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DOUBLE TRIGONOMETRIC SERIES WITH COEFFICIENTS
OF BOUNDED VARIATION OF HIGHER ORDER

KULWINDER KAUR, S. S. BHATIA AND BABU RAM

Abstract. In this paper the following convergence properties are established for the rectangular
partial sums of the double trigonometric series, whose coefficients form a null sequence of bounded
variation of order (p, 0), (0, p) and (p, p), for some p > 1: (a) pointwise convergence; (b) uniform
convergence; (¢) L"-integrability and L"-metric convergence for 0 < r < % Our results extend
those of Chen [2, 4, 5] and Méricz [7, 8, 9] and Stanojevic [10].

1. Introduction
We consider the double trigonometric series
o0 o0
Z Z cjpe’TTRY) (1.1)
j=—00 k=—o00

on two-dimensional torus 72 = {(z,y);0 < 2,y < 27}.
The rectangular partial sums Sy, (f;2,y) and the Cesaro means oy, (z,y) of the
series (1.1) are defined as

Smn(f71;’y) = Z Z cjkei(jl‘-i-ky),

[7]<m |k|<n
1 m n
Omn(f,2,y) = CESCES) ;J ];)Sjk(fﬂ, Y)

where m, n > 0. If {cj;} are the Fourier coefficients of some f € L'(T?), then the
symbols Sy, (f) and Sy (f, z,y) will have the same meaning as Sy, (f).

Similarly omn(f) = omn(f, T, Y) = Omn.
Let the coefficients {c;x} satisfies the following conditions for some positive integer

¢k — 0 as  max{|j|, |k|} — oo, (1.2)
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li Apocik| =0 1.3
\k\linoo Z | pOC]kl ’ (1.3)
j=—o00
lim |A0p0jk| = 0, (14)
oo S
0 0
Z Z |Appcik| < oo. (1.5)
j=—00 k=—o0

The finite order differences Ap,c;i are defined by

AgoCjik = Cjk;
Apgik = Bp_1,4cjk — Bp-1,4Cr(H . (P2 1),
ApgCik = Bpg-1¢jk — Bpg-1Cj + (g>1).

Here the function 7(j) is defined by 7(j) = j+ 1 for j > 1, and 7(j) = j — 1 for
Jj<-L
We mention that a double induction argument gives

p q
q
pch Z Z 6+t< > <t> Cjts,k+t-

s=0 t=0

Conditions (1.3)-(1.5) are known as conditions of bounded variation of order (p,0),
(0,p) and (p,p) respectively. For p = 1, conditons (1.3) and (1.4) are excessive, as they
can be derived from (1.2) and (1.5). Obviously, conditions (1.3)-(1.5) generalize the
concept of monotone sequences.

The pointwise convergence of the series (1.1) is usually defined in Pring-sheim’s sense
([11], vol. 2, Ch. 17). This means that we form the rectangular partial sums

SMN l‘ y Z Z Cj kel(]erky (Ma NZ 0);
—M k=—N

and then let both M and N tend to oo, independently of one another, and assign the
limit f(z,y) (if exists) to series (1.1) as its sum. For E C T?, we say Sy, that converges
uniformly on F to f(z,y) if Smn(f) — f(z,y) uniformly on E as min(m,n) — oo.

We shall study the convergence of the series (1.1) in L"(7?)-norm. Thus we agree in

the notation defined by
2 27
ol = | [ [ late.oyraoas]
o Jo

In this paper the following convergence properties are established for the rectangular
partial sums of the double trigonometric series, whose coefficients form a null sequence

1/r
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of bounded variation of order (p,0), (0,p) and (p,p), for some p, ¢ > 1:

Smn(,7) converges pointwise to f(x,y) for every (z,y) € T?, (1.6)
Smn(x,3y) converges uniformly to f(z,y) on T2, (1.7)
f € L™(T?) uniformly, and ||Syn(f) — fll» = o(1) as min(m,n) — co.  (1.8)

These problems have been investigated by a number of authors [2, 4, 5, 6, 7, 8, 9, 10]
for single and higher dimensions. Our goal is to extend the above results from p = 1 to
general cases for double trigonometric series.

In the sequel we set A\, = [An] where n is positive integer, A > 1 is a real number,
and [.] means the greatest integeral part.

