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GLOBAL EXISTENCE AND QUENCHING FOR A DAMPED
HYPERBOLIC MEMS EQUATION WITH THE FRINGING FIELD

TOSIYA MIYASITA

Abstract. We study a damped hyperbolic MEMS equation with the fringing field. It arises
in the Micro-Electro Mechanical System(MEMS) devices. We give some criteria for global
existence and quenching of the solution. First we establish a time-local solution by a
contraction mapping theorem. This procedure is standard. Next we show that there ex-
ists a global solution for the small parameter and initial value. Finally, we deal with the
quenching result for the large parameter.

1. Introduction

We consider the following damped hyperbolic MEMS equation with the fringing field:

U+t =ty + AZISE xe 1, e 0,T),

u,)=u(l,1=0 te(0,7), M
u(x,0) = up(x) xel,

Ur(x,0) = up(x) xel,

where A > 0,6 >0, I =(0,1) and 0 < uy < 1. (1) arises in the study of the Micro-Electro Me-
chanical System(MEMS) devices. Here A denotes the voltage and & | u,|? is called the fringing
field [29, 35]. The MEMS devices are often utilized to combine electronics with micro-size me-
chanical devices. The MEMS devices can be modelled as the dynamic deflection of an elastic
membrane inside this system and arise in the accelerometers for airbag deployment in auto-
mobiles, in the ink jet printer heads, in the optical switches, in the chemical sensors and so
on. For more details, see [8, 9, 34] and references therein. If the solution u(x, t) of (1) reaches
1 at some point in I in finite time ¢ = T4, the right-hand side becomes infinite, which leads
to the singularity. In this case, the solution u(x, ) is said to quench in finite time ¢ = T, and
Ty is called the quenching time of the solution. Let Au be an elliptic —Au, parabolic u; — Au,
hyperbolic u;; — Au or damped hyperbolic operator u;; + u; — Au with Dirichlet boundary
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condition on the general higher dimensional domain Q. If § = 0, we have many results of
stationary problem, time-global existence and quenching in finite time. On the contrary, the

problem with the fringing field
1+6|Vul?
Uu=——

(1-u)?
is not studied enough. For an elliptic operator A, there are results of minimal solution, its

’

stability and the bifurcation diagram in [4, 10, 40]. They obtain the upper bound A* of the
existence of the stationary solution for fixed § > 0. A* is called the pull-in voltage. For a
parabolic operator A, in [30, 39], they prove that the solution exists globally in time for A <
A* and that quenches in finite time for A > 1*. Moreover they consider the location of the
quenching point in [30] and the estimate of the quenching time in [39]. However, it seems
that there are no studies for a hyperbolic and damped hyperbolic operator A. The aim of
this paper is to consider the global existence and quenching of the solution for the damped
hyperbolic equation (1) with the fringing field. We introduce the related results and consider
the effects of the fringing field. First the problem

f(x)

Au= :
u A(l—u)p

is considered, where p > 1 and f(x) = 1 or f(x) = |x|? for f = 0. For an elliptic and parabolic
operator A, thanks to the maximum principle, we have the results of the time-global existence
[12, 19, 23, 25] for sufficiently small A > 0, the quenching [12, 18, 23, 25] for sufficiently large
A > 0, the connecting orbit [23], the Morse-Smale property [23], the location of the quench-
ing point [17] and its stationary solution [5, 6, 7, 11, 13, 23]. Also in the hyperbolic problem,
we have similar results to those in the parabolic case, i.e., the global existence [3, 26, 38], the
quenching [3, 26, 32, 38], the estimate of the quenching time [32] and the singularity of the
derivative [2]. In the damped hyperbolic case, we have the global existence [27] and quench-
ing [15, 27]. Next recently the nonlocal problem

1
(1—u)2(1 + fo ld_—xu)z’

is studied intensively. Although we can not apply the comparison principle owing to the non-

Au=27A

local term, in the elliptic and parabolic problem, there are similar results to those without
nonlocal term, i.e., the global existence [14, 16, 20], its asymptotic behaviour [20], the quench-
ing [14, 16, 20] and its stationary solution [14, 16, 20, 22, 33, 36]. For a hyperbolic and damped
hyperbolic operator A, we have the results of the global existence [15, 22] and the quench-
ing [22] for Q = (0,1). If we assume that the domain and the solution are radially symmetric,
we have the global solution [31]. Lately, in [28], the authors derive the global solution for the
higher dimensional domain Q for a damped hyperbolic operator A.

