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STRONGLY STARLIKE FUNCTIONS ASSOCIATED WITH THE

DZIOK-SRIVASTAVA OPERATOR

JIN-LIN LIU

Abstract. In terms of the Dziok-Srivastava operator, we introduce and study some new classes

of strongly starlike functions. Certain properties of these subclasses are studied.

1. Introduction

Let A denote the class of functions f(z) of the form

f(z) = z +

∞
∑

n=2

anzn (1.1)

which are analytic in the unit disc E = {z : |z| < 1}. A function f(z) belonging to the

class A is said to be convex of order γ in E if and only if

Re

{

1 +
zf ′′(z)

f ′(z)

}

> γ (z ∈ E; 0 ≤ γ < 1). (1.2)

A function f(z) belonging to the class A is said to be starlike of order γ in E if and

only if

Re

{

zf ′(z)

f(z)

}

> γ (z ∈ E; 0 ≤ γ < 1). (1.3)

We denote by C(γ) the class of all functions in A which are convex of order γ in E and

by S∗(γ) the class of all functions in A which are starlike of order γ in E. From (1.2)

and (1.3), we can see that f(z) ∈ C(γ) if and only if zf ′(z) ∈ S∗(γ).

If f(z) ∈ A satisfies

∣

∣

∣

∣

arg

(

zf ′(z)

f(z)
− γ

)∣

∣

∣

∣

<
π

2
β (z ∈ E; 0 < β ≤ 1, 0 ≤ γ < 1), (1.4)

Received March 15, 2002; revised October 9, 2002.
2000 Mathematics Subject Classification. Primary. 30C45, 26A33; Secondary. 33C20.
Key words and phrases. The Dziok-Srivastava operator, strongly starlike function, strongly
convex function.

37



38 JIN-LIN LIU

then we say that f(z) is strongly starlike of order β and type γ in E, and we denote by
S∗(β, γ) the class of all such functions. If f(z) ∈ A satisfies

∣

∣

∣

∣

arg

(

1 +
zf ′′(z)

f ′(z)
− γ

)∣

∣

∣

∣

<
π

2
β (z ∈ E; 0 < β ≤ 1, 0 ≤ γ < 1), (1.5)

then f(z) is said to be strongly convex of order β and type γ in E, and denote by f(z) ∈
C(β, γ). It is obvious that f(z) ∈ A belongs to C(β, γ) if and only if zf ′(z) ∈ S∗(β, γ).
Further, we note that S∗(1, γ) = S∗(γ) and C(1, γ) = C(γ).

Very recently, Dziok and Srivastava [3] have given a systematic investigation of a
linear operator H(α1, α2, . . . , αq; β1, β2, . . . , βs) which is defined by the generalized hy-
pergeometric function (see, for details, [3]). They showed that

zH ′(α1, α2, . . . , αq; β1, β2, . . . , βs)f(z)

= α1H(α1+1, α2, . . . , αq; β1, β2, . . . , βs)f(z)−(α1−1)H(α1, α2, . . . , αq; β1, β2, . . . , βs)f(z)

(1.6)

Let q, s ∈ N , 0 < β ≤ 1 and 0 ≤ γ < 1. We now introduce the following classes in
terms of the linear operator H(α1, α2, . . . , αq; β1, β2, . . . , βs):

Mα1
(β, γ) =

{

f(z) ∈ A : Hq,s(α1)f(z) ∈ S∗(β, γ),
z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
6= γ for z ∈ E

}

and

Pα1
(β, γ) =

{

f(z) ∈ A : Hq,s(α1)f(z)∈C(β, γ), 1+
z(Hq,s(α1)f(z))′′

(Hq,s(α1)f(z))′
6= γ for z∈E

}

,

where, for convenience,

Hq,s(α1) = H(α1, α2, . . . , αq; β1, β2, . . . , βs).

