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STABILITY OF LINEAR FUNCTIONAL EQUATIONS
IN BANACH MODULES

CHUN-GIL PARK

Abstract. We prove the Hyers-Ulam-Rassias stability of the linear functional equation in Banach

modules over a unital Banach algebra.

1. Introduction

In 1940, S. M. Ulam [12] raised the following question: Under what conditions does
there exist an additive mapping near an approximately additive mapping?

Let E; and E3 be Banach spaces. Hyers [5] showed that if e > 0 and f : By — E»
such that

1f(@+y) = flz) - fWl <e
for all x, y € E1, then there exists a unique additive mapping 7" : Fy — FE5 such that

[f(2) =T(2)| <e

for all z € E;.
Consider f : E1 — E3 to be a mapping such that f(tz) is continuous in ¢ € R for
each fixed z € Eq. Assume that there exist constants € > 0 and p € [0, 1) such that

1 (@ +y) = flz) = F) < ell][” + [lyl")

for all z, y € Ey. Th. M. Rassias [9] showed that there exists a unique R-linear mapping
T : FE1 — FE5 such that )
€
17) = T < 5=
for all € Ey. Gajda [3] generalized the Rassias’ result.
Throughout this paper, let B be a unital Banach algebra with norm |- |, By = {a €
B | la| = 1}, R the set of nonnegative real numbers, and let pM; and pMs be left
Banach B-modules with norms || - || and || - ||, respectively. Let d and s be positive
integers.
In this paper, we are going to prove the Hyers-Ulam-Rassias stability of the linear
functional equation in Banach modules over a unital Banach algebra.

][

Received March 5, 2002.

2000 Mathematics Subject Classification. Primary 39B72, 39B52, Secondary 46Bxx.

Key words and phrases. Stability, B-linear, Banach algebra.

This work was supported by grant No. R05-2003-000-10006-0 from the Basic Research Program
of the Korea Science & Engineering Foundation.

29



30 CHUN-GIL PARK

2. Stability of the Linear Functional Equation in Banach Modules

In this section, we prove the Hyers-Ulam-Rassias stability of the linear functional
equation in Banach modules over a unital Banach algebra.

Theorem 2.1. Let f : M1 — gMs be a mapping for which there exists a function
v :pMy x pMy — [0,00) such that

@(x,y) = Z 2ik(p(2k$a Qky) < 00, (1)
k=0
1f(az + aty) —a* f(z) = a* f(y)I| < o, y),
[f (e +ty) — tf (x) — tf(y) < o(2,y)

for all a € By, all t € RY, and all z,y € pM,. Then there exists a unique R-linear
mapping T : pMy — pMs such that

T(a’z) = a*°T(x),
1_ ..
IF(z) = T(2)]| < 5¢(z, 2) (i)
for all a € By and all x € gM;.

Proof. Let a = 1 € B;. By the Gavruta result [4], it follows from the second
inequality of the statement that there exists a unique additive mapping T : pM; — M
satisfying (ii). The mapping T : M1 — My was given by T'(x) = lim,, f(g:x) for
all x € gM;.

By the assumption, for each a € By,

I£(2"a%s) = 2a° f(2""'2) || < (27w, 2" )

for all z € pM;. Using the fact that for each a € B and each z € pMs |laz|| < Kla| - ||z||
for some K > 0, one can show that

la*f(2"2) = 2a°f(2" " @) || < Kla®| - [ f(2"2) = 2f (2" '2)|| < Kp(2" "2, 2" a)
for all @ € By and all x € gM;. So
1 f(2"a%e) — a f(2"2)|| < || f(2"a%w) — 2a°F (2" )| +||2a°f (2" 2) — a®f(2"2))|
<2z, 2" e) + Kp(2n e, 2" )

for all a € By and all z € gM;. Thus 27"||f(2"a%x) — a®f(2"z)|| — 0 as n — oo for all
a € By and all x € gM;. Hence
on d sf£(on
T(ad:c) — lim M = lim M
n n

n— o0 2 n— o0

=a°T(z)

for each a € Bj.
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Similarly, one can obtain that

2"t tf(2"
T(tx) = lim f2tz) = lim t(2"z) =tT(x)
n—oo n—oo on
for each t € RT. Since t = |t - ﬁ for each t € R (t # 0),
Tty + tay) = T(h) + Tltay) = T(|1a] |t | T(|ta] ol y)
= T () + [T (2y) = [l T (@) + o] 2T ()

[t
=t:1T(z) + t2T(y)

for all t1,to € RY(t1,t2 # 0) and all z, y € pMy. And T(z) = T(z —y +y) =

T(x —y)+T(y) for all x € pM;. Hence T'(z —y) = T(z) — T(y) for all z € pM;. So

the unique additive mapping T : pM; — pMs; is an R-linear mapping satisfying the

conditions given in the statement.