The first theorem is concerned with the local existence of the solution.
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and(ug,ul)ED with
” ”X =
u ,
0 CS

for0 < 0 <1, there exists a unique solution of (1) with

u
o-|
Uy

for sufficiently small T > 0. The solution u can be continued as long as ||u(-, t)|l x < Cgl. Here

€ C(10,7); DYNC' ([0, T); H),

Cs > 0 is an embedding constant which depends only on I determined by

lulle +lluxlc < Csllullx.

Throughout this paper, the definition of the function spaces and their norms is presented
in Section 2. In the second theorem, we derive the global existence of the sufficiently small
solution in the norm of X. The conditions of (1,9) and (ug, u;) are so complicated that we

refer to the proof for more details.

Theorem 2. Let (uy, u1) € D with

1_
luollx < ——,
Cs

for0 < 6 < 1. For sufficiently small (A, ) and small (uy, u,), there exists a unique global solution
of (1) with
luC, Dllx < ﬂ,
Cs
and

€ C([0,00); D) N C' ([0,00); H).

u
¢=
Uy
The last theorem is on the quenching for sufficiently large A.

Theorem 3. Let (ug, u1) € D with u;(x) =0 in I and

1_
luollx < ——,
Cs

for0< 6 < 1. Forany A > (4n?)/27 and § > 0, the solution of (1) quenches in finite time.

This paper is organized as follows: In Section 2, we transform (1) to the modified integral
equation and apply the contraction mapping theorem to it so that we can obtain the local
solution. In Section 3, we consider the global solution for the small parameter (A, ) and initial

value (ug, u1). In Section 4, we prove that the solution quenches in finite time for the large
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parameter 1. We note that we do not have to impose any restriction on . Hence this estimate

is not optimal.

2. Local solution

We transform (1) to the modified Schrddinger equation as in [37, 38]. We apply the con-
traction mapping theorem owing to the facts for the Schrodinger equation in [1]. Then we
establish the local solution. For 6 = 0, the similar proof is done in [26, 31]. Different from
Theorem 1 in [31], we truncate nonlinear term to deal with the derivative of #(x). The proofis
standard. However we prove it in order to see the effects of the fringing field #2. In this paper,

C(I) denotes the space of all continuous functions in T with the norm
llullc =suplu(x)l,
xel

for ue C(I) and W*P(I) denotes the usual Sobolev space in I with the norm
p) >
P

’

k

oxk “

S

el =(Z

k=0

for ue WP (I) with se Nfor 1 < p <oco and

N

lullyseo = Y

k=0

ak
— U
oxk

[e 0]

for u € W5°(I) with s € N, respectively. Here, | - |Ip denotes the standard L” norm in I with
p € [1,00]. In particular, we denote WS2(I) = H5(D). Hg (I) is defined as the closure of the
set 2(I) in the space H*(I), where 2(I) represents the space of all infinitely differentiable
functions on I with compact supports. Now the following Poincaré inequality holds:

lullz < Cplluxlz, )
for u € Hy(I), where Cp > 0 depends only on I. Hence we adopt the norm in H; (I) as
el g2 = el
for ue H)(I) and in X = H*(I) n H} (I) as
ullx = (el + hueel)?
for u € X, respectively. Since I c R, we have the Sobolev embedding inequality

lulle + lluxlc = Csllullx, 3
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for u € X, where Cg > 0 depends only on I. For the homogeneous damped wave equation

Upr+ Up = Uy xel, t>0,
u0,)=u(l,t)=0 t>0,
1 (4)
u(x,0) = up(x) xel,
u[(xyo):ul(x) XEI)

we define

ful (u . 0 g
i) = )

wherei = v—1, B2=-0%/(0x%) isa positive definite self-adjoint operator of L2(I) with domain
2(B*) = X = H* ()N H)(I), 2(A) = D < H and iy denotes the identity operator on H; ().