For q = s + 1 and α1 = 1, α2 = β1, . . . , αq = βs, it is easy to see that M1(β, γ) is the
class of strongly starlike functions of order β and type γ whereas P1(β, γ) is the class
of strongly convex functions of order β and type γ. Further, when β = 1, we note that
M1(1, γ) = S∗(γ) and P1(1, γ) = C(γ).

In this note, we shall study some inclusion properties of the classes Mα1
(β, γ) and

Pα1
(β, γ). The basic tool of our investigation is the following lemma due to Nunokawa

[16, 17].

Lemma. Let a function p(z) = 1 + b1z + · · · be analytic in E and p(z) 6= 0 (z ∈ E).
If there exists a point z0 ∈ E such that

|arg p(z)| < πβ/2 (|z| < |z0|) and |arg p(z0)| = πβ/2 (0 < β ≤ 1),

then we have z0p
′(z0)/p(z0) = ikβ, where

k ≥
1

2

(

a +
1

a

)

(where arg p(z0) = πβ/2),

k ≤ −
1

2

(

a +
1

a

)

(where arg p(z0) = −πβ/2),
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and (p(z0))
1/β = ±ia (a > 0).

2. Main Results

Our first inclusion theorem is the following

Theorem 1. Mα1+1(β, γ) ⊂ Mα1
(β, γ) for α1 > 1 − γ and 0 ≤ γ < 1.

Proof. Let f(z) ∈ Mα1+1(β, γ). Suppose that

z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
= γ + (1 − γ)p(z), (2.1)

where p(z) = 1 + c1z + c2z
2 + · · · is analytic in E and p(z) 6= 0 for all z ∈ E. By (2.1)

and (1.6), we have

Hq,s(α1 + 1)f(z)

Hq,s(α1)f(z)
=

1

α1

[

z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
+ (α1 − 1)

]

=
1

α1

[(1 − γ)p(z) + (γ + α1 − 1)]. (2.2)

Differentiating both sides of (2.2) logarithmically, it follows that

z(Hq,s(α1 + 1)f(z))′

Hq,s(α1 + 1)f(z)
=

z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
+

(1 − γ)zp′(z)

(1 − γ)p(z) + (γ + α1 − 1)

= (1 − γ)p(z) + γ +
(1 − γ)zp′(z)

(1 − γ)p(z) + (γ + α1 − 1)
,

or
z(Hq,s(α1 + 1)f(z))′

Hq,s(α1 + 1)f(z)
− γ = (1 − γ)p(z) +

(1 − γ)zp′(z)

(1 − γ)p(z) + (γ + α1 − 1)
.

Suppose that there exists a point z0 ∈ E such that

|arg p(z)| < πβ/2 (|z| < |z0|) and |arg p(z0)| = πβ/2.

Then, by Lemma, we can write that z0p
′(z0)/p(z0) = ikβ and (p(z0))

1/β = ±ia (a > 0).
Therefore, if arg p(z0) = πβ/2, then

z(Hq,s(α1 + 1)f(z0))
′

Hq,s(α1 + 1)f(z0)
− γ = (1 − γ)p(z0)

[

1 +
z0p

′(z0)/p(z0)

(1 − γ)p(z0) + (γ + α1 − 1)

]

= (1 − γ)aβeiπβ/2

[

1 +
ikβ

(1 − γ)aβeiπβ/2 + (γ + α1 − 1)

]

.

This implies that

arg

{

z0(Hq,s(α1 + 1)f(z0))
′

Hq,s(α1 + 1)f(z0)
− γ

}
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=
π

2
β + arg

{

1 +
ikβ

(1 − γ)aβeiπβ/2 + (γ + α1 − 1)

}

=
π

2
β+tan−1

{

kβ[(γ+α1−1)+(1−γ)aβ cos(πβ
2

)]

(γ+α1−1)2+2(γ+α1−1)(1−γ)aβcos(πβ
2
)+(1−γ)2a2β+kβ(1−γ)aβsin(πβ

2
)