2. Lemmas
The following Lemmas will be useful for the proof of our result:

Lemma 2.1. For My < My, N1 < Na, we prove the following Lemma:

M2 N2
wPw' E g cjpe’ITThY)
Jj=Mi k=N,
M2 N2
= E E Appcjkei(jx+ky)
j=M; k=N,
M2 pP— 1 M2 p— 1
— N. pi= t Ni—1
+ E E WP T Ay Ny 4 /TP TNV — § E Apicj n, e N=y)
j=DM; t=0 j=M; t=0
N> p-—1 Ny p—1
pl=s i(Maz+k —1-s i((M1—1)z+k
+ E E w AspCM2+1,k€( 2wtky) _ E E wP AgpCar, k€ (M1 —1)z+ky)
k=N, s=0 k=N, s=0
p—1p—1
p—1—s /pil*tA i(Max+Nay)
+ w w stCMa+1,No+1€
s=0 t=0
p—1p—1
—1—s, /P17t i((M1—1)z+N:
f§ E wP w Asthl’Nzﬂe(( 1—1)z+N2y)
s=0 t=0
p—1p—1
—1—s, /P77t i(Maz+(N1—1
f§ E wP w Asthngl,Nle( 20+ (N1—1)y)
s=0 t=0
p—1p—1
—1— p—1—t i _ _
+ wP 1 CIG Asthl,Nlel((Ml z+(N1—1)y)
s=0 t=0
where w(z) =w = (1 —e @), w'(y) =w' = (1 — e~ %) and

|w|:2sin;, |w|:251n% for 0<uzx, y<2m.
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The corresponding result for one dimension case is:
Mo Mo p—1

- - s Mo

wP g cjpe® = E APc;e” + g wPT T A ey, 12T
j=My j=My s=0

p—1
_ 2 wpflfsAsch ez(lel)z
5=0

Proof.
Ms N

wPw'P E E cjkei(errky)

j=Mi k=N,

N2 [ M2
:w/p § ezky wP E cjkezk:v

k::Nl j:Ml

N» Mo p—1
/ ik ijx —1—s iMax
=w'P E ey E Apocjre™? +E wP AsoChry 41,62
s=0

k‘:Nl j=M1
p—1
o § :wp_l_sASOcthez(Ml_l)l‘
s=0
Now
Mo No
2 : wlp 2 : ApOCjkelky et
j=M k=N
Mo N2 p—1
ik p—1—t i N
= E E Appeire’™ + E w'? Apicj Ny 1Y
=M Lk=N, t=0
p—1
_ § wpflftAptCLNlez(lel)y el
t=0
Ms Ns My p—1
_ i(jk+k p—1—t i(jz+ N
- E E Appcike (k+ky) § ’ E :w” ApiCiNgt1€ (jz+N2y)
j=M k=N j=M,; t=0
My P-—1
Ip—1—s i(jz+(N1—1
_ E E w'P ApiCin, ke (Jo+(N1—1)y)
j=M; s=0
Also
p—1 N2
§ :wp—l—s w/p 2 : A500M2+17k61ky ezMg:c
s=0 k=N,
p—1 N» p—1

—1—s ik p—1—t iN
= E wP E Agperpyi1,xe’™ + E w'? AgtCryt1,Ny1€" 2
s=0 k=N1 Py
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p—1
Ip—1—t iW(N1—1 iMax
= WP T Agens, 1 n, €N T et
t=0
Ny p—1
_ —1—s i(Max+k
_ § ’ § :w” AspCM2+1,k€( 2x+ky)
k=N; s=0
p—1p—1
+ § § wp—l—swlp—l—tAsth2+1,N2+161(M23;+N2y)
s=0 t=0
p—1p—1
—1—s_ Ip—1—s (Mox+(N1—1
_E E :wp w'P AstCM2+1,N16( 22+(N1—1)y)
s=0 t=0
Similarly
p—1 N>
2 wp—l—s w/p 2 : AsOcthezky ezMg:c
5=0 k=N,
p—1 Ny p—1
—1—s ik Ip—1—t iN.
:5 wP E AgpCp ie y+§ w'? Ageen, No1€2Y
s=0 k=N, t=0
p—1
Ip—1—t iW(N1—1 iMax
,g w'? Agienr, n, !NV | eiMe
t=0
N2 p—1
_ —1—s W((M1—1)xz+k
D Y T N LTSI R
k=N, s=0
p—1p—1
+ § § wp—l—swlp—l—tAsthl’N2+1ez((M1—1);c+N2y)
s=0 t=0
p—1p—1
. E E wp—l—swlp—l—sAsthl’Nlez((Ml—l);c-i-(Nl—l)y)'
s=0 t=0

Combining all above, we have the required result.

