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SIGNED STRONG ROMAN DOMINATION IN GRAPHS

LEILA ASGHARSHARGHI, RANA KHOEILAR AND SEYED MAHMOUD SHEIKHOLESLAMI

Abstract. Let G = (V, E) be a finite and simple graph of order n and maximum degree
A. A signed strong Roman dominating function (abbreviated SStRDF) on a graph G is a
function f: V —{-1,1,2,..., [%1 + 1} satisfying the conditions that (i) for every vertex v of
G, Y uen f(u) = 1, where N[v] is the closed neighborhood of v and (ii) every vertex v for
which f(v) = -1 is adjacent to at least one vertex u for which f(u) =1+ [%IN(u) nV_il,
where V_; = {vr € V| f(v) = —1}. The minimum of the values ),y f(v), taken over all
signed strong Roman dominating functions f of G, is called the signed strong Roman
domination number of G and is denoted by ysr(G). In this paper we initiate the study
of the signed strong Roman domination in graphs and present some (sharp) bounds for
this parameter.

1. Introduction

In this paper, G is a simple graph with vertex set V = V(G) and edge set E = E(G). For
every vertex v € V, the open neighborhood Ng(v) = N(v) is the set {u € V | uv € E} and the
closed neighborhood of v is the set N[v] = N(v) U{v}. The degree of a vertex v € V is dg(v) =
d(v) = |N(v)|. The minimum and maximum degree of a graph G are denoted by 6 = 6(G) and
A = A(G), respectively. The complement of G is denoted by G. We write K, for the complete
graph, C,, for a cycle, P, for a path of order n and K; , for a star of order r + 1. Forr,s=1, a
double star S(r, s) is a tree with exactly two vertices that are not leaves, with one adjacent to r
leaves and the other to s leaves.

A subset S of vertices of G is a dominating set if N[S] = V. The domination numbery(G) is
the minimum cardinality of a dominating set of G. A dominating set of minimum cardinality
of G is called a y(G)-set. A signed Roman dominating function (abbreviated SRDF) on G is
defined as a function f : V(G) — {-1,1,2} such that f(N[v]) = X enpy f(x) = 1 for every
v € V(G) and every vertex u for which f(u) = —1 is adjacent to at least one vertex v for which
f(v) = 2. The weight of an SRDF f on a graph G is w(f) = ¥ jev(g) f(v). The signed Roman
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domination numberyg(G) of G is the minimum weight of an SRDF on G. The signed Roman
domination number was introduced by Ahangar et al. [1] and has been studied by several

authors (for example [7]).

The defensive strategy of signed Roman domination is based in the fact that every place
in which there is established a Roman legion (a label 1) is able to protect itself under external
attacks; and that every place with an auxiliary troop (a label -1) must have at least a stronger
neighbor (alabel 2). In that way, if an unsecured place (a label -1) is attacked, then a stronger
neighbor could send one of its two legions in order to defend the weak neighbor vertex (label
-1) from the attack. If several simultaneous attacks to weak places are developed, then the
only stronger place will be not able to defend its neighbors efficiently. With this motivation in
mind, we introduce the concept of signed strong Roman dominating function as follows. For
our purposes, we consider that a strong place should be able to defend itself and, at least half
of its weak neighbors.

In graph theoretic terms, we define a signed strong Roman dominating function (SStRDF)
on a graph G = (V,E) to be a function f: V — {-1,1,2,..., [%] + 1} satisfying the conditions
that the sum of the values assigned to a vertex and its neighbors is at least 1 for every ver-
tex and every vertex v for which f(v) = —1 is adjacent to at least one vertex u for which
fw=1+ [%IN(u) NV_1]], where V_; = {v € V| f(v) = —1}. The signed strong Roman domi-
nation number, denoted ysg(G), is the minimum weight of an SStRDF in G; that is, yssg(G) =
min{w(f) | f is an SStRDF in G}. An SStRDF of weight y g (G) is called a y ¢z (G)-function.

A signed strong Roman dominating function f: V — {-1,1,2,..., [%1 + 1} can be repre-
sented by the ordered partition (V_, Vl,...,V[%Hl) (or (Vfl, V{,...,V[];Hl) toreferto f) of V,
2
where V;={veV| f(v)=i}fori=-1,1,..., [%1 +1. If G1,Gy,..., G, are the components of G,
then

Yssr(G) =Y Vssr(Gi). (1)
i=1

In this paper, we initiate the study of the signed strong Roman domination in graphs and
present some (sharp) bounds for this parameter. In addition, we determine the signed strong

Roman domination number of some classes of graphs.