}

≥
π

2
β (where k ≥ 1

2
(a + 1

a ) > 1),

which contradicts the hypothesis that f(z) ∈ Mα1+1(β, γ).
Similarly, if arg p(z0) = −πβ/2, then we obtain that

arg

{

z0(Hq,s(α1 + 1)f(z0))
′

Hq,s(α1 + 1)f(z0)
− γ

}

≤ −
π

2
β,

which also contradicts the hypothesis that f(z) ∈ Mα1+1(β, γ).
Thus the function p(z) has to satisfy |arg p(z)| < πβ/2 (z ∈ E). This shows that

∣

∣

∣

∣

arg

{

z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
− γ

}∣

∣

∣

∣

≤
π

2
β (z ∈ E).

This evidently completes the proof of Theorem 1.

By Theorem 1, we also have the following

Theorem 2. Pα1+1(β, γ) ⊂ Pα1
(β, γ) for α1 > 1 − γ and 0 ≤ γ < 1.

Proof. f(z) ∈ Pα1+1(β, γ) ⇔ Hq,s(α1 + 1)f(z) ∈ C(β, γ)

⇔ z(Hq,s(α1 + 1)f(z))′ ∈ S∗(β, γ) ⇔ Hq,s(α1 + 1)(zf ′(z)) ∈ S∗(β, γ)

⇔ zf ′(z) ∈ Mα1+1(β, γ) ⇒ zf ′(z) ∈ Mα1
(β, γ)

⇔ Hq,s(α1)(zf ′(z)) ∈ S∗(β, γ) ⇔ z(Hq,s(α1)f(z))′ ∈ S∗(β, γ)

⇔ Hq,s(α1)f(z) ∈ C(β, γ) ⇔ f(z) ∈ Pα1
(β, γ).

We next state.

Theorem 3. Let v>−γ and 0 ≤ γ < 1. If f(z)∈Mα1
(β, γ) with z(Hq,s(α1)Jvf(z))′/

Hq,s(α1)Jvf(z) 6= γ for all z ∈ E, then Jvf(z) ∈ Mα1
(β, γ), where Jvf(z) is given by

Jvf(z) =
v + 1

zv

∫ z

0

tv−1f(t)dt (v > −1; f(z) ∈ A). (2.3)

Proof. Let
z(Hq,s(α1)Jvf(z))′

Hq,s(α1)Jvf(z)
= γ + (1 − γ)p(z), (2.4)

where p(z) is analytic in E, p(0) = 1 and p(z) 6= 0 (z ∈ E). From (2.3), we have

z(Hq,s(α1)Jvf(z))′ = (v + 1)Hq,s(α1)f(z) − vHq,s(α1)Jvf(z). (2.5)
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By (2.4) and (2.5), we obtain

Hq,s(α1)f(z)

Hq,s(α1)Jvf(z)
=

1

v + 1
[(1 − γ)p(z) + (γ + v)]. (2.6)

Differentiating (2.6) logarithmically, we have

z(Hq,s(α1)f(z))′

Hq,s(α1)f(z)
− γ = (1 − γ)p(z) +

(1 − γ)zp′(z)

(1 − γ)p(z) + (γ + v)
.

The remaining part of the proof is similar to that of Theorem 1 and so is omitted.

Finally, we derive the following.

Theorem 4. Let v>−γ and 0≤γ <1. If f(z)∈Pα1
(β, γ) and 1+z(Hq,s(α1)Jvf(z))′′/

(Hq,s(α1)Jvf(z))′ 6= γ for all z ∈ E, then Jvf(z) ∈ Pα1
(β, γ).

Proof. f(z) ∈ Pα1
(β, γ) ⇔ zf ′(z) ∈ Mα1

(β, γ)

⇔ Jv(zf ′(z)) ∈ Mα1
(β, γ) ⇔ z(Jvf(z))′ ∈ Mα1

(β, γ)

⇔ Jvf(z) ∈ Pα1
(β, γ).
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