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THE ROMAN BONDAGE NUMBER OF A DIGRAPH

N. DEHGARDI, D. MEIERLING, S. M. SHEIKHOLESLAMI AND L. VOLKMANN

Abstract. Let D = (V, A) be a finite and simple digraph. A Roman dominating function on
D is alabeling f: V(D) — {0,1,2} such that every vertex with label 0 has an in-neighbor
with label 2. The weight of an RDF f is the value w(f) =Y ,cv f(v). The minimum weight
of a Roman dominating function on a digraph D is called the Roman domination number,
denoted by yg(D). The Roman bondage number bg(D) of a digraph D with maximum
out-degree at least two is the minimum cardinality of all sets A" < A for which yg(D—-A") >
Yr(D). In this paper, we initiate the study of the Roman bondage number of a digraph.
We determine the Roman bondage number in several classes of digraphs and give some
sharp bounds.

1. Introduction

Let D be a finite simple digraph with vertex set V(D) = V and arc set A(D) = A. A digraph
without directed cycles of length 2 is an oriented graph. The order n = n(D) of a digraph D
is the number of its vertices. We write degj,(v) = deg™ (v) for the outdegree of a vertex v and
deg),(v) = deg™ (v) for its indegree. The minimum and maximum indegree and minimum
and maximum outdegree of D are denoted by 6~ =67 (D), A" =A™ (D), 6" =67 (D) and A* =
A* (D), respectively. If (u, v) is an arc of D, then we also write u — v, and we say that v is an
out-neighborof u and u is an in-neighbor of v. For a vertex v of a digraph D, we denote the set
of in-neighbors and out-neighbors of v by N~ (v) = N, (v) and N* (v) = N (v), respectively. If
X € V(D), then D[X] is the subdigraph inducedby X. If X < V(D) and v € V(D), then A(X, v)
is the set of arcs from X to v. Note that for any digraph D with m arcs,

Y deg (w)= ) deg"(u)=m. o))

ueV(D) ueV(D)

The underlying graph G[D] of a digraph D is that graph obtained by replacing each arc uv by
an edge uv. Note that G[D] has two parallel edges uv when D contains the arcs (u, v) and
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(v, u). A digraph D is called connected, if the underlying graph G[D] is connected. Consult
[9, 20] for the notation and terminology which are not defined here. For a real-valued function
f: V(D) — R, the weightof fis w(f) =Y ,ev f(v). For Sc V, we define f(S) =) ,e5 f (), so
w(f)=fV).

A subset S of vertices of D is a dominating set if N*[S] = V. The domination number
y(D) is the minimum cardinality of a dominating set of D. The bondage number, denoted by
b(D), of D is the minimum number of arcs whose removal from D results in a digraph with
larger domination number. An arc set B for which y(D — B) > y(D) is called a bondage set. A
b(D)-set is a bondage set of D of size b(D). If B is a b(D)-set, then obviously

v(D-B)=y(D)+1. )

Recently, Carlson and Develin [3], Shan and Kang [16], and Huang and Xu [10, 12] studied the
bondage number for digraphs, independently. A thorough study of bondage number appears
in [19].

A Roman dominating function (RDF) on a digraph D = (V, A) isafunction f : V — {0, 1,2}
satisfying the condition that every vertex v for which f(v) = 0 has a in-neighbor u for which
f(u) = 2. The weightof an RDF f is the value w(f) =Y ycv f (). The minimum weight of a Ro-
man dominating function on a digraph D is called the Roman domination number, denoted
by yr(D). A yr(D)-functionis a Roman dominating function of D with weight y (D). Roman
domination for digraphs is investigated in [6, 17]. A Roman dominating function f: V —
{0,1,2} can be represented by the ordered partition (g, V1, V) (or (Vf , Vlf , sz ) to refer to f)
of V, where V; = {v € V| f(v) = i}. In this representation, its weight is w(f) = |V1| +2|V5|. It is
clear that

yY(D) = yr(D) = 2y(D). 3)

The Roman dominating number for undirected graphs was introduced by Steward [18]
and ReVelle and Rosing [15] and has been studied by several authors [4, 5, 8].