Then, we can write (4) into the homogeneous Schrodinger equation

¢br=—-1A¢ xel, t>0,

0,0)=¢1,1)=0 >0,
$0,1) =¢p(1,1) > 5)

up(x)
¢ (x,0) = po(x) = xel.
uy(x)

Then we recall the following well-known results.

Lemma 1 (Cf. Théorémes VII.4 et X.7 in [1]). For any ¢ € D, there exists a unique solution
¢ € C([0,+00); D) N C" ([0, +00); H),

of (5). Moreover, we have
ot 0l = ol
fort >0, where

1
o]l 5y = (e, +1013)°
HO

Denoting the mapping exp(—iAf) : D — D defined by
e Mo () = (-, 1),

then we have
o< m
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where M > 0 depends only on I. For 0 < 6 < 1, we define the modification Fy ( p) of (1- p)_1
by

ﬁ forp<1-6,
{ % forp=1-60/2
and extend Fy suitably in the range (1 - 6,1 —60/2) so that Fg and Fé are uniformly Lipschitz
continuous on R and Fy € W2 (R) with the Lipschitz constant L; g and the following esti-

mates
IFolloo< L1, |Fyll,<Lie and |Fy| <Lig

where L g > 0 depends only on 6. Moreover we define the truncation ay(p) by

ag(p):{l for |p|<1-6,

0 for|p|21—0/2

and extend ay suitably in the range (0/2—-1,0 — 1) and (1-0,1-0/2) so that ag and ay, are
uniformly Lipschitz continuous on R and ay € W2 (R) with the Lipschitz constant L, g and

the following estimates
lagloo < Lag, | apll, <L2p and |agl <Lz,
where L, g > 0 depends only on 6. Now let Ly = max(L; g, L, g). Denoting

Go (1, 1) = ag(ux) Fy (u) uf,

and
0

Jotu) = AF2 (1) + A8Gy (u, 1) |

we introduce the perturbed problem of (1) as
¢t =—1APp+Jg (W), (6)

with the same initial and boundary conditions. Under these notations, we have the integral

equation corresponding to perturbed problem

. t .
(p: e—lAt¢O+L e—lA(l’—S)]B (u(S)) ds. (7)

Taking

[NIE

n= 6ol p+1= (luold + 12, )* +1>0,

we set
Xp= {(/)e C0, T1D) | ], < an},
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where T is a positive constant to be determined later. Here the space Xt is equipped with the
norm

1
[6lx, = sup |oC- 0, = sup (IluC, I3 +1ve,1%,) .
t€[0,T] t[0,T) 0
For ¢ € X7, we define the mapping S(#) by the right-hand side of (7), that s,
t

Sp= e_iAt(bo+f0 e A9 1o (u(s)) ds.

Then we show that S is a contraction mapping from X7 into Xt for sufficiently small T > 0.

Lemma 2. If
T<T = AL@M(2+55L6)_1'
then S is a mapping from Xt into Xr.
Proof. First of all, we have
‘ag (p) |p|k‘ <llagly, <Ly and ‘a’e (p) |p|k| <] < Lo, (8)

forpeRand ke {0} UN. Let ¢p = (u) € Xr. Since we have
v

1Ge (u, )y < || ap () Fg () uue||, +2 || @p (ux) Fg () Fy () 13,
+2||ag (ux) Fj (w) uxtirg |,
< L) Nl +2L3 Nuglly +2L3 luxll

3
<53 lull,

the following estimate holds:

t
I0ll5 = Mol [ 1o isnip s
t t

< nM+)LM/O ||F§(u)||Hé ds+/1(5M/0 1Go (w, u)ll 1 ds

t t
snM+2)LL§M/ lluell x ds+5)L5L~’;Mf lullx ds

0 0

< nM+2)Ln(2 + 55L@)L§M2 T,

and
”S(?b”XT =2nM. O

Lemma3. IfT < T», then S is a contraction mapping from Xt into Xt, where0 < T, < Ty and
T, depends onlyon A, 6,0, n and 1.



