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THE MODULUS OF OPERATORS ON GROUP ALGEBRAS

ALI. GHAFFARI

Abstract. Let G be a locally compact group. In this paper, we study the modulus of right
multipliers on second dual of group algebras and modulus of operators on L*°(G) which commute

with convolutions.

1. Preliminaries and Notations

Let G be a locally compact group. For f € L>(G) and pu € L'(G), let the functional
fu € L>®(G) be defined by (fu,v) = (f,u*v) where v € L'(G). Also for F € L'(G)**,
let Ff € L°(G) be defined by (Ff, u) = (F, fu). Finally for F, G € L*(G)**, let FG €
LY(G)** be defined by (FG, f) = (F,Gf). We know that L'(G)** with the first Arens
product defined as above is a Banach algebra. Also, we can define the first Arens product
on LUC(G)* by symmetry. Of course, it is well known that LUC(G) = L*(G)LY(G)
and RUC(G) = LY(G)L>(G). If = : L}(G)** — LUC(G)* is the adjoint of embedding
of LUC(G) in L*=(G), then for F, G € L'(G)** and f € L>(G), we have FG = Fr(G)
and Ff =n(F)f [6].

For a Banach lattice X and an operator T on X, the modulus |T'| of T is defined by
|T|(z) = sup{|T(y)|; ly| <z} for all x > 0, provided that the supremum exists ([1], [3]).
Most of our notation in this paper is taken from ([3], [6]).

We say that a bounded linear map T : L*°(G) — L*°(G) commutes with convolutions
if T(fp) =T(f)u, for f € L=°(G) and p € L'(G). Lau and Pym in [6] have studied the
operators on L*°(G) which commute with convolutions. Ghahramani and Lau studied
the modulus of left multipliers on L!'(G)** [3]. We prove, among other things, that if
n = I'g(p) = weak*-limit e, * p [2] where p € M(G) and E is a weak*-limit of (e4)
((eq) is a bounded approximate identity in L!(G)), then |p,|(v) = v|n| for all v € L(G)
(see below). Moreover, we know that if 7" is an operator on L*°(G) which commute with
convolutions, then there exists n € L1(G)** (or n € LUC(G)*) such that T = T,, where
T, is defined by T5,(f) = nf for all f € L>®°(G) [6]. We show that if 4 € M(G) and
E is a weak*-limit of a bounded approximate identity in L'(G), then |T,,| = T}, where
n=TCLg(W).

Finally, we recall that for y € M(G) the functional u : LUC(G) — C given by
(u, fvy = (f,v * pu) is a member of LUC(G)*.
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2. The Modulus of Operators

Let H be a topologically left invariant subspace of L>°(G), i.e. fu € H for all f € H
and p € LY(G). We define M(L>*(G),H) = {T,T : L>°(G) — H is a bounded linear
map and T'(fu) = T(f)u for f € L>®(G), u € LY(G)}. Tt is known that M (L>(G), H)
can be identified with a subspace of LUC(G)* [6]. Lau and Pym have characterized
M(L*(G), LUC(G)) and M(L*>*(G),C(Q)) [6]. For the subspace H = {f € L*(G) :
x — 0§, f is weak continuous and for all F' € L'(G)** and pu € LY(G), [(F, 6, f)du(x) =
(Fu, f)} of L*(G), we characterize M (L>*°(G), H).

We recall that the map = is the identity on L'(G), so w(L'(G)LY(G)**) = LY(G)
LY(G)**. Indeed, the map 7 is an isometric isomorphism of L' (G)L!(G)** onto n(L(G)
LY(G)**). Let T be a topology on LUC(G)* such that n, — n in the 7-topology if and
only if for all F € LY(G)** and f € L*®(G), (F,d:naf) — (F,6znf) in the uniform
topology on compacta. In the following Theorem, we will show that cl(L}(G)LY(G)**) =
M(L*(G), H) where the closure is taken in the 7-topology.

