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FRACTIONAL INTEGRATION OF CERTAIN SPECIAL FUNCTIONS

V. B. L. CHAURASIA AND VIJAY KUMAR SINGHAL

Abstract. We derive an Eulerian integral and a main theorem based upon the fractional integral
operator associated with generalized polynomials given by Srivastava [8. 185, Eq. (7)] and H-
function of several complex variables given by Srivastava and Panda [11, p.271, Eq. (4.1)] which
provide unification and extension of numerous results in the theory of fractional calculus of
special functions in one and more variables. Certain interesting sepcial cases (known and new)

have also been discussed.

1. Introduction

In recent years certain fractional integrals deduced from Eulerian integrals have been
established by several authors namely Saxena and Saigo [4], Saigo and Saxena [6], Sri-
vastava and Hussain [10], Nishimoto and Saxena [5].

we start by giving the following definitions:

The Riemann-Liouville operator of fractional integration R™ f of order m is defined
by:

D) = s / “y -ty f(eyr, (1.1)

for Re (m) > 0, and a constant x.
An equivalent form of beta function is [2, p.10, Eq. (1.3)]:

/ (t—m)* (n—t)"tdt = (n — m)***~1.B(a,b) (1.2)
where m, n € R (m < n), Re (a) > 0, Re (b) > 0.
Using [2, p.62, Eq. (15)], we have:

(pt+9)* = (2p+9)° {1 + Mr

xp +q
_ptg 17 [t s
" T(-a) 2mi /_ioo L'(=p).I'(B )[xp+q] dg. (1.3)
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where i = /=1;p, ¢, a € C; x, t € R; |arg (xp’jrq)| < m and the path of integration is
indented, if necessary in such a manner so as to separate the poles of I'(—f) from those
of T'(B — a).

The H-function of several complex variables [11] is defined in the following manner:

H[Zla"'azr]
0 X (w0 oo (), 07 Ka%98-~,9“ﬂ:KU):@%~~;KM”)r¢“H;
S {[(c)- U WO (@) 3 [ ) oo O

.- agr (I)l(fl) T(g’l“)z§l o 'fodgl t dgr (15)

Ly

where i = /(-1

The convergence conditions and other details of the H-function of several complex
variables H [z - - - z,] are given by Srivastava, Gupta and Goyal [9, p.251].

(h)

The Lauricella function F})” is defined in the integral form as

OG- ) o,

'7bh;c;$la'--axh]

M [ Tla+& 4+ &0 +&)---T(bn + &)
(2mi)h / / Dle+&+ -+ &) H=&)--
L(=&p)(—21)S - (—ap) S dy - - dép, (1.6)
where max|[|larg(—z1)l,..., larg(—zp)|] < 7 c#0,—1,-2,. ...

The following result will be used in establishing the Eulerian integral:

y
[ =0 =0 e ) ot )
x
= (y — )" B(a,b)(pra + q1)" - (pnw + )
(y— Wln.—@_@m} (L)
T+ q Copntan |
(y — x)p @wmh}<1
(zpr +q1) |’ TPh + qn
The formula (1.7) can be developed by making use of (1.2), (1.3) and (1.6).
The known results [3, p.301, entry (2.2.6.1)] and [10, p.81, Eq. (3.6)] are deducible
for h = 1 and h = 2 respectively.

In what follows h is a positive integer and 0,...,0 would mean h zeros.
The generalized polynomials defined by Srivastava [8], is as follows:

.Fgl) [a, —Ply---y—pPr;a+b;—

where z, y € R (x < y); pj, 45, p; €C (=1,...,h);

min[Re(a),Re(b)] >0 and max [

S%l ]ilvik[Il,... l‘k]
[N1/Mi] [Nk/Mk]

N —N,
D Sl lMlal...< 2)?/[’“0"“.B[N1,041;"';Nk7ozk]$?1'--IZ’“, (1.8)
k-

011—0 ap=— =0
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where Ny = 0,1,2,... Vi’ = (1,...,k), My,..., My arbitrary positive integers and the
coefficient B[Ny, aq;- -+ ; Ni, o] are arbitrary constants, real or complex.