The Roman bondage number bgr(D) of a digraph D is the cardinality of a smallest set of
arcs A’ € A(D) for which yr(D— A") > yr(D).

The definition of the Roman bondage number for undirected graphs was given by Jafari
Rad and Volkmann [13] and has been studied by several authors [2, 14, 7].

Our purpose in this paper is to initiate the study of the Roman bondage number in di-
graphs. We first present some general upper bounds for Roman bondage number and then
we determine the Roman bondage number of some classes of digraphs.

By Proposition B, we note that if D is a digraph with A*(D) < 1, then yg(D) = n implying
that for any subset A’ € A(D), yr(D— A’) = ygr(D). Therefore the Roman bondage number is

only defined for digraphs with maximum out-degree at least two.
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We make use of the following results in this paper.

Proposition A ([17]).
(1) Foradigraph D ofordern =2,ygr(D) =2 ifand only if A* (D) = n—1 orn =2 and A(D) = @.
(2) Foradigraph D ofordern =3,ygr(D) =3 ifand only if A* (D) = n—2orn=3 and A" (D) < 1.

(3) Foradigraph D of order n =4, yr(D) =4 ifand only if A*(D) = n—-3 or A*(D) < n-3 and
there are two vertices u, v € V(D) such that Njj[u]l U Nj[v] = V(D) orn=4 and A" (D) < 1.

Proposition B ([17]). Let D be a digraph of order n. Thenygr(D) < n if and only if A* (D) = 2.

For every graph G, the expression deg,(G) = X ey (g deg(v)/|V(G)| is called the average
degree of G.

Proposition C ([1]). For any digraph D with 6~ (D) = 1, there exists a pair of vertices, say u and
v, that are either adjacent or at distance two in G[D] with a common in-neighbor in D, with

the property that
degG[D] (u) + degG[D] (v) =2deg,(G[D]).

Proposition D ([11]). For any vertex transitive digraph D of order n, b(D) = [ﬁ] .

Observation 1. Let D be a digraph of order n with yz(D) < n. Assume that H is a spanning
subdigraph of D with yr(H) = yr(D). If K = A(D) — A(H), then br(H) < br(D) < bgr(H) + |K]|.

Proof. Let F < A(D) be a set such that yp(D — F) > yr(D) and |F| = br(D). It follows that
Yr(H—F) =zyr(D—F)>vygr(D) =yr(H) and hence br(H) < |F| = bg(D).

Now let F' € A(H) such thatygr(H - F') > yr(H) and |F'| = br(H). We deduce that yg (D —
(KUF") =yr(H—-F'") > yr(H) = yr(D) and thus bg(D) < bg(H) + |K]. O

Observation 2. If a digraph D has a vertex v such that every y(D)-function assigns 2 to v,
then br(D) <deg® (v) <A™,

Proof. Let A} be the set of arcs in D with tail v. Assume that f is a yp(D — A;)-function.
Clearly f is a Roman dominating function of D. Since Ng_ A (v) = @, we deduce that f(v) #2
and hence f is not a yr(D)-function. It follows that yz(D — A}) > yr(D), and the proof is
complete. O

2. Bounds on the Roman bondage number

In this section we establish bounds on the Roman bondage number of a digraph.
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Theorem 3. If D is a digraph, and xyz a path of length 2 in G[D] such that (y, x), (y, z) € A(D),
then

br(D) < degG[D] (x) + degG[D] »n+ degG[D] (2)=3=IN"(x)NnN"(p)I. 4)

Moreover, if x and z are adjacent in G[D], then
br(D) < deggp, (x) +deggp, (¥) +deggp (2) =4~ IN"(x) N N~ (y)I. ®)

Proof. Let D' be the digraph obtained from D by removing the arcs incident with x, y and z
with the exception of (y, z) and all arcs going from N~ (x) N N™(y) to y. In D', the vertex x is
isolated, z is a vertex with indegree 1 and outdegree 0 or 1, and y is an in-neighbor of z and
all in-neighbors of y in D/, if any, lie in N~ (x). Let f = (Vy, V4, V») be a yr(D')-function. Then
f(x) =1. Consider three cases.