38 TOSIYA MIYASITA

Uy

Proof. For any ¢, = ( ) € Xrand ¢, =

12%)
) € X, we have

U1 U2

t
I -S0olp = A0 [ 15 )= )| s
I3
+A8M [ 1160 (1, ()0 = Go (2 ) )y s

Through (3), (8) and uniformly Lipschitz continuity, the desired estimate is derived by the

same computation as the proof of Lemma 2. For example, we have

|{ab @ - a0} () (0203 ()
< L || ay (1)) — ag () 0| 11 (w2) 1 11 (142) xxll2
< CILY luy — uzll x N |1

< 80 CSLo M |1 = ¢z
and deal with other terms similarly. O

Proof of Theorem 1. By Lemmas 2 and 3, the mapping S is a contraction mapping from X to
X7 for sufficiently small T € (0, T»). Hence (6) has a unique time local solution ¢ € C ([0, T); D).

Since we get

lvelz < Nvlla+ Nuxela + A | Fy ]|, + A8 1Go (w, ux)
< Cpllvll gy + llullx + ALy + ASLy

< Cpllvll +lulx + ALy (1+6Lp),

owing to (2) and (8), ¢ € C ([0, T); H) follows at once. If the solution of (6) begins with [|ugll x <
(1-0)/Cs and satisfies ||u(-, )|l x < (1 —0)/Cs for all >0, then we obtain

lullc+luxllc = Csllulx =1-6,

by (3), which implies that u is a solution of (1). Otherwise there is a finite time Tj > 0 at which
lu(-, To)llx = (1-6)/Cs. We can choose 0, € (0,60) and apply the contraction mapping theorem
to (6) with 6 replaced by 6,. We may extend u(x, t) uniquely to an interval (0, T(’,) with Ty < T(’)
such that [[u(-,0)|lx < (1 —-61)/Cgs for [0, Té). Since we can take 6; € (0,0) arbitrarily small,
u(x, t) is a solution of (1) on I x [0, T§) as long as [ u(-, 1) x < Cg. a

Remark 1. Lemma 1 and (3) play an important role in the proof of Theorem 1. Hence un-
der an appropriate setting, the method is applicable to a higher dimensional domain Q. For

the sake of simplicity, we concentrate on the case n = 2,3 and a bounded domain Q c R"” with
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smooth boundary 0Q. In the proof, by modifying the construction of Fy(p) and ay(q1, g2, - -, qn)
in order to satisfy

Fpe W™ [®), and ag(qi,qo,...,qn) € WY R"),
we have the following theorem.

Theorem 4. Assume thatQ is a bounded domain inR" for n = 2,3 with smooth boundary 0L).
LetX = H¥3(Q)NHNQ), Y= H*(Q)NH)(Q),D=XxY and H= Y x H} (Q). ForanyA>0,6 >0

and (ug, u1) € D with

1-60
upll y < ——,
luoll x Cs

for0 <0 <1, there exists a unique solution of (1) with

u
|
Ut

for sufficiently small T > 0. The solution u can be continued as long as | u(-, )|l x < Cgl. Here

€ C([0,T);D)nC" (10, T); H),

Cs > 0 is an embedding constant which depends only on Q) determined by

lullc+IVulc=Csllulx.

3. Global existence

In Theorem 3.1 in [28], the authors establish necessary estimates for a nonlocal problem.
We follow their method. As in Theorem 1 in this paper, we truncate the nonlinear term by
ag(uy) to deal with the estimate of ||u] x. On the other hand, we consider the case § = 0 in
Theorem 2 in [31] and utilize the energy function to derive the estimate of | u|l¢. First of all,

let begin with the fundamental lemma.

Lemma 4. Let a, b€ R. The following inequalities hold:

1
055a2+ab+b2. )
1
|a+2b|252(a2+4b2)524(5a2+ab+b2). (10)
1
a254(5a2+ab+b2). (11)

a2+b256(%a2+ab+b2). 12)
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Proof of Theorem 2. We consider the modified problem
U+ U = Uxx + AFGZ +A5G9,

where
Fo=Fp(u) and Gy=Gy(u,uy).