2. Eulerian Integral

The main integral to be established here is

h
n
/(t—m)“lnft HpgtJqu

m ':
z1(t —m)* (n — t)m Hj:l(pjt + ‘Ij)a;
Mi,..,M, :
'SN11,‘~7Nkk

" #'k h o(®
T (t —m)*(n —t) Hj:l(pjt +q;)%

wy (t—m)" (n — )™ [Thy (pjt + ¢5)

H : dt
_™
wy(t —m) " (n =)™ [Ty (ot +q5) "%
Nl/Ml Nk/Mk]
—N1)My o —N a o
X X e R BN N

G, JOAh 2 (u ); s(w™ 0()5(1,0);--+5(1,0)
2H A4 hto, C+h+1 [B’,D'];- [B“),D<”]:[0,1];~~~:[0,1]

A17A2;A3; [(a): PRI 79(T)a07 s 70]: [(b/) (I)/]7 Ty [(b(r)) (I)(T)]a R 7;R1

(€): W s e 0,0, O, gy As: [(@): 855 [(d7): 60 [0, 1]:- - [0, 1]: Ra |

The followings are the conditions of the validity of (2.1):

(1) myn€R (m < n); v, Ti, ¢ ; ,)\Z,/W,a( Ve Rt , pj €ER,
pj,¢; €C,w; €C(i=1,....,m¢=1,....k;j=1,...,h);

(n —m)p;
2 n | [—E | <1
(2) maX1<g<h[ e ;
(3) Refat+ Y| >0 (j=1,...,u)),
i1 0;
Re b-i-z 5(5) ‘| >0(j=1 u®);
i=1 7
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A »® B® u® 0)
Ti=- 3 07~ ZWWZ@ > ‘P(WZW > -
J=A+1 j=1 j=v() 41 j=u( 41
—Ti—2?151)>0( 1,c00,m);
h RO) T;m
arg(w; Hp]t—i—qj € ; m<t<nyi=1,...,r)

Jj=1

Here

Gy =(n— m)(a-i—b—l) H(pjm +q;)" |,

j=1

k G’

h
k
Gy = (n — m)zilzl(ki/'i'/‘i/)ai/ H pjm+ QJ 1/_1 a; oy ,

A= 1_G_Z)\z’az ,717"'77T715"'71‘|5

i'=1

A2: 17()72}1@/0@/ ZT1,...,TT,0,...,01,

r J
A3: 1+pJ+Za Q L C -,...,CE),O,...,]_,...,O‘| y
i'=1 1.h

Ay = 1+pj+2a§i)ai/:c},...,cg-r),O,...,O] ,
Lh

i'=1

B k
A5: 1abZ()\’i/+:u‘i/)ai’:(71+T1)7"'7(7T+TT)71a"'71];
L '=1

o=y T 0
R

o
wy(n —m %Jrn/HJ L(mpj +¢q;)%

(n —m)p1/(mp1 + q1)

Ry = _
(n —m)pn/(mpn + qn)-

Proof. In order to prove (2.1), express the multivariable H-function in terms of
Mellin-Barnes type of contour integrals by (1.5) and generalized polynomials given by
(1.8) and interchange the order of summation and integration (which is permissible under
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the conditions of validity stated above). Appealing to the results in (1.3), (1
we get the desired result.

3. Interesting Special Cases

(k)

ILForyy =0=---=+,and A\; =0="--- = )y, the integral (2.1) reduces to
h o
. A z1(n—t)" Hj:1(pjt+qj') ’
/ (t=m)* " =)t S [T wst+a)” o Sh 7w :
m 1
’ zp(n—t)H* HJ 1(pjt+q;)%
1 TR —c;
wi(n =)™ [Tj (pit + q;) ™
H : dt
- h —(;(.T)
wy(n— )™ ij1(pjt +q;) %
[Nl/Ml] [Ny /Mj]
—Np) —N,
Ly Z : M““ A k)M"O"“B[Nhoq;---;Nk,ak]x?l apk
Oék!
011—0 X = =0
Eo oAt (/0" )55 (™ 0 )3(1,0)50+5(1,0)
A+h+2,C+h+1:[B’,D'];--[B() ,D(M];[0,1];--+[0,1]