Casel. f(2)=0.
Then f(y) = 2 and therefore (Vp U{x}, V] —{x}, V%) is an RDF on D of weight less than w(f), and
(4) as well as (5) are proved.

Case 2. f(z)=2.

Then f(y) = 0 and the function g: V(D) — {0, 1,2} defined by g(x) =0,g(y) = 2,g(2) =0 and
g(v) = f(v) otherwise, is clearly an RDF on D of weight less than w(f), and hence (4) as well
as (5) hold.

Case3. f(2)=1.

If f(y) =1, then (Vh U{x, 2}, V1 —{x, y, 2}, Vo U {y}) is an RDF on D of weight less than f, and (4)
as well as (5) hold. However, if f(y) =0, then there exists a vertex w € N~ (x) NN~ (y) such that
f(w) =2. Since w is an in-neighbor of x in D, (Vy U {x}, V] — {x}, V) is an RDF on D of weight
less than w(f), and the proof is complete. O

By applying Theorem 3, we obtain the following result that gives a lower bound on the

number of arcs in a digraph with given Roman bondage number.

Theorem 4. Let D be a digraph of order n with 6~ (D) = 1, 67 (D) = 2 and Roman bondage
number br(D). Ifdeg,(G[D)) is the average degree of the underlying graph of D, then

br(D) =2deg,(G[D]) + A(G[D]) -3 and |A(D)| = (n/4)(br(D) — A(G[D]) + 3).

Proof. Let D be a digraph satisfying the hypothesis. By Proposition C, we know that there
is at least one pair of vertices, say u and v, that are either adjacent or at distance 2 from
each other with a common in-neighbor, and with the property that deggp, (&) + deggp, (V) <
2deg,(G[D]). If u and v are at distance two in G[D] with a common in-neighbor w in D, then
uwvis a path in G[D] such that (w, u), (w, v) € A(D). If u and v are adjacent and (v, u) € A(D),
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then it follows from §* (D) = 2 that v has an out-neighbor other than u, say w. In each case,
there is a path xyz in G[D] such that (y, x), (y, 2) € A(D). Using Theorem 3, we obtain

Since 2|E(G[D])| = ndeg,(G[D]), we have 4|E(G[D])| = 2ndeg,(G[D]) = n(br(D) — A(G[D]) +
3). Hence
|A(D)| = |E(G[D])| = (n/4)(br(D) — A(G[D]) +3). O

Theorem 5. If D is a digraph, and xyz a path of length 2 in G[D] such that (y, x), (y, z) € A(D),
then
br(D) = deggp, (%) + degp (y) + deggp (2) —IN“ (x) NN~ () N N~ (2)]. (6)

Proof. Let S be the set of all arcs incident to x, z and all arcs terminating at y with the excep-
tion of all arcs going from N~ (x) N N (z) to y. By construction, |S| = degG[ py (0 + deg™ (y) +
deggp,(2) —IN"(x) NN~ (y) N N~ (2)|. Let D' be the digraph obtained from D by removing
the arcs of S. In D/, the vertices x, z are isolated, and all in-neighbors of y in D', if any, lie in
N~ (x)Nn N~ (z). Let f = (Vy, V1, V») be a yr(D')-function. Then f(x) = f(z) = 1.