We make use of the following observations.

Proposition A ([1]). Let G be a graph of order n. Then ysg(G) < n, with equality if and only if
G =K.

Observation 1. For any connected graph G with A(G) <2, vssr(G) =7 sr(G).
Proposition B ([1]). Forn=3,yr(Cy) = [22] andyg(Py) = |22].

Corollary 2. Forn =3, ysr(Cp) = [3] andy ssg(Pp) = |3
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Based on (1) and Observation 1, from now on, we focus mainly on connected graphs with

maximum degree A = 3.

Proposition 3. For any integer k = 1, there exists a connected graph G such thatyssg(G) = —k.

Proof. Let v be the center of the star K] 5115 and let G be a wounded spider obtained from
Kj 5k+5 by subdividing k + 1 edges. Define f: V — {-1,1,2,..., [%] +1} by f(x) =-1lifxisa
leaf, f(v) =2k+3and f(x) =2 otherwise. Obviously, f is an SStRDF on G of weight —k and so
Yssr(G) < —k. On the other hand, for any y g (G)-function g, we have g(N[v]) = 1 and so

Yssr(G) = g(N[vD) —(k+1)=1—(k+1) =—k.
This implies that yssz(G) = —k and the proof is complete. O

Proposition 4. For n>4, ysgr(K,) = 1.

Proof. Let V(K,,) = {v1,..., v} be the vertex set of K, and let f be a ysr(Kj)-function. Clearly
Yssr(Kn) = f(N[vy]) = 1. If nand [”T_l] have different parity, then the function f: V(K,) —
=1,1,2,..., 1% + 1} defined by f(v,) = [Z21+1, f(vy) = -1for 1 <i<[Z1], f(v)) = (-1)/
for [”T_l] +1<j<n-1,isasigned strong Roman dominating function on K,, of weight 1. Let
n and [”T_l] have the same parity. Then the function f defined by f(v,) = [”7_11, flwy)=-1
for 1 <i=<[21, f(vj) = (-1 for [E21+1< j<n-2and f(vy,—1) = 1, is a signed strong
Roman dominating function on K;, of weight 1. Thus yr(K,) = 1. O

2. Bounds on the signed strong Roman domination number

In this section, we establish some sharp bounds on the signed strong Roman domination

number.

Proposition 5. If G is a connected graph of order n with maximum degree A, then
Yssr(G) =2+ A —n.
This bound is sharp for complete graphs Kj, (n = 4).
Proof. Let f be a yr(G)-function and v be a vertex of degree A. Since f(N[v]) =1, we have
Yssr(G) =w(f)z1-(n-A-1)=2+A—-n. O

Proposition 6. Let G be a connected graph of order n. Then the following statements hold.

@) vssr(G) < n, with equality ifand only if G = K,,.
(b) yssr(G) = 2y(G) — n, with equality ifand only if G = K ,,.
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Proof. (a) Clearly, assigning a weight of 1 to every vertex of G produces an SStRDF of G of
weight n which implies that ysr(G) < n. If G = K, then it follows from Proposition A and
Observation 1 that yg(G) = n. Henceforth, we assume that G is not empty. Let G; be a
component of G of order at least two, u a vertex of minimum degree in G;, and v be aneighbor
of u. Clearly the function f: V(G) — {-1,1,2,..., [%] + 1} defined by f(u) = -1, f(v) =2 and
f(x) =1 otherwise, is an SStRDF of G of weight n—1 and so yg(G) < n—1.