Lemma 2.2. [3] For m, n > 0 and A > 1, the following representation holds:

271

(UA,n n Umn)

Am +1 A\, +1 A 41
Smn — Omn = )\:_ m )\: — n(UAm,/\n — O\pn — Tm A, + Omn) + )\;ni_m
An £1 A A A
+ (Om 2 —Omn) — X170 (m, n; 2, y) = X5; (m, n; 2, y) — X7 (m, n; 2, y)

Ap — T
where

A

A 1— 1k .
Shimrg) = Y 55 LM i
l71<m |k|=n+1 n
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Sio(m, n; z,y)

231 (m, n; 2, y)

3. Main Results

KULWINDER KAUR, S. S. BHATIA AND BABU RAM

)\m
YD Am + 1- | i)
ljl=m+1 |k|<n
An
)\ . cjke
ljl=m—+1 |k|=n+1 "

We will prove the following results:

Theorem 3.1. Let {cji}|j|,|k|<oo Satisfies the conditions (1.2)-(1.5) for some p > 1.
Then the series (1.1)

(i) converges pointwise to some function f(x,y) for every (z,y) € T?.
(ii) converges in the L"(T?)-metric to f for all 0 <r < 1/p.

Theorem 3.2. (i) Let E C T?. Assume that the following conditions are satisfied:

lim lim sup| sup |Ei‘0(m,n;x,y)‘ =0, (3.1)

All mn—oo (z,y)€EE

lim lim sup| sup |28‘1(m,n;z,y)‘ =0, (3.2)

All mn—oo (z,y)€EE

If opn(x,y) converges uniformly on E to f(x,y), then so does Spy,.
(ii) Assume that the following conditions are satisfied for some r < 1:

1 1 ¥ = 3.3
Al?}mggoosup(ﬂ 1o(m,n; 2,y H7) 0, (3-3)
li li p7S = 34
lim lim_sup (||, (m.ns 2, )]],) (34)

If lown —

fllr = 0 unrestrictedly, then || Smn —

fllr = 0 as min(m,n) — oo.

Here the limit superior of a double sequence {dj, : —00 < j, k < 0o} of extended real

numbers is known as

lim supdmn, = inf (supd,i)
m,n>1

m,n— o0

= lim sup djk | -
m,n—0o0 ]Zm,an

Proof of Theorem 3.2. We have

A
1 m
Ei\l(man;xay) = (Eél(uan;xay) - Eél(mvn;zay))
Am —m
m u=m-+1
1 An

- Z (Z0(m, 032, y) — Sy (m,ns 2, y))

—-—n
)\n v=n-+1
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This implies

|Ei‘1(m,n;x,y)‘§2 sup (‘Eél(u,n;x,y)‘)Z sup (|Ei‘0(m,v;x,y)|) (3.5)
mSul Ay, n<u<,

Using the above relation, we find that (3.1) implies that

lim lim sup< sup ‘Ei\l(m,n;x,y”) =0, (3.6)

All m,n—oco (z,y)EE

Assume that o,,, (z,y) converges uniformly on E to f(z,y). Then by Lemma 2.2, we

)

< lim sup< sup ‘E?O(m,n;:c,y)|)+ lim sup< sup ‘Eél(m,n;:c,y)|>

m,n—o0 (w,y)eE m,n—0o0 (w,y)eE

get

sup Smn(xa y) - o'mn(xa y)
(zy)eE

lim sup
m,n— oo

+ lim sup( sup |E?1(m,n;m,y)}>

m,n—oo (m,y)EE

After taking A | 1 the first part of Theorem 3.2 follows from (3.1)-(3.2) and (3.6).
For (ii), by (3.5) we have

A
1
HE%l(ma n?'xay)Hr = m Z (Hzél(u’a nwxay)Hr + Hzél (ma nvxay)HT)
m u=m-+1
<2 ( sup (Hzél(u,mx,y)HT))
m<u<A,
Thus, (3.4) implies
lim lim supHE11 m,n;x y)” =0.

All m,n—oo

Therefore the result of Theorem 3.2 follows.
The following result follows from Theorem 3.2.

Theorem 3.3. Assume that conditions (1.2)-(1.4) are satisfied for some p > 1.

oo A
~ A —|— 1-— |k:|
lim lim sup Z Z ——— A,k =0, (3.7)
All n—oo =00 k=i 1
A 0o .
- - Am + 1 —1j] B
1/\115177115110051113 Z Z W|Appcjk| =0, (3.8)

Then the following statements are true.
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(i) If omn(z,y) converges uniformly on E to f(x,y) then so does Spn.
(i) If |omn — fllr — 0 unrestrictedly for some r with 0 < r < 1/p, then

1Smn — fll- = 0 as min(m,n) — co.

Obviously, condition (1.5) implies any of the conditions (3.7)-(3.8). These conditions
have appeared in many places and were originally taken into consideration in the de-

velopment of the point-wise convergence of single and double trigonometric series [2, 4,
5].

