TAMKANG JOURNAL OF MATHEMATICS
Volume 35, Number 1, Spring 2004

STRONGLY STARLIKE FUNCTIONS ASSOCIATED WITH THE
DZIOK-SRIVASTAVA OPERATOR

JIN-LIN LIU

Abstract. In terms of the Dziok-Srivastava operator, we introduce and study some new classes

of strongly starlike functions. Certain properties of these subclasses are studied.

1. Introduction

Let A denote the class of functions f(z) of the form
f(z):erZanz" (1.1)
n=2

which are analytic in the unit disc F = {z : |2|] < 1}. A function f(z) belonging to the
class A is said to be convex of order 7 in E if and only if

2f"(z)
f'(2)

A function f(z) belonging to the class A is said to be starlike of order + in E if and
only if

Re{l—i— }>7 (z€ E; 0<y<1). (1.2)

2f'(2) }
Re{ > (zeF; 0<y<1). 1.3
e ( ) (13)
We denote by C(v) the class of all functions in A which are convex of order v in E and
by S*(7y) the class of all functions in A which are starlike of order v in E. From (1.2)
and (1.3), we can see that f(z) € C(y) if and only if zf'(z) € S*(v).

If f(z) € A satisfies

arg (z;(g) _7)‘ < gﬁ (:€B;0<B<1,0<y<1), (1.4)
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then we say that f(z) is strongly starlike of order § and type « in E, and we denote by
S*(8,~) the class of all such functions. If f(z) € A satisfies

2f"(2)
f'(z)
then f(2) is said to be strongly convex of order 5 and type 7 in E, and denote by f(z) €
C(B,7). It is obvious that f(z) € A belongs to C(8,~) if and only if zf/(z) € S*(5,7).
Further, we note that S*(1,~v) = S*(v) and C(1,v) = C(y).

Very recently, Dziok and Srivastava [3] have given a systematic investigation of a
linear operator H (a1, o, ..., aq;01,02,...,0s) which is defined by the generalized hy-
pergeometric function (see, for details, [3]). They showed that

ZHI(Otl,OZQ, cee 70511;617627 cee 765).](‘(2)
== alH(a1+1;a2a .. '7O‘q;61a 627 cee 765).}1‘(2)7(041*1)]{(0‘1; a2, .. '7O‘q;617 ﬂQa e 765)f(z)

arg (1—|— —’y)‘<gﬁ (z€E; 0<p<1, 0<y<1), (1.5)

(1.6)
Let g, s€e N, 0 < f<1and 0 <~ <1 We now introduce the following classes in
terms of the linear operator H (a1, @, ..., aq; 61,02, ..., 0s):
2(Hys(1)f(2)) }
M, (8,7) = z)€A: H,  (« z) € 8*(8,7), 4 forz e FE
w80 = {10 € A+ Hyuan () € 5(5), SgeenlE) o

and

Py, (B,7) = {f(Z) €A:Hys(a1)f(2)eC(B,7), 1+Z(Hq,s(061)f(2))/,

(Hg,s(an) f(2))

#~ for ZEE},

where, for convenience,

Hq,S(Oél) = H(Oél,ag, e 705q;61;627 v ,55).

Forg=s+1land oy =1, as = f1,...,0q = B, it is easy to see that M1(3,7) is the
class of strongly starlike functions of order 5 and type v whereas P;(f,7) is the class
of strongly convex functions of order 8 and type . Further, when 3 = 1, we note that
Mi(1,7) = 5*(y) and Pi(1,7) = C(v).

In this note, we shall study some inclusion properties of the classes M, (5,~) and
P,,(B,7). The basic tool of our investigation is the following lemma due to Nunokawa
[16, 17].

Lemma. Let a function p(z) =1+ b1z + - be analytic in E and p(z) #0 (z € E).
If there exists a point zy € E such that

larg p(z)| <76/2 (|2 < |z0]) and l|arg p(zo)| = 70/2 (0 <5 < 1),

then we have zop'(20)/p(z0) = ik, where
1
5( ) (where arg p(z9) = 73/2),
1
2

k< — (a + é) (where arg p(z9) = —73/2),



STRONGLY STARLIKE FUNCTIONS AND THE DZIOK-SRIVASTAVA OPERATOR 39
and (p(20))"/? = +ia (a > 0).