(b) Let f be a yssr(G)-function. If V; = ¢, foreach2 <i < [%1 +1, then V = V4, and we have
vssr(G) = w(f) = n. But then by (a), G = K, and so0 y(G) = n, implying that yssz(G) = 27/(G) -

n. Hence WemayassumethatIV,I>1forsorne2<z<[ 1+ 1. Since |V_1|=n-— Z[ ]+1|Vl~|

and U V, is a dominating set for G, we have

[41+1

YssR(G) = Z Vil =1V_q]
i=1

[£1+1

= ) (+DIVil-n

i=1
A
[5]"—1

>2( Y IVih-n

i=1
> 2y(G) -

This completes the proof. O

Proposition 7. IfG is a connected graph of order n with minimum degree 6 (G), thenyssg(G) <
n-6(G)+1+ |22,

Proof. The result is immediate for 6(G) = 1. Assume that 6(G) = 2 and 6(G) = r(mod 2).
Let v be a vertex of degree 6(G) and N(v) = {us, uy, ..., us)}. Define the function g: V —
=1,1,2,...,[3] + 1} by g(u;) = (=1 for 1 < i < 6(G)—r, g(v) = [ ] +1and g(x) = 1
otherwise. It is easy to verify that g is an SStRDF on G of weight at most n—0(G) + [5(6)-‘ +1

and hence (G
Yssr(G) = n— 5(G)+’7 (4)—‘+1. O

A set S € V is a 2-packing of a graph G if N[u] n N[v] = ¢ for any two distinct vertices
u,v € S. The 2-packing number p(G) of G is defined by

p(G) =max{|S|: Sis a 2-packing of G}.

Proposition 8. IfG is a graph of order n with 6 = 1, theny sz (G) = p(G) (6 +2) — n. This bound
is sharp for §(2,2).
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Proof. Let {vy, v3,..., vy} be a 2-packing of G, and let f be a y;r(G)-function. Suppose that

A= ufi?)N[vi]. Since {v1, v2,..., Vp(G)} is a 2-packing, we have

p(G)

|Al= ) (dgv)+1) = (6 +1Dp(G).
i=1

This implies that

p(G)

Ysr@ =Y f0=Y FNw+ Y fx)
i=1

xeV xeV-A

=p(G)+ Y. f)zpG)-n+lAl
xeV-A

=p(G)-n+0B+Dp(G) =0+2)p(G)—n. Oa
Lemma9. Let G be a connected graph of order n = 4. If f is an SStRDF of G, then |V_f I<n-1.

Proof. Let f be an SStRDF of G and assume to the contrary that |V_f /=n-1. Then1 =
A A

Zl[,il“ lVifl and |V1f| =0. Let Ul[i;lvl.f = {x}. Since f(NN[y]) = 1 for each y € V(G), we must

have x € N(y). Thus dg(x) = n—1. It follows from f(x) < [”T_l] + 1 that f(N[x]) =0 whichis a

contradiction. O

Proposition 10. Let G be a connected graph of order n = 4. Then

n
YSSR(G) >3- \‘EJ .
Moreover, this bound is sharp for S(2,4).

A
E]+1

Proof. Let f be a ys;r(G)-function and let W = Ul[.:2 V;. Define V_l1 ={veV_1:INwWNW|=
1} and V_z1 ={veV_1:IN(w)nW]|=2}. Since n=|V_1|+ V1| +|W], we have

Yssr(G) = Vil =1Vl + Y. f(v)
veW

1
= |Vil= Vol + W+ ) S IVo nNW®)|
x€W2

1 1
=n=2\Val+ 3 SIVAAN@I+ ) SV NN
xXeW xeW

1 1
= n—2|v_1|+5|v_11|+ Y 5|v_21mN(x)|
xeW

1o 2
> n+E|V_1|+|V_1I—2|V—1|

Lovievz -
=S (VA +IV2 ) =21V |

=n E”IV I
= 5 —11.
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Now the result follows from Lemma 9. O

3. Special classes of graphs

In this section, we determine the signed strong Roman domination number of special

classes of graphs.

Proposition 11. Forn =3, ysp(Ky,) =1.

Proof. For any y (K, ,)-function f, we have ysr(Ky,,) = f(N[v]) = 1 where v is the central
vertex of Kj ,,. To prove yssr(Ky,n) < 1, let N(v) = {uy, up, ..., u,}. If nand [%] have different
parity, then define f: V(Ky,,) — {-1,1,2,...,[51+ 1} by f(v) = [5], f(u;) = -1for1<i=<
51, fuj) = (=1)/ for [51+1<j<n-1and f(u,) = 1. Clearly, f is a signed strong Roman
dominating function on Kj , of weight 1 which implies that yssr(Kj,,) < 1 in this case.