Theorem 2.1. Let H and T be given as above. Then

(LY(G)LY(G)™) = M(L®(G), H).

Proof. It is easy to see that L'(G) C M(L>*(G), H), so by ([6], Lemma 3.1),
LYG)LY(G)*™ € M(L*™(G), H).

We prove that M (L*>°(G), H) is 7-closed. Let (n,) be a net in M (L*°(G), H) such that
ne — n (n € LUC(G)*) in the 7-topology. Now if f € L>°(G), F € L'(G)** and = € G,
then for € > 0, there is a relatively compact neighbourhood U of zy and a gy such that
for all z € U, |(F,0zM0,f) — (F,0znf)| < /3. Hence, there is a neighbourhood V. C U
containing xo such that for all z € V., [{F, 0xNa, f) — (F, dznao )] < /3. Consequently,
for x € V we have

(F,8,nf) — (F,8pgnf)] < [(F,6unf) — (F,6una0 f)| + [(F, 0unag f) — (Fy 0zgnag f)]
+|<F7 5$onaof> - <F; 510nf>| < €.

On the other hand, for any a and u € LY(G), [(F,d.nqaf)du(z) = (Fu,naf). Since
na — n in the 7-topology, hence [(F,d,nf)du(z) = (Fu,nf). It follows that nf € H.
So cl(LY(G)LY(G)**) € M(L*(G), H).

To prove the reverse inclusion, let n € M (L*°(G), H) and U be a compact neighbour-
hood of e in G. For a bounded approximate identity (e,) in L'(G) with suppe, C U,
we will prove that e,n — n in the 7-topology. If F € LY(G)**, f € L*®(G) and K
is a compact subset of G, then we can take ¢ € Cy(G) such that ¥(KU) = 1. For
o(xz) = (F,0:nf) and o, () = (F,d; x eqnf), we have

(0,0, % €) = /ap(t)dém *eq(t) = /(F, 0tnfYdoy * eq(t)
= <F, Oz *eanf> = @a(z)'
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But for € K, we have (o), 6, * eq) = (p, 05 * €4). On the other hand, @i is of the
form vg = ¢y for some v € LY(G) and g € L>®(G). So for z € K we have

5001(1') = <5075z * €a> = <§0wa5m * ea> = <Vga5z * ea>-

Sicne (e,) is an approximate identity, hence ¢, — ¢ uniformly on K. Consequently
ALY (G)LH(G)™) = M(L=(G), H).

By above Theorem, the set of all operators T' : L*°(G) — H which commute with
convolutions is identified with c/(L'(G)L'(G)**) (the closure is taken in the T-topology).
By [6] we know that T : L°°(G) — L°°(G) commute with convolutions if and only if
for some n € LUC(G)*, T = T,, where T,,(f) = nf for f € L*°(G). In the following
Proposition, we show that if 4 € M(G) and FE is a weak*-limit of a bounded approximate
identity in L'(G), then for n = T'g(u) we have |T,,| = Tj,. Of course, we recall that for
1 < p < o0, the space LP(G) is a complete Banach lattice with positive cone

C={feL’(G@): f>0 almost every where}.

Moreover for u € M(G), we take p,, as a right multiplier on L'(G), i.e. p,(v) = v u for
all v € LY(G).

Proposition 2.2. The following statements hold:
(1) For pe M(G), |pZ| =P
(2) Ifn= FE(,U')’ then |T | T\n|

(3) If n € LUC(G)* and n # 0, then |T,,| # T, where LUC(G)*: = {F € LY(G)**;
(F.f)=0, fe LUC(G)}.