If f(y) =2, then (VyU{x, z}, V1 —{x, 2}, V») is an RDF on D of weight less than f. If f(y) =1,
then (Vpuix, z}, V1 —{x, y, 2z}, Vou{y}) is an RDF on D of weight less than f. However, if f(y) =0,
then there exists a vertex w € N~ (x) N N™(y) n N™(z) such that f(w) = 2. Since w is an in-
neighbor of x and zin D, (Vp U {x, 2z}, V1 — {x, 2}, V») is an RDF on D of weight less than f, and
the proof is complete. O

Assume that §7(D) = 2, and let y € V(D) be an arbitrary vertex. Then there exist two
different vertices x, z € N*(y). Thus G[D] contains a path xyz such that (y, x), (y, z) € A(D) for
each vertex yin D. Applying Theorem 5 for a vertex y € V(D) with deg™ (y) = 6~ (D), we obtain

the next bound immediately.

Corollary 6. If D is a digraph with § " (D) = 2, then bg(D) < 2A(G[D]) + 6~ (D).

Since 6~ (D) < %A(G[D]), this in turn yields the next corollary.

Corollary 7. If D is a digraph with 6" (D) = 2, then bg(D) < 2A(G[D)).

The next result presents an upper bound on the Roman bondage number that involves
the maximum degree. This bound also indicates a relationship between the Roman bondage
number and the Roman domination number.

Theorem 8. Let D be a digraph of order n > 4 with 5% (D) = 2 and Roman domination number
Yr(D) =3. Then
br(D) < (yr(D) —2)A(GID]) + 1.
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Proof. By Corollary 6, the result is immediate for yz(D) = 5. Henceforth, we assume that
Yr(D) < 4. First assume that yp(D) = 3. Let u be a vertex in D, and let A, denote the set of
arcs incident with u. If yg(D—Ay) > yr(D), then bgr(D) < |Ay| = degg p, (1) and hence bgr(D) <
A(G[D]). Thus we may assume that yr(D—A,) = yr(D) or equivalently ygp(D—u) = yr(D)-1 =
2 for every vertex u € V(D). Let V(D) = {v1, vy, ..., v,}. Since yr(D —v;) = 2, there is a vertex 0;
such that every vertex of D—{v;, D;} is an out-neighbor of 7;. Hence deg* (9;) = n—2 for each i.
On the other hand, yr(D) = 3 implies that deg™ (?;) = n—2 for each i. Define g : V(D) — V(D)
by g(v;) = 0; fori =1,..., n. It follows from yr(D) = 3 that D; # D; if i # j. Hence, the function
g: V(D) — V(D) is one to one and so V(D) = {{1, D2, ..., D,,}. This implies that deg+(vl~) =n-2
foreach i. Let A,, denote the set of arcs incident with v; and let a be an arc with tail 7;. Then
Yr(D — Ay, —a) >3 =7yg(D) and hence bg(D) < deggp,(v1) +1 < A(G[D]) +1.

Now assume that yr (D) = 4. Suppose, to the contrary, that br(D) > 2A(G[D])+1. Then for
any vertex u of D, we have yr(D — u) = yr(D) — 1 = 3, since deggp, (1) < br(D). Let u € V(D)
and let A, denote the set of arcs incident with u. Assume that H = D — A,. Then clearly
Yr(H) = yr(D) and br(H) = br(D — u). By Observation 1 we have br(D) < bp(H) + |Ayl =
br(D — u) + deggp, (w). Since yr(D — u) = 3, we have

br(D) < br(D - u) +deggp, (u)
< A(G[D—ul) +1+deggp (1)
< A(G[D]) +1+A(G[D]D
= 2A(G[D]) + 1.

This contradiction completes the proof. a

For a digraph D, a subset S of V(D) and x € S, the private out-neighborhood of x with
respect to S is the set PN(x,S) = N*[x] - N*[S— {x}]. Tf f = (V] , Vi, ]/} is a y g(D)-function,
then every vertex x of sz has at least two private out-neighbors with respect to v/ , one of
them being possibly x and the other ones in VOf . If a vertex x of sz has exactly one private
out-neighbor y in VOf , we can also put x and y in Vlf . To avoid this ambiguity, we choose in
this case to put x and y in Vlf and we call good yr(D)-function, a yg(D)-function such that
|V2f | is minimum. Then every vertex of sz has at least two private out-neighbors with respect
to sz , obviously all in VOf .