Let n and [5] have the same parity. Define f: V(Ky,,) — {-1,1,2,...,[51+1} by f(v) =
[21+1, f(u)) =—-1for1<i=<T%], f(u;)=(=1) for [41+1 < j < n. Obviously, f is a signed
strong Roman dominating function on Kj , of weight

o= [Z] o1 [ 2 2] -2 ) =
Thus ysr(K1,,) = 1 and the proof is complete. O

Proposition 12. Forr=s=2,
Yssr(S(r,8) = {

Proof. Let u and v be the central vertices of S(r, s) with N(u) — {v} = {u1, up, ..., u;} and N(v) —

{u} = {v1, vs,..., vs}. We consider two cases.

Casel. [5] <[3].

Define f:V — {-1,1,2,..., [%] +1t by f(u;) = flvj) =-1forl<i<r,1<j<sand f(u) =
[%] +1, f(v)= [%] + 1. Obviously, f is an SStRDF on S(r, s) of weight

=[5+ [5]ramr-ea- 5] |3]
Hence, yssr(S(r,9) <2 5] = 5]

Now, we show that yr(S(r,8) = 2 - [%J - L%J. Let g be a yssr(S(r, s))-function such
that g(u) and g(v) are as large as possible. If either r, s have opposite parity or are even,
then |55¢] = |£] + |5] and by Proposition 10, we are done. Suppose that r and s are odd.
It follows from L%J < [%] that r = s+ 2. If g(v) = —1 (the case g(u) = —1 is similar), then
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g(v;) = 2 for each i, which implies that ysg(S(r,$)) =2s+1>2— L%J - L%J. Henceforth, we
may suppose that g(u), g(v) = 1. If g(u;) = 1 for some i, then g(u) < [5] + 1 and the func-
tion h:V — {-1,1,2,..., [%1] + 1} defined by h(u) = [%] +1, h(u;) =-1for1 <i<rand
h(x) = g(x) otherwise, is an SStRDF of weight at most w(g), a contradiction with the choice of
g. Hence g(u;) = -1 for each 1 < i < r. Similarly, g(v;) = —1 for each 1 < i < s. It follows that
glu) = [%] +1and g(v) = [%] +1. Thus
r s r s

wg=gw+gw)-r-s= bw +1+ [ﬂ +1-r—-s=2- bJ - bJ
Case2. [5] > [5]1+1.
For any yssr(S(r, s))-function g, we have w(g) = g(N[ul) +X;_, g(v;) = 1—s. Now define f:
V—-{-11,2,..., [%1] +1} by f(u) = [%] +1, f(r)= L%J and f(x) = —1 otherwise. Obviously, f
is an SStRDF on S(r, s) of weight w(f) = (r+1)—r—s=1-5. So vssr(S(r,s)) = 1 — s in this case

and the proofis complete. O

Proposition 13. Forn =3, ysp(Ky,n) = 4.

Proof. Let X = {uy,uy,...,u,} and Y = {vy, vy,..., v,} be the partite sets of K, ,,. If n and [g]
have different parity, then define f: V(K ) — {-=1,1,2,...,[51+ 1} by f(v1) = f(u1) = [51+1,
fw2)=fu) =2, f(u;) = f(v;) =—-1for3<i<[51+3, f(u;)=f(v;) = (=1)/ for [F1+4<j<
n. If n and [5] have the same parity, then define f: V(K ;) — {~1,1,2,...,[51+1} by f(v1) =
fu) = [g], fw)=f(ux) =2, f(uj) =f(vi)=-1for3<i< [%1 +2, fluj) = f(vy) = (-1 for
[51+3 < j < n. Obviously, f is a signed strong Roman dominating function on K, of weight
4 which implies that y sz (G) < 4.

Now we show that ysr(Ky, ;) = 4. Assume f is a yssr (K, ,)-function. If there is no vertex
with -1 value, then ysp(Ky,,) = 2n > 4. Let Vo1 # @. First, let [VoynX[=z1and |Vo1nY| =
1, and let uy, vy € V_y. Then X7, f(u;) = f(N[v1]) = f(v1) =22 and X7, f(v;) = f(Nlw1]) -
f(u1) = 2 which implies that yssg(Kp,n) = o(f) = Z;’:lf(ui) +Zl'.’:1f(vi) > 4. Now, let [V_1n
X|=0o0r|V_;nY|=0. Assume, without loss of generality, that |[V_; n Y| = 0. By definition we

must have f(v;) = [@] + 1 for some i, say i = 1. It follows that

n—-1 V_
Yssk(Knp) =0(f) = f(N[v )+ ) fv) =n+ [%w =4.
i=1

This completes the proof. O

We remark that the signed Roman domination number and the signed strong Roman

domination number of a graph are not comparable. For instance,

Ysr(S(2,3)) = -1 <yr(S(2,3)) =0,
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Ysr(S8(2,2)) =yssr(S(2,2)) =0
and
YSR(S(4; 8)=-2> YssR(S(4; 8)) =-3.