Itl |t1] 121

Let d = s =1 in Theorem 2.1. Since T'(azx) = aT(x) for all a € By and all z € p M,

T(ax + by) = T(ax) + T(by) = (|a|| | ) + (|b| oY 0)

b
|G|T(| | )+|b|T(|b| y) = |a|| | ()+|b||b| (v)
=aT(z) + bT(y)

for all a, b € B(a,b# 0) and all z, y € gM;. And T'(0z) = 0T (x) for all x € gM7. So
the R-linear mapping T : pM; — pMs is B-linear.

Remark 2.1. If the second inequality in the statement of Theorem 2.1 is replaced

by
I f(a%z +y) — a* f(z) — fF)I < o(z,y),
then
| f(a%x + a%y) — a* f(x) — fla®y)|| < @(x,a’y),
I f(a%z + a'y) — f(a'z) — a®f(y)|| < ply, a’a),
I f(a%z + a’y) — f(az) — flay)| < p(a’z,a’y).
So

£ (a2 + ay) — a*f(z) — a* FY)|| < @@, a’y) + @y, a’w) + p(az, a’y),

hence the result does also hold.

Corollary 2.2. Let f : pM; — pMs be a mapping for which there exist constants
€>0 and p €[0,1) such that

1£(a%z + ay) — a*f(z) — a*F(y)]| < e(llz]” + [[y]?),
1f (e + ty) — tf (x) = tf ()l < e([[=]]” +[[y[[")
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for all a € By, allt € RY, and all z,y € pM;. Then there exists a unique R-linear
mapping T : pMy — pMs such that

T(a’z) = a°T(z),

2¢
1) = @) < sz lell?

for all a € By and all x € g M.
Proof. Define p(x,y) = €(||z||? + ||y||?), and apply Theorem 2.1.

Corollary 2.3. Let Ey and E5 be complex Banach spaces and f : E1 — Eo a mapping
for which there exists a function ¢ : By x E; — [0,00) such that

Bla,y) =D 27 o2, 2My) < o,
k=0
I1f(uz + uy) — 1 f(2) — p® F (W)l < olz,y),
[ f(Az + Ay) = Af(z) = Af ()l < p(z,y)

forall y € Cy =T, all N € RY, and all z, y € E,. Then there exists a unique R-linear
mapping T : By — Es5 such that

T(u'z) = p°T (),
17(@) - T@) < 35z, 2)

for all p € T! and all x € E;.

Proof. Since C is a unital Banach algebra, the Banach spaces E; and E» are consid-
ered as Banach modules over C. By Theorem 2.1, there exists a unique R-linear mapping
T : E1 — FE5 satisfying the conditions given in the statement.

Now we prove the Hyers-Ulam-Rassias stability of another linear functional equation
in Banach modules over a unital Banach algebra.

Theorem 2.4. Let f: My — pMs be a mapping for which there exists a function
w: My x pM; — [0,00) satisfying (i) such that

la®f (2 +y) — fla’z) — flay)ll < p(z.y),
[tf(x +y) — fte) = f(t2)]| < p(2,y)

for all a € By, all t € RY, and all z, y € gM,. Then there exists a unique R-linear
mapping T : M1 — pMs satisfying (i) such that

a*T(z) = T(ax)

for all a € By and all x € g M.
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Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique
additive mapping T : pM; — pM> satisfying (ii).
By the assumption, for each a € By,

Ja*£(2"5) = 21 (2" aa)| < p(2" 0,27 a)
for all z € gM;. So
la® f(2"x) — f(2"a2)|| < [la® f(2"2) — 2f (2" ata)|| + (122" 'a'z) — f(2"a%2)|
§ s0(2’1’7,711,, 27’7,711,) 4 s0(2’1’7,7101(11,7 2n71adl,)

for all a € By and all z € pM;. So 27"||a®f(2"x) — f(2"a%z)|| — 0 as n — oo for all
a € By and all x € gM;. Hence

sf(on on d
a’T(xz) = lim a’f(2"z) = lim f(2aTr) = T(a%z)
n—00 2m n—00 n
for all a € B;.
Similarly, one can obtain that
tf(2" 27t
tT(z) = lim % = lim % =T(tx)

for each t € RY.
The rest of the proof is the same as the proof of Theorem 2.1. So the unique additive
mapping T : pM; — pM> is an R-linear mapping satisfying (ii) such that

a*T(z) = T(az)
for all @ € By and all x € gMj, as desired.

Theorem 2.5. Let f : M1 — pMs be a mapping for which there exists a function
p: My x pM; — [0,00) satisfying (i) such that
[f(tx +ty) — tf (x) — tf ()] < e(2,y),
I1f(az) = a® f(2)]| < p(=, x)
for all a € By, all t € RY, and all z, y € gM,. Then there exists a unique R-linear
mapping T : pMy — My satisfying (ii) such that
T(a%z) = a*T(z)
for all a € By and all x € gM;.