Proof of Theorem 3.1. Setting M; = —m, My = m, Ny = —n and Ny = n in
Lemma 2.1, we have

Sn = Z Z cjkei(jw+ky)

l7]<m |k|<n
_ # A _i(jrt+ky) = poist i(jz+ny)
T wPw'P Z Z ppCik€ + Z Z w Aptcjn'(n)e
l71<m |k[<n |7]<m t=0
i p—1—t (i = ;

_ Z Z w' Aptcj,,ne’(”"'(_”_l)y) + Z Z wp—l—sASPCT(m),kez(mw+ky)

|31<m t=0 |k[<n s=0

p—1

o Z Z '(Up7175A5p07m7k6i((7m71)m+ky)

|k[<n s=0

p—1p—1
+ Z Z wp—l—sw/l’*lftAStCT(m)’T(n)ei(mx-l-ny)

s=0 t=0
p—1p—1
Z Z wpflfsw/l’*lftAstcfm"r(n)ei((—mfl)z+ny)
s=0 t=0

p—1p—1
n Zwpilisw/pilitAstc‘r(m),7nei(mm+(7n71)y)

s=0 t=0
p—1p—1
Z Z wpflfsw/p’1”’Astc_m,_nei((fmfl):er(fnfl)y)
s=0 t=0

Now

p—1 p—1
Z Zwﬂ’*HAptcjﬁ(n)ei(jwrny) + Z Zwﬂ’*HAptcj,_nei(jwr(fnfl)y)

ld1<m t=0 |j1<m t=0

p—1 ¢
<2r-t Z Z |AptCjr iyl

t=0 v=0
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2SN ()Y T e

t=0 v=0 li1<m |k|=n+v+1
<Cp, sup E |[Apocik]
n<|k|§n+p |]|<m

Similarly, we have

p—1 p—1
DD BUSRINSSICLCLUNE BB SR
|k|<n s=0 |k|<n s=0

p—1
§2p_12 Z Z |Aspc'r(j),k|

5=0 |j|=m |k|<n

p—1 s
YD) XX el
s=0 u=0 lj|l=m+u+1 |k|<n

<Cp sup Z |Apocjkl

m<|j|<m+p |k|<n

and
p—1p—1

—1—g, /P17t i(mz+n
> D Wt Ay (), p (e Y
s=0 t=0
p—1p—1
—1—s,, /P17t i((—m—1)z+
,E E wP S Astc—m,r(n)ez(( m—1)z+ny)
s=0 t=0
p—1p—1
—1—s,, /P17t i +)(—=n—1
,E E wP S AStCT(m),_nez((mm )(—n—1)y)
s=0 t=0
p—1p—1
_1— p—1—t i((—m— o
+ E wP~ 175" Astcfm,fnel(( m—1)+(-n—-1)y)
s=0 t=0

<SS (0), 3, T e

|7|l=m+u+1 |k|=n+v+1

<G, s |Cul
li1>m, |k[>n
where C), is an absolute constant not necessarily the same at each occurrence.
Making use of (1.2)-(1.5), we can see that each term on the right-hand side tends to

zero as min(|m|, |n|) — oo. Thus, the sum f(x,y) of the series (1.1) exists for all 0 < z,
y < 2m.

For the proof of part (ii),
Let R,y consist of all (j, k) with |j] > m or |k| > n.

</027r /OQW £ (2,y) = Smn (@, y)|Tdacdy>

1/r
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1

wPw'P

p—
_ 4 op—1 Z Z |Aptcj’,r(n)| + |Apicj—n

|| <m t=0

Z | Appciil

mn

p—
+2rt Z Z |Asl’c"'(m),k| + |A8pc—m,k|
|k|<n s=0

p—lp—1
+4p71 (Z Z(|Astc7—(m),7—(n)| + |Astc—m,7—(n)| + |Astc7—(m),—n| + |Astcm,n|>

s=0 t=0

Since for pr < 1

27 2
/ / NG —————dxdy < K, where K is an absolute constant.

<K (Z |qucjk|> +Cp sup Z |Apocii]

Ronn n<|k|<mp 5o,

Therefore

1/r

+C, sup Z |[Aopcix +C< sup |cjk|>

m<|jl<mtp <y, |7]>m, k| >n
— 0 as min(m,n) — oo by (1.2)-(1.5).
This concludes the proof of Theorem 3.1.