Multiplying this equation by u and u;, we have

d 1
—f(utu+—u2) dx+f(—u?+u§) dxlefu(F§+6Gg) dx,
atJr 2 I I

and

d

Ef(u?+ u?) dx+2f urdx = Z)Lf u, (F5 +06Gy) dx,

I I I
respectively. Defining ®(¢) by
1
O(1) = f[ (utu+ Euz + u? + u)zc) dx,

we have from (2), (9) and Young's inequality

3
OSfD(l‘)ngufdx+(1+clz,)fu,zcdstf(uf+u)2€) dx,
I I I

for ue X and u; € Hy (I), where
3
D:max(i, 1+Cf)).
Hence adding these inequalities together, we obtain
1
'+ < ﬂf|u+2ut|'|F92+5Gg| dx
1
(1 2 2 2 2
< —|—— [ lu+2u:l* dx+24A°D | |F;+6Gp|" dx
2\24D J; I
1
< —0+ 24/12Df Fpdx+ 24&262Df Gsdx
2D I I
1
< E(D +24A* DLy +24A*6° DL, f a5 (ux) uy dx
I
1 274 272
< S ®+24A°DL, (1+6°Lg),
by (8), (10) and Young’s inequality and finally
1
@'+ —®<24A°DLy (1+6°LF).
2D
Multiplying this inequality by exp{(ZD)_1 t} and integrating it over (0, £), we have

®(1) < e ' D(0) +48A2D? LA (1+62L2).
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Setting

1
v=u; and ‘I’(t):f(vtv+£v2+vf+v§ dx,
I

we have .
\I”+B‘Ps/1f|v+2v,|-|(F§+6Gg)t|dx, (13)
I

in the same way as ® and u. Now the following estimate holds:

” (Fg(u) +6Gp (u, ux))t”2 < 2||Fo(w Fy(w)v|, + 6 || ap (ux) Fj )iy,
+26 || ag (ux) Fo(u)Fp(u) u)ZCvH2 +26 || ag (ux) Fg(w) ux vxll,
< 2L% [ vllp + 6Ly vyl + 28 L vl + 26 L3 ll vkl
=215 (1+68Lg) vl +38L3 vy,

and moreover

| (F2w +8Gy () )z“i <3213 (1+6Lg)2 W + 1852 LW < W,

from (11), where E = 64L +826%L5. We multiply (13) by exp{(2D)~" #}, utilize (10) and inte-

grate it over (0, t) to obtain

! Lo 1 [t L
f ey (s)ds+—f ez (s)ds
0 D Jo

t
slf e ds
2Jo

LN 9 P
< —f e (s)ds+ 247 DE[ e25°Y d s
4D Jo 0

1 2
m/jlv+2v,|2 dx+4812DfI|(Fg+6Gg)t| dx

1 t
- (E+1536/12DL§+1968/1252DL2)/ e 5W(s) ds
0
1 ! BN
< —f ezp°Y(s)ds,
2D Jo

as long as both
2c 1 and A60<—1
12288D?L;) 15744D? LY
Hence we have
W(1) < e W (0).

We conclude that
2 2
lul% < 4llvel3+41vI3+4A% || Fa ()| + 44267 || ag () F2 (w) i || + luxll3

< 24W(0) +4A% Ly (14 6°L3) + llul3
< 24" W (0) +4A% LY (1+6°12) + D(1)
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< 249(0) + 4N L5 (1+6%12) + e 7' D(0) + 4812 D* L (1+6°12)
< 24¥(0) + D(0) +4A° Ly (1 + 12D?) (1 +6%L2),

thanks to (1), (8), (9) and (12) and that

(1-6)?
lulk < —5—,
CS
if
(1-6)? (1-06)?
\P(O)<—2, (D(0)< 5
C? 4C2
2 . 1 (1-6)?
A" <min 2714’ 214 2 ’
12288D?L3 " 16C2LY (1+12D?)
and
1 1-6)2
1%26% < min = 2(6 ) .
15744D?L]" 16C5LY (1+12D?)

Remark 2. Since we have
) = D (lluglZ +lur13),

for instance, we choose

1-6 1-60
luolyp <= ———~= and |uillos ——,
%~ 2v2CsvD * " 2v2C5VD
so that the condition
(1-6)>
D0) < 5
4C5
is achieved. In the same way, we obtain
1+6 (up)%

Y(0) = D(ll u ||i13 +(|—ur+ (W) g + A

2
2)
1468 (up) ||
A-up)? I
(1+6C2 Nupl%)?
(1-Cslluollx)*
{1+501-0)2}

0 '

(1 - up)?