4. Trees

In this section, we establish an upper bound on the signed strong Roman domination
number of a tree T. First we introduce some terminology and notation. A vertex of degree
one is called a leaf, and its neighbor is called a stem. If v is a stem, then L, will denote the set
of all leaves adjacent to v. A stem v is called strong stemif|L,| > 1 and end-stem if T—(L,U{v})
is connected. For a vertex v in a rooted tree T, let C(v) denote the set of children of v, D(v)
denotes the set of descendants of v and D[v] = D(v) u {v}. Also, the depth of v, depth(v), is
the largest distance from v to a vertex in D(v). The maximal subtree at v is the subtree of T
induced by D(v) u {v}, and is denoted by T,.

For a given positive integer ¢ = 2, a wounded spider is a star Kj,; with at most £ —1 of its
edges subdivided once, and a healthy spider is a star K; ; with all of its edges subdivided once.
We say spider for both wounded and healthy spiders.

Lemma 14. If T is a spider of order n = 2, then y sz (T) < [g].

Proof. Let T be a spider with the central vertex v. If T — N[v] = @, then T is the star Kj, ,—1
(a wounded spider) and by Proposition 11 we have y sz (T) < [g]. Assume that T — N[v] # @.
Let V(T) ={v,v;,u; |1 <i<ttuL, where N(v;) = {v,u;} for i € {1,...,t}. Assume that L, =
{wy,...,wstif L, # @. If |L,| = 0, then the function f defined by f(v) =1, f(v;) =2 and f(u;) =
—1forie(l,2,...,t},is an SStRDF for T of weight t+1. Thus yp(T) s w(f) =t+1 = ”T“ = [g].
If [L,| =1, then define f on V(T) by f(u;) = f(w1) = -1, f(v;) = f(v) =2for 1 <i < t. Clearly,
f is an SStRDF of T of weight 7 +1 and hence ysr(T) < w(f) =t+1= g If |L,| = 2, then the
function f defined by f(v) = f(v;) =2 and f(u;) = f(w;) = -1fori€{1,2,...,t} and j = 1,2,
is an SStRDF of T of weight ¢ + 1 which implies that ysz(T) < w(f) =t+1 = "T_l < [%1. Let
|Ly| = 3 and let T’ be the subtree induced by {v} U{w; | 1 < j < s}. Obviously, T" is a star
and so ygsr(T') = 1, by Proposition 11. Let g be a y g (T”)-function and define f on V(T) by
fuj)=-1, f(vy) =2for1 <i<tand f(x) = g(x) otherwise. Clearly, f is an SStRDF of T of
weight ¢+ 1 and so

yssR(T)Sw(f):w(g)+tsl+t<[g-‘. O

Lemma 15. If T is a spider of order n = 3 and v is a central vertex of T, then every ysr(T)-
function assigns a positive value to v. Furthermore, T has a ysr(T)-function that assigns

positive integer to each end-stem.
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Proof. Let f be a ysg(T)-function. If T is a star, then clearly f(v) = 1. Assume that T is not
astar, V(T)={v,v;,u; | 1<i<t}ulL,isthevertexsetof T and N(v;) = {v,u;} forie{l,...,t}.
Suppose that L, = {wy, ..., wg} if L, # @. Assume, to the contrary, that f(v) = —1. By definition
we must have f(w;) =2 foreach 1 < j < sand f(v;) + f(u;) = 2. This implies that ysz(T) =

o(f) > [g], a contradiction with Lemma 14. Thus f assigns a positive value to v.

To prove the second part, we note that f(u;) + f(v;) = flu;] =1 foreach 1 < i < ¢. Define
gon V(T) by g(u;) =—-1,g(v;) =2foreach 1 <i < ¢, and g(x) = f(x) otherwise. Clearly g is an
Yssr(T)-function with desired property. O

Now we present the main result of this section.