We now introduce a parameter to bound bg(D). Let abe an arc of D, and let f = (Vj, V1, V>)
be a yr(D)-function. We say that the arc a supports f if ac A(Vo, Vo) ={(u,v) | ue Vo, v € Vp}.
Denote by s(D) the minimum size of a set of arcs such that each yr (D)-function is supported
by at least one such arc. Three arcs a, b, ¢ support all yr(D)-functions in Figure 1.

Theorem 9. For any digraph D, br(D) = s(D) with equality if for any yz(D)-function f =

(Vo, V1, V2), each u € Vj is a private out-neighbor of some vertex in V».



THE ROMAN BONDAGE NUMBER OF A DIGRAPH 427

a

Figure 1: A digraph D with bg(D) = s(D) =3

Proof. Assume A’ € A(D) with |A’| < s(D). Then there exists a yg(D)-functions f = (Vy, V1, V5)
such that f is not supported by any arc in A’. We show by contradiction that f is still a yg (D —

A')-function.

Suppose to the contrary that there exists a vertex u € Vg such that u ¢ N*(V,) in D —
A'. Since f is a yr(D)-function, there exists a vertex v € V» such that (v, u) € A(D). Hence
(v,u) € A(D) supports f, which implies that (v,u) ¢ A’. It follows that u € Ng_ () which
is a contradiction. Thus ygr(D) = yr(D — A’) for any set A’ < A(D) with |A’| < s(D), and so
br(D) = s(D).

Now let D be a digraph and let for any yr(D)-function f = (Vy, V1, V2), each u € V be a
private out-neighbor of some vertex in V5. Assume that f = (V{, V1, V») is an arbitrary yg(D)-
function. Assume that A’ is a set of s(D) arcs such that each yg(D)-function is supported by
at least one such arc. We show that f is not an RDF of D — A’. Since A’ supports f, there
exists an arc (v, u) € A’ such that v € V5, u € Vj and u is a private out-neighbor of v. By the
assumption, u¢ N}, _,,(V2). Thus f is notan RDF of D — A’. Tt follows that y (D — A") > yr(D)
and so br(D) = s(D). This completes the proof. O

Proposition 10. For every digraph D withyr(D) =2y(D),

br(D) = b(D).

Proof. Let B be a br(D)- set. Then by (3) we have
2y(D - B) = yr(D - B) > yr(D) =2y(D).

Thus y(D - B) > y(D) and hence bg(D) = b(D). O

We close this section with presenting a lower bound on the Roman bondage number of

vertex-transitive digraphs.
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Theorem 11. Let D be a vertex-transitive digraph of order 7. Then

br(D) = L’R(D)-‘ .

Proof. Let V(D) = {vy, vo,...,v,} and let 9; be the family of all good yr(D)-functions f that
assign 2 to v;. By definition, we observe that if f = (VOf , Vlf , sz )ePD;and g = (Vog , Vlg , Vzg ) €
2, then r = V]| = |VE).

First we show that |2;| = |2;| for any i and j. Since D is vertex-transitive, there exists
an automorphism 6 of D such that 6(v;) = v;. It is not hard to see that for any good yr(D)-
function f € 2;, we have f6~! € 2;. Define the function y : 2; — 2; by w(f) = f6~'. Clearly
w(f) = fO! # ho~! = w(h) for any distinct good yz(D)-functions f, h € 2; and hence v is an
injection. On the other hand, for any g € 9;, it holds that g0 € 2; and y(g0) = (g0)6™" = g.
Thus, vy is a bijection from 2; to 9, and so |2;| = |9;| forany i, j € {1,2,..., n}.