2. Main Results
Our first inclusion theorem is the following
Theorem 1. M, 11(8,7) C My, (B,7) fora; >1—v and 0 <y < 1.
Proof. Let f(z) € Mu,+1(8,7). Suppose that

2(Hys(1)f(2))
Hy,s(an)f(2)

where p(2) = 1+ c12 + c222 + - -+ is analytic in E and p(z) # 0 for all z € E. By (2.1)
and (1.6), we have

Hyulon +DIC) _ 1 [HylofG)
Hyso) ()~ an | Hyslan)fz) T2~ b

= (= )p(e) + (a1~ D) (2.2)

=7+ (1 =7)p(2), (2.1)

Differentiating both sides of (2.2) logarithmically, it follows that
2(Hgs(n +1)f(2))" _ 2(Hgs(1)f(2)) (1 —7)zp'(2)
Hys(ar +1)f(2) Hys(an)f(z) — (1=)p(z) + (v +o1 —1)

(1 — (2 (1 =7)2p'(2)
S0 e (e 1)

(1 —7)zp'(2)
L—y)p(z) + (v + a1 — 1)

 (Hylan + 1))
Hy (a1 +1)f(2)

—7=0=7)p(z) + (
Suppose that there exists a point zy € E such that

larg p(2)| < 73/2 (]z] < |z0]) and |arg p(zo)| = 75/2.

Then, by Lemma, we can write that zop'(20)/p(20) = ik and (p(20))/? = +ia (a > 0).
Therefore, if arg p(z9) = 73/2, then

2(Hy,s(a1 +1) f(20))’
Hg,s(o1 +1)f(20)

= (= ptan) 1 Rl

(1 =)p(20) + (v + a1 — 1)

, k3
= (1—v)ale™?/? |1 _ .
( ~v)ale [ + (1 —7)alPei™B/2 4 (y 4+ a1 — 1)

This implies that

Zo(Hg,s(a1 +1)f(20))"
are { Hyo(o1 + 1) f(z0) ”}
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ik }
(1 —7)ale™P/2 + (v + ay — 1)
kB(y+a1—1)+(1=7)a” cos(32)]
(v+ar—1R+2(y+ar—1)(1—7)aos () + (1 -7 a2+ kB (1—7)akin(Z)
> gﬁ (where k > %(a—i— %) > 1),

™
:§ﬁ—|—arg {1—1—

T
= —B4tan!
26+ an {

which contradicts the hypothesis that f(z) € M, +1(8,7).
Similarly, if arg p(z9) = —7(3/2, then we obtain that

20(Hgs(1 +1)f(20))" _r
arg{ Hys(a1 +1)f(20) } =72

which also contradicts the hypothesis that f(z) € My, +1(8,7).
Thus the function p(z) has to satisfy |arg p(z)| < 73/2 (z € E). This shows that

This evidently completes the proof of Theorem 1.

| N

B (z€E).

By Theorem 1, we also have the following

Theorem 2. P, 11(8,7) C Pa,(8,7) foraz >1—7v and 0 <y < 1.

Proof. f(2) € Pay1(B,7) & Hys(o1 + 1) f(2) € C(8,7)
& 2(Hgs(a1 +1)f(2)) € 87(8,7) & Hg,s(ar +1)(2f'(2)) € S*(8,7)
& 2f'(2) € May11(8,7) = 2f'(2) € Ma, (8,7)
& Hys(a1)(2f'(2)) € S7(B,7) & 2(Hgs(01)f(2)) € S*(8,7)
& Hys(a1)f(2) € C(B,7) & f(2) € P, (B,7).

We next state.

Theorem 3. Letv>—vy and 0 <y < 1. If f(z) € My, ( v) with z(Hg,s(a1)Ju f(2))'/
H, s(an)Jyf(2) # 7y for all z € E, then J, f(2) € Ma, (8,7), where J, f(2) is given by

Jof(2) = u;1 /0 T ()dE (v > 15 f(2) € A). (2.3)
Proof. Let . ; ,
Z(H;:((SE))J:;((ZZ))) =7+ (1—7)p(2), (2.4)

where p(z) is analytic in E, p(0) = 1 and p(z) # 0 (2 € E). From (2.3), we have

Z(Hq,s(al)rjvf(z)), =(v+ 1)Hq,s(a1)f(z) - qu,s(al)Jvf(z)~ (2.5)
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By (2.4) and (2.5), we obtain

Hg,s(a1) f(2) _ 1
Hq,s(al)Jvf(Z) ’U+].

(T =2)p(2) + (v +v)]- (2.6)

Differentiating (2.6) logarithmically, we have

2(Hg,s(on)f(2))
Hys(an)f(2)

The remaining part of the proof is similar to that of Theorem 1 and so is omitted.

(1 —9)2p'(2)
L—=7)p(z) + (v +v)

*7:(1*7)p(2)+(

Finally, we derive the following.

Theorem 4. Letv>—v and 0<~y<1. If f(2) € Po,(8,7) and 14+2(Hy s(an) o f(2))"/
(Hy,s(a1)Jo f(2))" # v for all z € E, then J, f(2) € Pa,(8,7)-

Proof. f(2) € Pa,(B8,7) & 2f'(2) € Mo, (B,7)
A JU(ZfI(Z)) € My, (ﬁa'y) A Z(Jvf(z)), € Mo, (5/7)
= Jvf(z) E Pal (ﬁa’y)
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