Theorem 16. Let T be a tree of order n = 3. Then yggr(T) < 2?”, with equality if and only if

T = Ps; for some positive integer t.

Proof. We proceed by induction on n. If diam(T) = 2, then T is a star and by Proposition 11
we have yr(T)=1< 2?” with equality if and only if T = Ps. If diam(7) = 3, then T is a double
star and it follows from Proposition 12 that yg(T) < %” If T is a path, then we deduce from
Observation 1 and Proposition 2 that ysg(T) < %” with equality if and only if T = Ps; for some
positive integer . Hence, the statement is true for all trees of order n < 5. Assume that T is an
arbitrary tree of order n = 6 and that the statement holds for all trees with smaller order. As
above, we may assume that diam(T) > 4 and A(T) = 3. For a subtree T’ with n' vertices, where
n' = 3, the induction hypothesis yields an SStRDF f’ of T’ with weight at most 27”’ We shall
find a subtree T’ such that adding a bit more weight to f’ will yield a small enough SStRDF f
for T.

Let P = v1v,...v; be a diametral path in T chosen to maximize dr(v2). Also suppose
among paths with this property we choose a path such that |L,,| is as large as possible. Root
T at vi. We consider the following cases.

Case 1. dr(vy) = 4.

LetT'=T—T,,,|V(Ty,)| = tand f’ be aysr(T")-function. Define f: V(T) — {-1,1,2,..., 51+
1} by f(x) = f'(x) if x € V(T"), f(v) = [51+1, f(v1) = 5] -1 and f(x) = —1 otherwise. Obvi-
ously, f is an SStRDF of T and it follows from the induction hypothesis that

2(n—t 2n
( )+2<—.

Yssr(T) sw(f)=w(f)+2< .

Case 2. dr(vy) =3.
Let L,, = {v1, u}. By the choice of diametral path, all end-stems adjacent to v3 have degree at

most 3. We consider the following subcases.
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Subcase 2.1. d(v3) = 2.

Let T' =T - T,, and let f' be a yogr(T')-function. If [V(T")| = 2, then |V (T)| = 6 and it is easy
to see that ysgr(T) =2 < 2?" Suppose that |V(T")| = 3. Define f on V(T) by f(x) = f'(x) for
every x € V(T"), f(v3) =1, f(v2) =2 and f(v1) = f(u) = —1. Clearly, f is an SStRDF for T and
by the induction hypothesis we have

2(n—4) 2n
+1< ?

Ysse(M = w(f)=o(f)+1<

Subcase 2.2. d(v3) = 3 and v is adjacent to an end-stem w of degree 3 such that w # v».
Let Ly, = {wy, wp} and T' = T —{w, wy, wo, v2, vy, ub. If|V(T')| = 2, then |V (T)| = 8 and it is easy
to see that ygr(T) =1< 2?" Suppose |V (T")| = 3. Define f on V(T) by f(x) = f'(x) for every
x € V(T —{vs}, f(v3) =1if f'(v3) = —1 and f(v3) = f'(v3) otherwise, f(v2) = f(w) = 2 and
f(x) =—1foreach x € {w;, w», u, v1}. Obviously, f is an SStRDF of T and and by the induction
hypothesis we obtain

2(n—06) 2n
+2< ?

Ysse(D so(f)<w(f)+2<

By Subcase 2.2, we may assume that all end-stems adjacent to vs, with exception vy,
have degree 2. If diam(T) = 4, then T — T, is a spider and applying Lemma 14 yields that
Yssr(T) < 3. Let diam(T) = 5.

Subcase 2.3. dr(v3) = 3 and v3 is adjacent to an end-stem w of degree 2.

Let L, = {w1} and T' = T — {v1, v2, u, w, wr}. Since diam(T) = 5, we have |V (T’)| = 3. Define f
on V(T) by f(x) = f'(x) for every x € V(T') —{vs}, f(v3) =1if f'(v3) = -1 and f(v3) = f'(v3)
otherwise, f(v,) = f(w) =2 and f(x) = —1 for each x € {w, u, v1}. Obviously, f is an SStRDF
of T and by the induction hypothesis we obtain

yssr(D <w(f) <w(fH+2+1< 2(n—5) L3 2n

Subcase 2.4. d(v3) = 3 and each neighbor of vs, with exception vy, v4, are leaves.