If f =W, W, VW) is a good ygr(D)-function with V, = {v;,...,v;}, then f € 9;,...,f €
2i,. This implies that every good yr(D)-function appears r = |V,| times in U} | 9;. Thus, the
number of good yr(D)-functions is equal to @. Since an arc (v;, vj) only supports those
good yr(D)-functions in &;, we must have s(D) = % where s(D) is the minimum size of a set
of arcs such that each yr(D)-function is supported by at least one such arc. Hence bg(D) =

s(D)= %] = [%1 and the proof is complete. a

3. Exact values of bg(D)

In this section we determine the exact value of the Roman bondage number of some
classes of digraphs.

Theorem 12. If D is a digraph of order n = 3 with exactly k = 1 vertices of outdegree n —1,
then bgr(D) = k.

Proof. Since k = 1, we note that yz(D) = 2 by Proposition A (1). Let A’ € A(D) be an arbitrary
subset of arcs such that |A’| < k, and let D' = D— A’. Clearly, there exists a vertex w in D’ such
that degj, (w) = degj, (w) = n—1 and thus yr(D) = yr(D') = 2. This shows that bg(D) = k.
Now let vy, vo,..., Vi be the vertices of outdegree n—1in D, and let a; be an arc of D with
tail v; for 1 < i < k. Since D has exactly k vertices of outdegree n — 1, we observe that the
maximum outdegree of the digraph F = D—{ay, ay, ..., ai} is n—2. The hypothesis n = 3 leads
to yr(F) = 3 by Proposition A (2), and so we see that br (D) < k. Altogether, we have bg(D) = k,
and the proofis complete. a

The proof of next result is similar to the proof of Theorem 12 and therefore omitted.
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Theorem 13. If D is a digraph of order n = 3 with exactly k = 1 vertices of outdegree n—1,
then b(D) = k.

Corollary 14. If n = 3, then br(K;;) = b(K};) = n, where K, is the complete digraph of order n.

Corollary 14 reveals that the bounds of Proposition 10 and Theorem 11 are tight.

Proposition 15. Let K, ,, n, be the complete p-partite digraph such that p 22 = ny, n; <
npy<---<npandn =Zl’.’:1 n; = 3. Then

ba (K i, ni=1<nju
n

1,12,..., np) = .
20, n;=2<njs.

Proof. Let V1, V%,...,V), be the partite sets of the complete p-partite digraph D = K};
with |V;| = n;.

1,12,...,1p

If n; = 1, then yr(D) = 2. Let i be the greatest index with n; = 1. Let A’ < A(D) be a subset
of arcs of D that contains one outgoing arc for each vertex v € V; for j < i. Thenyp(D—-A") =3
by Proposition A and thus, bg(D) < i. On the other hand, if A’ < A(D) is a subset of arcs of D
with |A’| <i -1, then D— A’ contains a vertex that dominates all other vertices of D — A" and
thus, yp(D — A') = 2. It follows that bg(D) = i.

If n; =2, then yg(D) = 3. Let i be the greatest index with n; = 2. Every yg(D)-function
f= (Vf ,Vlf ,V2f ) has the property that Vlf U sz = Vj for an index j < i. Let A’ < A(D) be
a subset of arcs of D that contains one outgoing arc for each vertex v € V; for j < i. Then
Yr(D— A’") = 4 by Proposition A and hence br(D) < 2i. On the other hand, if A’ ¢ A(D) is a
subset of arcs of D with |A’| < 2i — 1, then D — A’ contains a set V;j = {v, w} with j < i such that
v dominates all vertices of V(D) — V; and thus, yr(D - A") = 3. It follows that br(D) =2i. O

Theorem 16. Let K;;, ,, be the complete bipartite digraph such that n > m =2 and m+n = 5.
Then
. 2 ifm=2
br(Kp, ;) =
m+2 ifm=3.

Proof. The result is immediate for m = 2 by Proposition 15. Let m = 3 and let X = {x1,..., X}
and Y = {y1,..., y»} be the partite sets of the complete bipartite digraph D = K7, ,,. By Propo-
sition A, we have yg(D) = 4. It is easy to see that yg(D — A') = 5 where A’ = {(x;, 1) |1 <i <
m}U{(y1,x1), (1, x2)}. This yields br(D) < m +2.