F17F2,F3, [(a): 9’, e

0.0, ...,

0]: [(b): ®];- -
[d(’“):

o,

o,

[(6): @) —; - = Py

50, 1]5 -+

k (i)
= 1a] Qi

[(c): ¢!, .., 0.0,...,0], Fy, F5: [(d'): §'];---;
which holds under the conditions surrounding equation (2.1).
Here
h
Ei = (n—m) VA T (pym + )"
j=1
h
EQ:(n—m) i Hp]erq]
T
—
Flz[l—a'O .5,0,1,000,1],
F = 1—b—2m/al 7'1,...,7',.,0,...,0] ,
i'=1
Fs = 1+pj+2a§-i)ai/ ZC},...,C]
L /=1
- ko
Fy= 1+P]’+Za§»z)ai' ZC},...,CJ
L ir=1

17

.6) and (1.7),
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B k
F5 = 1—a—b—z,uizai/ STl Try Loy 1]

i'=1

ot h ¢
wi(n—m)™ / [Ty + )

P =
o
/H] 1(pim+q;)%
( —m)p1/(mp1+ q1)
P = :
(n —m)pn/(mpn + qn).
II. For; =0=---=7.and y3 =0 = -+ = ug, integral (2.1) reduces to
n h ar (t—m)™ H] 1(p3t+q])
/ (t=m)* (="' T (st +a,)" p SN
m j=1 A h a®
zy(t—m) kHj:l(pjtJ’_qj) y
wi(t—m)" [1_ (ot + ¢5) ™
H : dt

_(n)
wy(t = m) " [T (pst +4;)™"
[Nl/Ml] [Nk/Mk]

—Ny) —N,
D D S T A
k-

Otl—O A= =0

T HO A+h+1:(u 0" )55 (u (r) (T)) (1,0);---3(1,0)
A+h+1,C+h+1:[B’, D’], ;[B(™),D(M];[0,1];--+3[0,1]

Q1,Q2,[(a): 0 ,...,H(T,O,...,O]: [b': q)’];---;[b(r): @(T)];—;---;—;Xl
[(€): ¢y 900,0,..,0), Qs Qu [d: ')+ 5 (A 6] [0, 15 -5 [0, 15 X

which holds true under the same conditions as given in (2.1).

(3.2)

Where
h
T = (n— m)(a+b—1) H(pjm +q;)" |,
j=1
k h k COMN
= (S ( [+ g9 = )
j=1
k
Q1= [1—a— Z)‘i'ai/ :71,...,%.,1,...,1] ,
ir=1

Q2=

k .
L+pj+ Y alaw:cj....cf7,0,. . j...,o] ,
1.h

=1
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i k
Q3 = 1+pj+2a§»/ai/:c},...,c§-r),07...,0‘| ,
Lh

L ir=1
r k
Q4= 17a7b72)\i/ai/ :71;-~';’Yr;17~'~;1‘| ;
L =1
wi(n—m) [ TI_ (i + ;)
X1 = :
NG)
wrn =m)* [T (m + )
(n —m)p1/(mp1 + q1)
Xo =
(n —m)pn/(mpn + qn).
L. Wheny = - =7, =0=y=---=vand \y = = =0=p; = --- = g,

equation (2.1) reduces to

It !
n h ! Hjlzl(pjt +q;)%
/ (t —m)* (n—t)° H pit+ ;)" p Syl :

m (k)
J

h N
o [ 1= (pst + q;)™
h —c
w1 Hj:l(pjt +q;)7%

H dt
h —elm
Wy Hj:l(pjt+Qj) J
[N1/Mi] [Ny /M;]
(7N1)M1Ot1 (7Nk)M o
=T(b)L FO% DING oyieeot N ar 0k
o alzzo ago aq! ag! (N1, @i o5 Niy oy T

I HO,)\Jthrl:(u',v');~~~;(u(r),71(”);(1,0);---;(1,0)
2 A4 h41,C4h+1:[B,D'];--[B(M),D(M1;[0,1];--+[0,1]

By, Bs, [(a): 9’,...,9(T),0,...,0]: [ q;’];...;[b(r); @(T)];,;...;,;Yl
[(C) ”(/}/,,'L/)(T),O,,O],B3,B4 [d/ 5/]’ ’[d(r) 5(T)]a [0,1], 7[07 1],Y2

valid under the same conditions as required in (2.1).
Where

h

Li=(n— m)(a+b—1) H(pjm +q¢;)" |,
j=1
k i)

h
L2 — H(p]m.i-q])Zyzl aj Qg 7

j=1
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——
Bi=[1-a):0,...,0,1,...,1],

By = 1+pj+Za§-'o<i/:c;-,...,057'),0,...,1,...,0] ,
i—1 1.h
k
Bs = 1+pj+2a;-ai/:c;,...,cgr),o,...,01 ,
=1 1.h
/—:H
By=[1—-a-=0):0,...,0,1,...,1];
Hj:1(pjm+qj’)7cj
Y, =
h —e
Hj:l(pjm+qj) 7
(n —m)p1/(mp1 + q1)
Yo = :

(n — m)pn/(mpn + an).

