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FOUR DIMENSIONAL CHARACTERIZATION OF
BOUNDED DOUBLE SEQUENCES

RICHARD F. PATTERSON

Abstract. In 1945 Brudno presented the following important theorem: If A and B are regular
summability matrix methods such that every bounded sequence summed by A is also summed by
B, then it is summed by B to the same value. R. G. Cooke suggested that a simpler proof would
be desirable. Petersen presented such a proof. The goal of the paper is to present an accessible
multidimensional analog of Brudno theorem for double sequences using four dimensional matrix

transformations.

1. Introduction

In [4] Brudno presented an elegant, but inaccessible proof of the following theorem:
If A and B are regular summability matrix methods such that every bounded sequence
summed by A is also summed by B, then it is summed by B to the same value. Petersen
presented an accessible proof of Brudno’s theorem in [5]. The goal of this paper is to
present an accessible multidimensional analog of Brudno theorem for double sequences
using four dimensional matrices transformations.

2. Definitions, Notations and Preliminary Results

Definition 2.1. [Pringsheim, 1900] A double sequence = = [z} ;] has Pringsheim
limit L (denoted by P-lima = L) provided that given € > 0 there exists N € N such
that |z, — L| < € whenever k, [ > N. We shall describe such an xz more briefly as
“P-convergent”.

Definition 2.2. A double sequence z is called definite divergent, if for every (arbi-
trarily large) G > 0 there exist two natural numbers n; and ng such that |z, ;| > G for
n>ny, k> nso.

Definition 2.3. Let A denote a four dimensional summability method that maps
the complex double sequences x into the double sequence Ax where the mn-th term to
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Az is as follow:
00,00

(Az)mn = Z Gm,n k1 Tkl
k,i=1,1

Definition 2.4. A double sequence x is divergent in the Pringsheim sense (P-
divergent) provided that = does not converge in the Pringsheim sense (P-convergent).

Definition 2.5. A double sequence zx is bounded if and only if there exists a positive
number M such that |z ;| < M for all k and [.

Definition 2.6. The four dimensional matrix A is said to be RH-regular if it maps
every bounded P-convergent sequence into a P-convergent sequence with the same P-
limit.

Theorem 2.1. (Hamilton 1936, Robison 1926) The four dimensional matriz A is
RH-regular if and only if

RHy: P-limp, p, Gmop kg = 0 for each k and [;

RHy: P-limy, 37055 ) Gmon et = 1;

RH3: P-limy, n > ey |@mn k| = 0 for each I;

RHy: P-limy,n > 1oy |amn.ki| = 0 for each k;

RHs: 2120121 |@mn k1| G5 P-convergent; and

RHg: there exist finite positive integers A and B such that ), ;o g |Gm k1] < A.

3. Main Result

Theorem 3.1. If two RH-regular summability matrices A = [ammn.k1] and B =
[bm.n.k1] sum a bounded double sequence [sk;] to different sums, then there ezists a
bounded double sequnce which is summed by A but not summed by B.

Proof. Without loss of generality we can choose [sg ;] such that

P-1im(AS)mn, =0 and P-lim(Bs)m,,, = 1.

m,n m,n
Let
00,00 00,00
Dy = E Qmon,k,15k,1 and H = b n,k,15k,1-
k,l=1,1 m,n k,l=1,1

Since A and B are RH-regular matrices and are summed to 0 and 1 respectively, then
there exists 0,,,, > 0 with Pringsheim limit zero such that

Pomn| < O and [ J] =11 < G-

m,n
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Let
00,00
H :=max|sg;| and M :=max Z | ket | Sk 1l
kol T =11

In addition, let us consider the following double sequence

1 00 0 0 0 0
0 -1 0 0 0 0 O
00 2 0 0 0 0
00 0 L2 0 0 o0

hij=q0 0 0 0 -1 0 0
00 0 0 0 -1 0
00 0 0 0 0

Let [F),] denote the following double partial sum Zfé:m h;,;. This definition implies
that [F};] has the following properties: |Fy x| < 1, |Fix—Fgk+1| =0, |Fep—Frt1.6] =0,
and |Fk,k - Fk+1,k+1| = pg,k With P-limy g pgr = 0. By the RH-regularity conditions
of A and B we can choose seven index sequences [my], [ny], [@m], [@mn], [Ba], [Bn] and
[€m.n] With [am], [@m], [Bn], and [B,] being strictly increasing and P-lim,, ,, €mrn = 0,
such that first RH; grant us the following:

am—1,Bn—1

Z |am,n,k,l| < Em,n,

k=1,l=1

and
am—1,08,—1

Z |bm,n,k,l| < 6777,,71;

k=1,l=1
next RH3 and RH, also grant us the following:

am—1,00

g |am,n,k,l| < €m,n,
k=1,1=0n
00,8n—1

Z |am,n,k,l| < 6777,,717

k=au,,l=1
00,680 —1

Z |am,n,k,l| < €m,n,
k=0m,l=0n

Qm—1,00

Z |am,n,k,l| < €m,n,

k=am,l=Fn—1
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Qg — 1,00
E |bm,n,k,l| < €m,n,
k=1,l1=0,
Ooaﬁn_l
g |bm,n,k,l| < €m,n,
k=am,,l=1
Ooan_l
E |bm,n,k,l| < €m,n,
k=&m ,l=Pn

and
am—1,00

Z |bm,n,k,l| < €m,ny

k=0tm l=Bn—1

and finally RH5 grant us the following:
00,00
Z |am,n,k,l| < €m,n,
k=@m—1,l1=0n—1
and