Let T’ = T - T,,. Obviously, T,, is a double star and we have ysz(T),) < 1 by Proposition 12.
Let g be a ygr(Ty,)-function such that g(v3) = 1 and define f on V(T) by f(x) = f'(x) for
every x € V(T') —{vy}, f(vg) = 1if f'(vg) = -1 and f(vg) = f'(vy) if f'(v4) =1 and f(x) = g(x)
otherwise. It is easy to verify that f is an SStRDF of T and by the induction hypothesis we have

2(n->5) 2n
+3< ?

ysse(D <w(f)<o(f)+2+1<

Case 3. dr(vy) =2.
By the choice of the diametral path, we may assume that every end-stem on a diametral path
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has degree 2. In particular, every end-stem adjacent to vs has degree 2. Thus, it follows that
T,, isaspider. If diam(T) = 4, then T is a spider and by Lemma 14, we have ysz(T) < [%] < 2?"

Let diam(T) = 5. Consider the following subcases.

Subcase 3.1. d(v3) = 3.
Let T" = T — T,,. Since diam(T) = 5, we have |V (T")| = 3. Let g be a yssr(Ty,)-function such
that g assigns a positive value to each end-stem of T, (Lemma 15) and let |V (T,,)| = n’. Note
that n’ = 4. By a closer look at the proof of Lemma 14, we have y g (Ty,) = [”7'] ifand only if v3
is adjacent to at most one leaf, and in this case we may assume that g(v3) = 1 and g(N[vs3]) = 3.
Define f on V(T) by f(x) = f'(x) for every x € V(T’) and f(x) = g(x) for every x € V(T},). Itis
easy to verify that f is an SStRDF of T and by the induction hypothesis we have

2(n—-n") n'+1 _2n n'-3 2n

ysse(T) <w(f) <o(f)+w(g < Tt S e <

If yssr(Ty,) < [%’1, then define f on V(T) by assigning f(x) = f'(x) to every x € V(T"), f(x) =
g(x) to every x € V(Ty,) —{vs} and f(v3) = g(v3) + 1. Again, f is an SStRDF of T and, by the
induction hypothesis, we have

2(n-n") n'-1
+

2

2n
Yssr(T) < +1<?.
Subcase 3.2. d(v3) = 2.
By the choice of the diametral path, we may assume that all vertices adjacent to v, with depth
2, have degree 2 and also, by symmetry, we may assume d(vi_1) = d(vr-2) = 2. Using an
argument similar to that described in Case 1, we may assume all end-stems adjacent to v,

have degree at most 3.

(a) d(v4) =3 and vy is adjacent to an end-stem of degree 3, say w.
Let wy, wo be the leaves adjacent to w and T' = T — {vy, v, v3, w, wy, wo}. If f'(vy4) = -1,
then define f on T by f(x) = f'(x) for every x € V(T"), f(w2) =1, f(w) =2, f(v2) =3 and
f(x) = —1 for remaining vertices. Also, if f'(v4) =1, then define f on T as f(x) = f'(x) for
every x € V(T'), f(vs3) =1, f(w) = f(v2) =2 and f(x) = —1 for remaining vertices. In both
cases, we observe that f is an SStRDF of T and, by the induction hypothesis, we have
2(n—6) 2n

+3<—.
3

Yssr(T) =

(b) d(v4) =3 and v, is adjacent to an end-stem of degree 2, say w.
Let w' be the leaf adjacent to w and T' = T — {vy, v2, v3, w, w'}. If f'(v4) = —1, then define
fonTas f(x) = f'(x) for every x € V(T'), f(w) = f(v2) =3, f(x) = —1 for remaining
vertices, and if f'(v4) = 1, then define f on T by f(x) = f'(x) for every x € V(T"), f(w) =
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fw2) =2, f(w') = f(v1) =—1and f(v3) = 1. Clearly, f is an SStRDF of T of weight at most
w(f') +3 and, by the induction hypothesis, we have

2(n->5) 2n
+3< ?

Y ssR ( T) =

Considering (a) and (b), we may assume that all neighbors of v4, with exception vs, are
leaves or vertices of depth 2. On the other hand, by the choice of diametral path, every
neighbor of v4 with depth 2 and its neighbor, other than v,4, have degree 2.

d(v4) = 3 and there is a path v4wsw, w, in T such that ws & {vs, vs}.