Proof of Theorem 3.3. Using summation by parts, we have

A
= Am + 1 — o
Elo(m n;x y Z Z + |.7| z(j;c-i-ky)

ljl=m+1 |k|<n

Am,

| 2 2 ety

wPw'P
\J\—m+1 [k|<n

Z > Z WP S A g er gy e U TRY)

m—m+1\k\<ns =0

Y S S e et

lgl=m \k\<n s=0

dm A 1 o
Z Z p—1—t App + —~ m' | Aptcj"r(n)ez(]a—i-ny)
|]=m+1t=0
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Am -1
p1t>\ +]. S o
D I N
|7]=m+1 t=0
p—1p—1

_ Z ZZwp*lfsw/p’lf‘AStCT(j)J(n)ei(szrny)

|7]l=m s=0 t=0
p—1p—1

+ Z ZZwp—l—sw/pflftAstc‘r(j)yinei(jx-ﬂ_n_1)y)

|j|=m s=0 t=0

p—1lp—1
S S e g et
—m+1 s=0 t=0
I3 o .
1=s,,/
mj—zm:st 0 t= owp é AétCT(])i e
:wplw (1 + Lo+ I3 + Iy + Is + I + I7 + Is + Io].

Now
7IL )\ +1
=] 3 3 ALl e
ljl=m+1|k|<n
A
u Am +1 |J|
< DD T A
\J\—m+1\k\<n
|| = Z > Zw” P A e gy e U7
\J\—M+1\k\<n5 =0
<2~ sup Z > [Asper(y il
M<U‘§Am s=0 \k\gn
p—1 s s
<2r' sup ZZ( ) Do Aol
m<|j1<Am 520 u=0 \* ljl=m4utl [k|<n
<G sup Z |Aopciil
m<|]|<)\m+P|k|<n
Similarly

3] < Cp sup > [Agpcyil
m<|j|§m+p|k|§n

i(ja+(—n—1)y)

277
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A

= — —1—t A\, Jrl o
[jl=m-+1 =0
Am p—1 )\ + 1— | |
1—t L.
Z w' o —m Apicj —pe'deHEn=y)
ljl=m+1 t=
Am p—1 .
_ Am +1—1j|
<2 o AetCir
|7|l=m~+1 |k|= m

p—1 t /\
sczzo Apocs

|jl=m+1 |k|= n+v+1

Am,

<G| swp > [Apoci]

n<|k|<n+p li]=m+1
and
p—1p—1
—1—g 11—t (5
Lot Il = 3 D > w7 Asver(g)rme
‘j‘:m s=0 t=0
p—1p—1
: —1—t O o
|J|=m s=0 t=0
p—1p—1
1
< 4P sup. Z |Aster(jy,r k)l
l71=m | k= s=0 t=0
<Gy sup  |cji| | -
l7|>m, |k|>n
Similarly

lIs + Iy| < Cp ( sup |cjk|> .

71 =m, |k[=n

Combining these with (1.2)-(1.4) and (3.8), we get (3.1).
Similarly (1.2)-(1.4) and (3.7), results in (3.2).
Thus, (i) follows from (i) of Theorem 3.2.

For proof of (ii)
Assume that ||, — f|l; — 0 unrestrictedly for some r with 0 <r < -, we have

1Smn = fIIr < 1Smn = omnlly + llomn — fII7
So it is sufficient to show that

[Smn — Omnllr — 0 as  min(m,n) — oco.
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By Lemma 2.2, we have

)\m+1)’”<>\n+1

r
1S = ol < 2] 1nnre = Orn = G, + Ol

Am —m A —
A 1\" A \"
+ (_)\:—’—m) HU)\m,n - O'mnH: + ()\: +’Il) Ham)\n — Umn”:-
ool + 122 i)+ [ sl

By hypothesis the first three terms of the above inequality tend to zero as min(m,n) —
0o. We have

Am

A +1—1j
HE?o(m,n;:E,y)H:S Z Z H|chﬂc|
ljl=m+1|kl<n T
i,
Am

+Cyp sup Z |Apocjkl

n<|k|<n+p ljl=m+1
r
+Cp sup Y [Aopcyil
m<|j|<m+p |k|<n
r

T
+Cp sup > Aoyl +2Cp< sup |Cjk|> ~

m<|j|§)\m+P‘k‘<n |7]>m,|k|>n

By (1.2)-(1.4) and (3.8), we conclude that

i Tim_sup (|[23(m, n52,9)],)

Similarly conditions (1.2)-(1.4) and (3.7),

lim tim_sup (|23, (m, ns 2, w)l],)

By (1.2)-(1.4) and (3.5), we infer that

lim lim SUp(HEi\l(m’n;xay)HT)

All mn—oo

Therefore
1Smn — Omallr — 0 as  min(m,n) — oco.

Hence we have the desired result.
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