00,00

Z |bm,n,k,l| < €m,n-

k=am—1,1=8,—1

Qm,]; [On,], and [Bny] are chosen such that

In addition, the index sequences [a,], |
=1,2,3,.... Let us consider the following double

Qm, = Qm,_, and (3, = Bny,l for z, y
sequence B
, Skl for k < apy,, &1 < 6y,
Sk = =
Fx,ysk,l for Qp, < k< O, & ﬁny <I< ﬁny-
For my; < m < mg41 and ny < n < nyy; the above definition of [sﬁcl] grant us the
following:

00,00 00,00

! /
(I)m,n - E E am7nikil8k,l

m,n=1,1k,1=1,1

am—1,8,—1
! !
= E (m,n k15K + E Gm,n,k,1Sk,1
k,l=1,1 am <k<oco&1<I<f3,—1
/

+ § A,k Sk + Foy E Qb 1Sk,

1<k<am, —1&B, <1<oc0 m <k< Bm &Bn <1< Bn
+(Fm+1,y - Fz,y) E Qm,n,k,1Sk,l

Uy <k <Om &PBn <I<fn,

+(Freyt1 — Foy) E G ,n,k,LSk,L

Qm §k<5‘mg,- &Bny SlSBny
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+(Faz+1,y+1 - Fa:,y) E Qm,n,k,1Sk,l
Ay <k<8m &P, <I<Bn

/ i
+ E Gk 1Sk, E A yn,k, 1Sl

Am <k<oo&fBn<I<fn am <k<Om&Pn<I<oo

A
+ E Qm,n,k,lSk,1-

G <k <00&fn <1<o0

The properties of absolute value grant us the following;:

am—1,8,—1
Dl < D0 k] sl + >, |G, ket 5%,
k,l=1,1 Qn <k <o0&1<I< B, —1
+ Z |@m,n k1] |S;c,l| + [Fayl Z |am,n k.| |Sk,1]
1<k<am —18&Bn <1<00 O <k<Am&Bn<I<Bn,
| Fot1,y — Fryl > |@m,n .t Sk,
Qg <K< & <I< P,
| Foy+1 — Fayl Z |@m,n,kt Sk 1]
am§k<dmx&ény SlSBny
| Fot1y41 — Foyl Z |@m,n,k.t Sk,

Ay k< Am&Pn, KISy

+ Z |Gk |5;~c,l| + Z |, ki |S;c,l|

Am <k<co&Bn <I<fBn am <k<Om&Bn<I<oo

+ Z (] |5;cl|

G <k <00& B <I<o00

The inequalities conditions above the properties of [s;”] grant us the following:

|(I);n,n| S 6H€m7"

+|Foyl > |@m,n k.t Sk,
U <k<0m &Bn<I<Bn
| Fo1,y — Foyl Z |am,n k.| |Sk,1]

Ay §k<@m&ﬁn§l§5ny

HFe 1 — Foyl Z lam,nk.t] Sk,
o k<G & By <I<Bn,

+|Faz+1,y+1 - Faz,y| Z |am,n,k,l| |5k,l|'
Ay <k<Om &P, <I<Bn
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Thus
|©7,, | < 6Hepm n+ O +3M iy

Hence P-lim,, ,(As")m,n = 0. Also, note that the above sequence [h] has the following
properties: if z = y = p? then F,y=1land if x =y = p(p+1) then F,, = 0. In the
expression [] above, let us perform the following substitution: let I = k = p?, m = my,
n=ny,a=0b,®, =&,  —1if

Fry E Qmyn ke 1Sk, = Fp2 p2 E b n.k, 1561 — 1.

am,§k<&m&6n§l§5n am§k<dm&ﬁn§l§3n

Then lim,, @;Q’pQ = 1. On the other hand if

Fy y Z mn k15K = Fpp+1),p(p+1) Z bimn,k,iSk 1
am <k<am&Bn<I<fn W <k<@m&PBn<I<Bn
the lim,, (I);;(p+1) p(p+1) = 0. Thus s’ is not B summable. This completes the proof of the

theorem.
The above theorem grants us the following multidimensional analog of Brudno in [4].

Theorem 3.2. Let every bounded double sequence summable by a RH-reqular summa-
bility matriz A also be summable by a RH-regular summability matric B. Then it is
summable to the same value by B as by A.

Proof. This theorem follow directly from the above theorem.
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