< D(n il +3lly +3 (1) e 3 + 317

< (1+3C3) DIl u1||§lé +3Dlugl% +3DA?

< (1+3C3) DIl u1||§{é +3Dlugl% +3DA*

Hence we can take (ug, 1) and (A, 8) so as to satisfy

(1-6)?

Y (0) < ——.
96C%
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Remark 3. To extend the result in Theorem 2 to a higher dimensional domain Q < R” for

n=2,3, we estimate || u|l g3 owing to the inclusion
H*(Q) < C'(Q.
To achieve this aim, we have to consider, for instance,
X() = fQ (VUI'VU+ % IVUI2 + IVvtI2 + (Av)2 dx,

in addition to ®(¢) and ¥ (¢) in the proof of Theorem 2. However, it is difficult to control the
term |||Vv|Aull, which appears from X'(¢). Hence, the extension to n > 1 seems to be open.

4. Quenching

We apply Kaplan’s method in [21]. The estimates in our proof are quite similar to those in
[24, 32].

Proof of Theorem 3. For the first positive eigenvalue u = 72 of —d?/(dx?), letw = (w/2)sinmx

be the corresponding eigenfunction i.e.,

~Wxx = HY xel,
w(0)=y(1) =0,
v>0 xel.

Then we have [,y dx = 1. We set

z(t) =fu(x, Dy (x)dx.
I

Differentiating z(¢) twice, we obtain

2 U
Lwdx=- z+/1f7dx.
2¥ H 1 (1—w)?

1+0u
u)

Zi+ 2 =— z+/1f
rrt+ 2 u -

Since the Jensen inequality [41] implies that

w 1
ff(l—u)zdxz(l—z)z’

we have

ztt+ztE{A—pz(l—z)z}(l_z)z.

Now we assume that

ulx, <1,
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for x € I and t = 0. Then we have
z(t) < fw(x) dx=1.
I

A simple calculation yields

z(1—z)2<i
27
for z < 1. Hence we get
4u 1
Zptzr=|A—— .
& t( 27)(1—z)2

Multiplying this inequality by exp ¢ and integrating it over (0, ), we have

B 4,U _ t es
zr=e 'z(0 +(/1——)e tf ————ds.
! "0 27 0 (1-2(s)?
By the assumption, we have
z:(0) =fu1 Dy (x)dx =0,
I
and hence z;(¢) > 0 for t > 0 with A > (4u)/27. Thus by 0 < z(0) < z(¢) < 1, we have

A-%)é(l-e-q,

= e '2,(0
aze HOH A 0

and

- 4u 1 _
>z(0 l1-e! 0 Ne—| —— t—l,
z2(1) = z(0) + (1 —e™") z4( )+( 27) (l—z(O))z(t+e )

by integrating it over (0, #). Since we have

lim (r+ef-1)=+c0 and 1-e'€][0,1),
t—+oo

for t = 0, we conclude that

max u(x, f) zfu(x, Dyx)dx=2z(t) =1,
I

xel

for sufficiently large ¢ > 0, which leads us to a contradiction. (]

Remark 4. In [39, 40], the authors consider the stationary problem of (1) given by

u)?

Au+ABLE — 0 xe 0,
ux)=0 x€o0Q.

Assume that Q is a bounded domain in R” for n € N with smooth boundary Q. For fixed
6 > 0, they find a pull-in voltage A5 such that there exists a minimal solution v for 1 < A3
and there is no solution for A > A5. Moreover in [30, 39], the authors consider the parabolic

problem
1+6|Vul?

Uy =Au+1—m——,
g (1-w?
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instead of (1). Thanks to the maximal principle, they show that the solution exists globally in
time for A < )L(’; and that quenches in finite time for A > /1;. In our case, )L(’; < (472)/27 holds.

However, it is not clear that 1} = (47%)/27.

The proofis applicable to a higher dimensional domain Q. We have the following:

Theorem 5. Under the same assumptions in Theorem 4. Let (up, u1) € D with uy(x) =0 in Q

and
luollx = ——
u < ,

for0< 0 < 1. IfA > (4p)/27, then the solution of (1) quenches in finite time, where u is the first
positive eigenvalue of —A.
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