Now, we show that br(D) = m +2. Let A’ € A(D) be a subset of arcs of D such that |A'| =

m+1 andlet D' = D— A’. Then D’ has at least n — 1 vertices whose out-degrees are equal in
Dand D'. Let Z={v e V(D) | d}(v) = dg,(v)}. IfZNnX # @ and ZNnY # @, then obviously
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yYr(D') = 4. Henceforth, we assume that ZN X = @ or ZNY = @. Assume that Zn X = @ (the
case ZNY = @ is similar). Then Z < Y and A’ contains one outgoing arc for each vertex x; € X.
Since |A’| = m+1 < 2m, we deduce that A’ contains exactly one outgoing arc for some x; € X.
Assume, without loss of generality, that i = 1 and (x;,y;) € A'. If Z =Y, then f = (V(D') -
{x1, y1}, @, {x1, y1}) is a Roman dominating function of D’ of weight 4 and hence yr(D’) = 4. Let
Z ¢ Y. Then we may assume that Z = {y,..., y,—1}. Thus A’ contains one outgoing arc from
Yn» say (Vn, Xm). Since |A’| = m+ 1, we conclude that A’ contains exactly one outgoing arc
for each vertex x; € X and one outgoing arc from y,. If (x;,y;) € A’ for some 1<i<m
and some j<n, then f=(V (D)) —{xi,yj}, @, {xi, y;}) is a Roman dominating function of
D' of weight 4 and hence yg(D’) = 4. Thus, we assume that (x;, y,) € A’ foreach1<i<m.
But then yz(D’) = 4 by Proposition A. Thus bg(D) = m + 2 and the proof is complete. O

The k-th power D* of a directed graph D is defined to be the directed graph on the ver-
tices of D with an arc from a to b in D* if and only if one can get from a to b in D with at most

k steps. Figure 1 illustrates the 2-th power of the directed cycle Cq.

Theorem 17. For k = 2, let CX be the k-th power of the directed cycle of length n = 2k +1. If n
is a multiple of k + 1, then bR(Cﬁ) =k+1.

Proof. Let D = Cﬁ, where k = 2 and 7n is a multiple of k+ 1. Let V = V(D) = {vy,vo,..., Uy}
and A= A(D) ={v;v;+j: j=1,2,..., k} where the subscript i + j is taken modulo n. Note that
Yr(D) =2n/(k+ 1) and every yr(D)-function f = (Vf, Vlf, sz) has the property that Vlf =¢
and sz ={Vi+jk+1: J=0,1,...,n/(k+1)— 1} foran index 1 < i < k + 1. Hence, the number of
Yr(D)-functions is k + 1.

For i # j, it is easy to see that the function g: V(D) — V(D) by g(vx) = vi(j-j for k =
1,...,n, is an automorphism of D with g(v;) = v I Therefore, D is a vertex-transitive digraph.
It follows from Theorem 11 that bp(D) = k + 1. Now we shall show that bp(D) < k+1. Let A’ =
{(vi,vi+x): i=1,2,...,k+1}and D' = D— A. If g is an arbitrary yg(D')-function, then clearly
Vlg # ¢ and so g is not a yr(D)-function because every yr(D)-function f has the property
that Vlf = @. Therefore, yr(D') > yr(D) implying that br(D) < k+1.

Altogether, we have bgr(D) = k + 1 and the proof is complete. a

Using Proposition D and an argument similar to that described in the proof of Theorem

17, we get the next result.

Theorem 18. For k > 2, let CX be the k-th power of the directed cycle of length n = 2k +1. If n
is a multiple of k + 1, then y(D) = n/(k + 1) and b(C’,j) =k+1.

Theorems 17 and 18 reveal that the bounds of Propositions 10 and Theorem 11 are tight.
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