4. Main Theorem

Let

X1t —m)M [T (pst + ¢;)%

n w
Xt —m)* Hj:l(pjt +q;)%
h ¢
zi(t —m)™ Hj:l(pjt +q;)"%

H :
N _e
et —m) ™ [ (pst +¢5) ™
then
m Dy [f(y)]
[N1/M1] [N /Mj]
—Ny) —N,
Z Z 1 Ml()él ( (I;)J'Wkak B[Nl,Oél?' N]mak]X Xak
k-
a1=0 ap=0

I, goAthL (u'v");+5 (w0 ();(1,0);-++;(1,0)
2 A4 h+1,C4+h+1:[B/,D'];--+[B(™) , D(™M];[0,1];--+3[0,1]

K1, Ko, [(a): 9’,...,0(’“),07...,0]: [ (I)'];---;[b(’“): <I>(7')];—;---;—;W1
[(C)S”L[)/,...,Q/J(T),O,...,O],K3,K4S [d/é/]"[d(r)é‘(r)]’[o’l]’ [ ] W2

holds true with the conditions associated with (2.1).
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Where

h

L=@y-m " [[em+a) |,
j=1

k h k @)y
I = (y — m)Zi/:l Airays H(pjm + qj)21/_1 @y Xt ;

j=1
K1: 170‘,72)\1'/041'/ Z’yl,...,’yr,].,...,].‘|,

B k .
Ko = 1+pj+2a§,ai/:c;,...,c;T),O,...,i,...,Ol ,
1.h

/=1

K3 = 1+pj+Za§'ow:c;,...,cy),(),...,O] ,
i 1.h

L =1
M k
K4= 1—@—[)—2)\1'/051‘/Z’}/l,...,’y7-,1,...,1‘|;
L /=1
h c’
aaly —m)" [ Ty (pgm + )"
Wi =
2 ()
2y —m) [T im + )
(y —m)p1/(mp1 + q1)
Wy = :

(y —m)pn/ .(mph + qn).

5. Special Cases

1. ffwesetyy =+ =v-=0and A\ =--- = A\ =0, then (4.1) reduces to
m Dy [f(y)]
[N1/Mi] Nk/Mk]
—N1) Mo —N, o
Z Z lMl 1( k)?/lk kB[Nlaal;" Nk;ak]X X‘Xk
a1=0 =0 k>

IHO’/\+h+1:(u/w’)r“;(u(")71)("));(1,0);~~~;(170)
2 A4 h+1,C4h+1:[B",D'];--[B(™) ,D(M1;[0,1];--5[0,1]

Kl,Kg,[(a):9’,...,9(T),0,...,0]: [b’:@’];~~~;[b(r):@(T)];fyu;—;Wl

[(e): ..., 0,...,0], K3, Ky: [d':6'];-;[d™): 60));[0,1];---3[0,1]; Wa | (51)

valid under the same conditions as required for integral (2.1) and where I, I, K,
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Ky, K3, K4, W1 and W> are the same as in integral (4.1) after eliminating Ay and .,
(W'=1,..,ki=1,...,7).

2. Setting M; — 0, the results in (2.1) and (4.1) reduce to known results given by
Saigo and Saxena [4, Eq. 4.1, Eq. 6.1].

3. lfweset M; - 0,v7=---=7=0=7 =--- =7, h =2 then our results (2.1)
and (4.1) reduce to the results derived by Srivastava and Hussain [10, Eq. 2.5, Eq. 3.14].

4. For k = 1, the results in (2.1) and (4.1) can be reduced to the results recently
obtained by Chaurasia and Godika [1, Eq. 3.1, Eq. 4.1] with s = 1.
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