = k.

U3
Uy %] u
1
2%
U1
Ug—2
Vg Vd+2
Vd+1

Figure 2.7: G
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Figure 2.8: G

Case2.r=2.LetC: vy, vs,...,Vr43, V1 beacycle of order r+3 andlet W = K} +Cg.42 be awheel
with V(Cgyy0) = {u1, up,..., ug.2} and let the vertex of K; be vy. Let H be the graph obtained
from this by joining the vertices v,;; and v,;3 of C, and also joining the vertex u 4, with the
vertices uy and ug of W. Now, add k — 3 new vertices w;, wa, ..., Wg_3 to the graph H and join
each vertex w;(1 < i < k —3) to the vertex v; and obtain the graph G of Figure 2.8. It is easily
verified that r < e;,(x) < d for any vertex x in G and e, (v2) =1, ey, (11) = d. Then rad,(G) =r
and diam;,,(G) = d. Let S = {w, wy,..., Wr_3, Ur+2, U1, Ug+1} De the set of all extreme vertices
of G. By Theorem 1.3, every monophonic set of G contains S. It is clear that S is a monophonic
set of G and so ex(G) = m(G) = k. a

Problem 2.6. For any three positive integers r,d and k = 3 with r = d, does there exist an ex-

treme monophonic graph G withrad,(G) =, diam,(G) = d and m(G) = k?

Theorem 2.7. For any three positive integersd,k and p with2<d <p,2<k<pandp—-d—-
k+2 =0, there exists an extreme monophonic graph G of order p, monophonic diameter d and
m(G) = k.

Proof. Let K,_4+1 be the complete graph with vertex set {wy,ws,..., Wpy_g—k+2,
U1, V2,..., Vk-1}. Now, add a new vertex x to K441 and let H be the graph obtained from
Ky-g+1 by joining x with each w;(1<i<p-d-k+2). Let P: up,uy,...,uq-» be a path of
length d —2. Let G be the graph obtained from H and P by identifying u with v;. Then
G has order p, monophonic diameter d and the graph G is shown in Figure 2.9. Let S =
{x,Ug_0,02,V3,...,Vr_1} be the set of extreme vertices of G. It is clear that S is a monophonic
set of G and so by Theorem 1.3, m(G) = ex(G) = k. Thus G is an extreme monophonic graph

with monophonic number k. O
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Kp—d+1
U1 =Up 1231 Uz Ug-3 Ug-2
/0 w1 r—T—o—o— c e -———o

Figure 2.9: G

In the following theorem we construct a non-extreme monophonic graph G of order p,
monophonic diameter diam,,(G) = d and monophonic number m(G) = k with data same as
in Theorem 2.7.

Theorem 2.8. For any three positive integersd, kand p with2<d <p,2<k<pandp-d—-k=
1, there exists a non-extreme monophonic graph G of order p, diam,(G) = d and m(G) = k.

Proof. Let W = Kj,_4_ + C442 be a general wheel with V(K,,_g_¢) = {v1,02,...,Vp_q-¢} and
V(Cas2) ={uy, u,..., ugs2}. Now, add k — 2 new vertices w;, wy,..., wi_2 to W and join each
vertex w;(l < i < k- 2) to every vertex of K,_4_¢. The graph G is shown in Figure 2.10. It
is easily verified that 1 < e, (x) < d for any vertex x in G and e;,(u;) = d. Then diam,,(G) =
d.Let S = {wy,wy,...,wr_,} be the set of all extreme vertices of G and so ex(G) = k—2. By
Theorem 1.3, every monophonic set of G contains S. It is clear that S is not a monophonic set
of G. Let T = SU{uo, ug.o}. Ttis clear that T is a minimum monophonic set of G and so m(G) =
k. Since ex(G) = k-2 # m(G), G is anon-extreme monophonic graph with diam,,(G) = d and
m(G) = k. Od

1223

Figure 2.10: G
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3. Extreme monophonic graphs and extreme geodesic graphs

Since every geodetic set is a monophonic set and every extreme vertex belongs to every
geodetic set, it follows that every extreme geodesic graph is an extreme monophonic graph.
However, the converse need not be true. For the graph G given in Figure 2.1, S = {v}, v7} is a
minimum monophonic set so that m(G) = ex(G) = 2. Therefore, G is an extreme monophonic
graph. Since S is not a geodetic set, G is not an extreme geodesic graph. If m(G) = g(G) =
ex(G), then the graph G is both extreme monophonic and extreme geodesic. We observe that
if G is extreme geodesic, then it is also extreme monophonic. In view of this observation, we

have the following characterization theorem.