Proof. By the same reasoning as the proof of Theorem 2.1, there exists a unique
additive mapping T : pM; — pM, satisfying (ii). Combining the definition of the
mapping T and the second inequality given in the statement yields that

on d sf(on
T(a%z) = lim f(2a%r) = lim o’ f(2") =a°T(x)
2n

n—00 2n n—00
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for all a € B; and all z € gM;.

The rest of the proof is the same as the proof of Theorem 2.1. So the unique additive
mapping T : pM; — pMs is an R-linear mapping satisfying the conditions given in the
statement, as desired.

Remark 2.2. If the second inequality in the statement of Theorem 2.1 is replaced

by
If(a’z +y) —a*f(z) — F)] < e(z, ),
then
I f(a%s + x) — a®f(z) — f(2)]| < o(z,2),
If(az 4 x) — f(az) — f(2)] < pla’z, x).
So

1 (a%z) = a* f(2)]| < p(x,) + p(a’z, 2),

hence the result does also hold.

3. Stability of the Pexider Functional Equation in Banach Modules

In this section, we prove the Hyers-Ulam-Rassias stability of the Pexider functional
equation in Banach modules over a unital Banach algebra.

Theorem 3.1. Let f, g, h : gMy — pMs be mappings for which there exists a
function ¢ : My \ {0} x pM; \ {0} — [0,00) such that

23 o(3%z,3Fy) < o0, (iii)
1 f (a2 + a’y) — a®g(x) — a*h(y)[| < p(z,y),

[/ (tz + ty) — tg(z) — th(y)|| < p(z,y)

foralla € By, allt € RT, and all x, y € pM1\ {0}. Then there exists a unique R-linear

mapping T : pMy — pMs such that
T(a’z) = a°T(x),

1 _x —x

17@)~ F0) = T@) < 355, 50 + 3350 2) + 385, 2) + 25(5, 3)
F2B(SE 2 4 25, 20 + 25, ) (iv)

for all a € By and all x € gM; \ {0}.

Proof. Put a = 1. By [7, Theorem 2.2|, there exists a unique additive mapping
T : pM; — M, satisfying (iv). The mapping T : g My — M, was given by

T(e) = tim LGy 9B7) _ gy hB")
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for all x € pM;. For each fixed a € By, it follows from the second inequality of the
statement and the definition of the mapping T" that

n,d s n
T(a%z) = lim f(8ra%z) = lim @°9(3"z) =a’T(x)
for all @ € By and all x € gM;.
Similarly, one can obtain that
n n
T(tx) = lim f@"r) B tT(z)

for each t € RT.

The rest of the proof is the same as the proof of Theorem 2.1. So the unique additive
mapping T : gM; — M, is an R-linear mapping satisfying the conditions given in the
statement, as desired.

Corollary 3.2. Let p< 1, and f, g, h: pMy — My mappings such that
1 f (a2 + ay) — a®g(x) — ah(y)|| < [|=[|” + [[y]I",
1tz + ty) = tg(x) — th(y)l| < [l=|[” + [|y[|”

foralla € By, allt € RT, and all x, y € pM1\ {0}. Then there exists a unique R-linear
mapping T : pM1 — pMs such that

4(3 +37)

I< g gyl Tla') =T

1/ () = f(0) = T(z)

for all a € By and all x € gM7 \ {0}.
Proof. Define p(z,y) = ||z||” + ||y||’, and apply Theorem 3.1.

Now we prove the Hyers-Ulam-Rassias stability of another Pexider functional equation
in Banach modules over a unital Banach algebra.

Theorem 3.3. Let f, g, h : My — pMs be mappings for which there exists a
function ¢ : pMy \ {0} x pM; \ {0} — [0,00) satisfying (iii) such that

la*f (2 +y) = gla”@) — h(a"y)| < @(z,y),
[tf(z +y) = g(tz) — h(ty)|| < p(z,y)

foralla € By, allt € RT, and all x, y € pM1\ {0}. Then there exists a unique R-linear
mapping T : M1 — pMs satisfying (iv) such that

a*T(z) = T(az)

for all a € By all x € gM; \ {0}.
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Proof. By the same reasoning as the proof of Theorem 3.1, there exists a unique
additive mapping T : pM; — p My satisfying (iv). For each fixed a € By, it follows from
the first inequality of the statement and the definition of the mapping T that

sf(3n 3n d
a f( ) — lim g( a‘x) :T(adx)

3n 00 3n

a’T(x) = lim

for all a € By and all z € gM;.

The rest of the proof is similar to the proof of Theorem 2.1. So the unique additive
mapping T : pM; — pMs is an R-linear mapping satisfying the conditions given in the
statement, as desired.

Similarly, one can prove the stability of the other linear functional equations in Banach
modules over a unital Banach algebra.
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