Proof. Let € M(G) and supp  be compact. If A is a modular function of G,
we define i € M(G) by (i, f) = {(u, (fA)*), where f € Co(G), and for f € L>(G),
f*(x) = f(z7) (x € G). Now for f € Co(G)*, x € G, we have

(lul, La f) = sup{[(p, h)|; [P] < Lo f}

{
= sup{|(n, (RA))[; [(RA)"| < L f}
= sup{|(s, (RA)")[; [PA[ < (L f)"}
= sup{|(A, h)[; [A] < (Lo fA)"}

= (lal, (La fA)").
Consequently,
[ @) = (el Leo) = il (22727 = [ £y dlalw)
Hence for all v € LY(G), we have {|u|f,v) = (f = |al,v), i.e. |u|f = f *|jl.

It is easy to see that for all f € L>°(G)* with compact support (|u|f,v) = (f ||, v)
(v € LY(@G)). Also, it is obvious that for g € L°(G) with compact support jug = g * fi.
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Now by an argument similar to the proof in ([3], Theorem 3.5), we have |p}| = p),- for
all p e M(G).
2) For f € L>(G)*,

|| (f) = sup{|ngl; g € L=(G), |g| < f} = sup{|Epng|;g € L=(G), |g| < f}.

But for g € L*®(G) and v € LY(G)™, we have

(|Eng|,v) = sup{|(Epg,n)l;n € LY(G), In| < v}
=sup{[(g,n* w)l;n € LY(G), In| <v}=(lp}(9)l,v).

So, |Eug| = |p;.(9)|- Consequently,

I Tn|(f) = sup{lp;(9)]; 9 € L=(G), 19| < f} = |ppl(f)

But by (1), [pp[(f) = pi*(f) = |plf, so [Ta|(f) = [ulf. On the other hand, 7(|n|) = |ul,
Indeed, for f € L=(G)* and v € LY(G)™,

(vr(Inl), £) = winl, f) = {|nl, fv) = sup{l(n, 9)[; g € L=(G), lg| < fr}.

Now, if g € L*°(G) and |g| < fv, we have |[(n, g)| = |lim{eq * i, g)| < lim [(eq * p, g)| <
(lpl, fv) = (v = |pl, f). Consequently, vr(jn|) < v =* |u|. But by ([3], Theorem 3.1)
Plul = lpul, s0

v |l = pu(v) = |pul(v) = sup{|n * ul;n € L(G), |n| < v}
= sup{|nnl;n € LY(G), |n| < v} < vln| = va(|n|).

It follows that for all v € L'(G) and v > 0, we have v|n| = vx|u|. Therefore w(|n|) = |u.

3) Let n € LUC(G)* and n # 0. For f € L>®(G) with f > 0, we have |T,,|(f) =
sup{|ngl;9 € L>®(G),|lg| < f} = 0. On the other hand, since n # 0, there exists
g € L>™(G) such that (n, g) # 0. Now we take k € N such that |g| < k1. For u € LY(G)™,
we have

w(G)(n, g)| < p(G) sup{[(n, h)[; h € L=(G),|h| < k1}
= w@)k(nl, 1) = k(|n[1, p).
Consequently |n|1 # 0, i.e. Tj,,| # 0.

For n € LY(G)**, we define p,, : LY(G)** — L'(G)** by p,(F) = Fn. The operator
pn is called a right multiplier on L(G)**.

Theorem 2.3. Let n = I'g(u), where E is a weak™limit a bounded approzimate
identity in L*(G) and pu € M(G). The following statements hold:

(1) |pnl(v) = pn(v), for allv € L*(G).
(2) If |pnl| is weak*-weak™ continuous, then |pn| = pjp)-
(3) If m e LUC(G)* and m # 0, then |pm| # pim|-
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Proof. Since u € M(G), for all v € LY(G), we have vn € L'(G). Hence there exists
a measure n € M(G) such that vn = v *n for all v € LY(G) (since v — vn is a right
multiplier on L(G)). It is easy to see that u = .