Theorem 3.1. A graph G is both extreme geodesic and extreme monophonic if and only if every

non-extreme vertex of G lies on an x — y geodesic for some extreme vertices x and y in G.

Proof. Let S be the set of all extreme vertices of G. If every non-extreme vertex of G lies on
an x — y geodesic for some extreme vertices x and y in G, then by Theorems 1.1 and 1.3, S is
both minimum geodetic set and minimum monophonic set of G. Hence G is both extreme

geodesic and extreme monophonic graph.

Conversely, let G be both extreme geodesic and extreme monophonic graph. Then ex(G) =
g(G) = m(G). Since ex(G) = g(G), S is the unique minimum geodetic set. Hence every non-

extreme vertex of G lies on an x — y geodesic for some vertices x, y € S. g

Theorem 3.2. For every pair a, b of integers with2 < a < b < 2a, there exists a connected graph

G which is neither extreme geodesic nor extreme monophonic such that m(G) = a and g(G) = b.

Proof. For eachinteger i with1 <i<b—a,letC;: v, 0, Vi1, Vi 2, Vi3 Via, Viobeacycle of order
5 and for each integer jwith1 < j <2a-b, let C} SUjo,Uj 1, Uj2, Uj3, Ujo beacycle of order 4.
Let G be the graph obtained by identifying v; o of C; (1 < i < b—a) and u;,0 of C} (I1=sj=<2a-b).
The graph G is shown in Figure 3.1. It is clear that no vertex of G is an extreme vertex of G. The
set My = {u12,U22,...,U2q-p2, V1,2, V2,2,..., Vb—g,2} is @ monophonic set of G and so by Theo-
rem 1.5, m(G) = a. Also, the set S; = {u1,2, U22,..., U2q-p2, V1,2, V1,3, V2,2, V2,3, ., VUp—g,2, Vb—q,3}
is a geodetic set of G and so by Theorem 1.6, g(G) = b. Hence G is neither an extreme geodesic

nor an extreme monophonic graph. O
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U2

V1,2

Uz

Upa—b,2 Ub-a3
Figure 3.1: G

Problem 3.3. For every pair a, b of integers with2 < a < b and b > 2a, does there exist a con-
nected graph G which is neither extreme geodesic nor extreme monophonic such that m(G) = a
and g(G) = b?

Theorem 3.4. For every pair a, b of integers with2 < a < b < 2a, there exists a connected graph

G which is extreme monophonic but not extreme geodesic such that m(G) = a and g(G) = b.

Proof. For eachinteger i with1<i < b—a,letC; :v; o, Vi1, Vi 2, Vi3 Via, Vio be acycle of order
5 and for each integer j with 1 < j <2a-b, let C} SUjo,Uj1, U2, U3, Ujo De acycle of order
4. Let H be the graph obtained from C; and C} by identifying v; g of each C; (1 < i < b—a) and
ujo of each C} (1 =j<2a-Db). Now, let G be the graph obtained from H by (i) joining each
uj1 with u;j3(1 < j <2a-b), and (ii) joining each v;; with v;3(1 <i < b—a). The graph G is
shown in Figure 3.2. Let S = {u; 2, U22,..., U2g—p2, V1,2, V2,2, ..., Up—g,2} De the set of all extreme
vertices of G. Since S is a monophonic set of G, it follows from Theorem 1.5 that m(G) = a. It
is clear that S is not a geodetic set of G and S; = SU{v13,V23,..., Vp—g4,3} is a geodetic set of G
and so by Theorem 1.6, g(G) = b. Hence G is an extreme monophonic graph but it is not an

extreme geodesic graph. O

If G is an extreme monophonic graph and it is not an extreme geodesic graph, then
m(G) < g(G). This leads to the following problem.
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U2

Uz

Upa—b,2 Ub-a3
Figure 3.2: G

Problem 3.5. For every pair a,b of integers with2 < a < b and b > 2a, does there exist a con-

nected graph G which is extreme monophonic but not extreme geodesic such that m(G) = a and
g(G)=b?

(9]
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