Let T"=T—{v;, w;|1<i<3}. Define f on T as f(x) = f'(x) forevery x € V(T"), f(vp) =2,
fwy) =3, f(vs) =1and f(vy) = f(w1) = f(ws) = —1. Obviously, f is an SStRDF of T and

2(n—06) 2n
+3<—.

Y ssR ( T) = 3

d(v,) = 3 and all neighbors of v,, with exception vs, vs, are leaves.

Let L,, = {w,...,u;} and T' = T — T,,. Define f on T by f(x) = f'(x) for every x € V(T"),
fu) =151-1,f(va) =[51+1, f(v3) = 1, f(v2) =2, and f(x) = —1 otherwise. Obviously f
is an SStRDF of T of weight w(f’) + 3 and, by the induction hypothesis, we have

2(n—(t+4)) 2n
Yssr(T) < # +3< —.

d(vy) =2.

Firstlet d(vs) = 2. Let T' = T — T, and let f’ be a yr(T")-function. Since A(T) = 3, we

have |V (T’)| = 3. Define f on T by f(x) = f'(x) for every x € V(T'), f(vs) = f(v2) = 3,

f(vg) = f(v3) = f(v1) = —1. Obviously, f is an SStRDF of T of weight w(f’) + 3 and it

follows from the induction hypothesis that y g (T) < @ +3< %"

Now let d(vs) = 3. If T — T, has a ysg-function g such that g(vs) = 1, then define f on T

by f(x) = g(x) forevery x € V(T—-Ty,), f(v4) =1, f(v3) = f(v1) = —1and f(v,) = 3. Clearly,

f is an SStRDF of T of weight w(g) + 2 and by the induction hypothesis we have

2(n-4) 2n
+2< —

Y ssR ( T) =

Henceforth, we may assume that all y g (T — T}, )-functions assign —1 to vs. It follows that
vsisnotastem. Let Tp = T—T),, and g be a yssr(Tp)-function. If w is a neighbor of v5 with
depth one and dr(w) = 3, then obviously g(w) = 1. If g(w;) = 1 for some w; € N(w) —
{vs}, then the function g’ defined on V(Ty) by g'(vs) = g(wy), g'(wy) = -1 and g'(x) =
g(x) otherwise, is a yssg(Tp)-function that assigns a positive value to vs, a contradiction.
Otherwise, the function g; on V(Tj) defined by g;(w) = g(w) -2, g1(v5) =1 and g;(x) =
g(x) otherwise, is a yssr(Tp)-function that assigns a positive value to vs, a contradiction.

Thus all neighbors of v5 with depth one, have degree 2. If z3 is a neighbor of v5 with depth
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two and vs5z3z2z) is a path in T with d(z;) = 1, then by exploiting the above arguments
up to Subcase 3.1, we may suppose that d(z3) = d(zp) = 2. Also, if w, is a neighbor of vs
with depth three and vsw,wswow, is a path in T with d(w;) = 1, then by applying the
above arguments, we may assume that d(w,) = d(w3) = d(w,) = 2. Let vs be adjacent to
m; (i =1,2,3) vertices of depth i in T,. Suppose vs wi wé wé w{ (1 <i< mg3) are the paths
oflength 4in T,,, v5z:_§ zé z{ (0 < j < my) are the paths of length 3 in T}, and v5 u2 u1 (=
k = m,) are the paths of length 2 in T,,. Define g on T, by g(v5) =1, g(w4) =1, g(ws) =
g(wl) =-1, g(wz) =3forl<i<ms, g(zg) =1, g(zz) =2, g(zl) =—-1for0 < j<mp, and

(uz) =2, g(ul) = —1for 0 < k < my. Clearly, g is an SStRDF on T,, of weight less than
@. Now let 7" = T — T, and f’ be a ysgr(T')-function. Define f on T by f(x) =
f'(x) for x € V(T") and f(x) = g(x) for x € V(T,,). Clearly f is an SStRDF of T and by the
induction hypothesis we have

2(n—|V(T5)) N 21V (Ty)l 2n
3 37

Yssr(T) =o(f) =o(f) +w(g) <

This completes the proof. O
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