Now for all v € LY(G)T, we can write |p,|(v) = sup{|Fn|; F € LY (G)**,|F| < v}.
But L'(G) is a solid sublattice of L'(G)** ([5], p.234), hence

lpn|(v) = sup{|mnl;m € LY(G), |m| < v}
= sup{|m * plym € LY(G), Im| < v} = |pul(v) = v = |ul.

On the other hand, v * |u| = v7(|n|) = v|n|. Consequently, for all v € LY(Q), |pn|(v) =
Pin| (V).

2) By (1) and the Goldestines theorem, we have |p,| = pj,|.

3) If m € LUC(G)*, then for all v € LY(G), vm = 0. So for u € L'(G)*, we have
lpm| (1) = sup{|vm|;v € LY(G),|v| < u} = 0. By a similar argument as given in part (3)
of Proposition 2.2, for all u € L' (G)*, we have pu|m| # 0, i.e. pj,, (1) # 0. Consequently
lpml| # pim)-

Theorem 2.4. Let G be a compact group and p € L*(G). The following statements
hold:

(1) {|Pul; P € LY(G)**,|P| < F} = {|Pu|; P € LY(G)**,|P| < EF} where E is a weak*
limit positive approzimate identity with norm one in LY'(G) and F € LY(G)** with
F>0.

(2) |pll4| = Plul-

Proof. Let F € L'(G)** and F > 0. If P € L'(G)** and |P| < F, then |EP| < EF
and EPp = Ppu. Indeed, since G is compact, L'(G) is an ideal in L'(G)** [4], hence
EP, = P,. Consequently

{IPul; P € LY(G)™,|P| < F} C{|Pul; P € L'(G)™,|P| < EF}.

To prove the reverse inclusion, let P € L'(G)** and |P| < EF. Since G is compact,
m(P) and 7(F') are measures in M(G). If 7(P) = v and «(F) = n, then for f € C(G),
(v, £)] < (n,|f]) = (F,|f]). So we can choose a P; € L'(G)** such that |P;| < F and
(v, f) = (P1, f) for all f € C(G). Hence for f € C(G), we have (Pip, f) = (P, uf) =
v, 1) = (P.uf) = (P, ), ie. P = Pups. Consequently,

{|Puls P € TMG)™,|P| < F} = {|Pul: P € L}(G)™, |P| < EF},
2) Let F € LY(G)**, F > 0 and w(F) = n. It is easy to see that
{|Pul; P € LYG)™,|P| < EF} = {|vx pl;v € M(G), |v] < n}.

So by (1), |pul(F) = n* |u| = F|u|. Indeed, since G is compact, F|u| < L'(G), and any
f € C(Q) is of the form f = gv for some g € L>°(G) and v € L*(G). Hence

(Flul, £) = (Flul,gv) = WF|ul, g) = (v n*|ul, g) = (n=[ul, gv) = (0= |ul, f).
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Consequently pj,| = [ppl-

For n € LY(G)**, we denote \,, as a left multiplier on L!(G)**. We know that |\,| is a
left multiplier if and only if [A,| = A, ([3], Lemma 3.6). For n € LUC(G)*, |pn|(v) =0
(v € LY(Q)). If |p,| is a right multiplier, then |p,,| is weak*-weak* continuous, so |p,| = 0.
Moreover, if n # 0, then pj,,| # 0, i.e. |pn| # pjn|- Also, it is not known whether for any
w € M(G), we have |p;*| = pj,/**. In the following Corollary we give some cases where
the equality holds.

Corollary 2.5. For i € LY(G), lp| = pju™* whenever one of the following condi-
tions holds:

(1) G is a compact group.
(2) |p;*| is compact.
(3) |p;*| is weak*-weak™ continuous.

Proof. Assume that (1) holds. By Theorem 2.4, [p3*| = pj,/**. If (2) holds, since
|p%*| is compact, so [p,| : L'(G) — L'(G) is compact. Consequently G is compact [7].
The statement follows from (1). Suppose (3) holds. By Theorem 2.3, [p/*| = p,,/**
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