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A NOTE ON OSTROWSKI AND GRUSS TYPE DISCRETE INEQUALITIES

B. G. PACHPATTE

Abstract. The aim of the present note is to establish some new discrete inequalities of the

Ostrowski and Griiss type involving two functions and their forward differences.

1. Introduction

In 1938, Ostrowski (see, [2, p.468]) proved the following interesting inequality.
Let f : [a,b] — R be continuous on [a, b] and differentiable on (a,b) whose derivative
f":(a,b) — R is bounded on (a,b) i.e. |f(x)] < M < oo. Then

b & — atb)2
‘f(z)bia | | < i+%} (b~ )M, (0)

for all z € [a,b], where M is a constant.

In 1935, Griiss (see, [1, p.296]) proved the following inequality.

Let f, g : [a,b] — R be two integrable functions such that p < f(x) < P and
g <g(z) <Q for all x € [a,b], p, P, ¢, Q are constants. Then

b a/f dx(b a/f )(b a/bg(z)d:l”)

Over the years the inequalities (O) and (G) evoked considerable interest and many
generalizations, extensions and variants have appeared in the literature, see [1-5] and
some of the references given therein. The main objective of the present note is to establish
new discrete inequalities of the Ostrowski and Griiss type involving functions and their
forward differences. The analysis used in the proofs is fairly elementary and our results
provide new estimates on these types of inequalities.
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2. Statement of Results

In what follows, R and N denote the set of real numbers and natural numbers and
Nop={a,a+1,...,a+n =20} for a € R, n € N. For any function u(n), n € Ny, we
define the operator A by Au(n) = u(n + 1) — u(n). We use the usual convention that
empty sum is taken to be zero.

Our main resutls are given in the following theorems.

Theorem 1. Let f(n), g(n) be real-valued functions defined on Ny for which Af(n),
Ag(n) exist and |Af(n)] < A, |[Ag(n)| < B on Ngp. Then

b—1
‘f(n)g(n)—ﬁlg(n)z:f (s+1)+ f(n Zg (s+1)

< sty Alan)| + Bl () H m), 21)
‘f(n) - ﬁiﬂwl) < H), (2.2)
for n € Ny, where
H() = 3 i) (2.3
in which -
r(n,s) = {zz Zig{zz]fl] . (2.4)

foralln, s € Nop and A, B are nonneqative constants.

Theorem 2. Let f(n), g(n), Af(n), Ag(n), A, B be as in Theorem 1. Then
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where H(n) is defined by (2.3).

3. Proof of Theorem 1

Using the summation by parts formula i.e.

B—1 B—1
> u(s)Av(s) = [u(B)o(B) — u(@)v(a)] = Y v(s + 1)Au(s),

where «, 8 € N, and u(t), v(t) are real-valued functions defined on N, 3, we have for
neEA@b,

i(sfa)Af(s) (n—a)f Zf (s+1) (3.1)

and

o

b—1 -1

D (s =0)Af(s) = —(n—=b)f(n) = D f(s +1). (3-2)

s=n s=n

Adding (3.1), (3.2) and using (2.4) we get

b—1 b—1
ZrnsAf (b—a)f(n)—Zf(s—i—l)
i.e. o s:a
b—1 =
fn) == Zf(5+1)=mzr(nsmf() (3.3)
Similarly, for n € N, ; we have
b—1 b—
g(n) — " a Zg(s +1) r(n,s)Ag(s (3.4)

Multiplying (3.3) by g(n) and (3.4) by f(n), n € Ngp, adding the resulting identities
and rewriting we get

b—1 1

b—1
Fn)g(n) = 900 Y S5+ 1) + g [ g5+ 1)

1 b—1 1 b—1

g(n) T(n75)Af(S)+mf(mzr(n75)ﬁg(8)- (3.5)

l

From (3.5) and using the properties of modulus we have

b—1 b—1
1
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s=a s=a

f(n)g(n) —
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Sz( |Z|TNS||Af )+ 1f(n |Z|7“n5||A9 )|

IN

s —ayAlo()| + Bl (o Zv ns)

_ ﬁ[/ﬂg(nﬂ + B|f(n)||H(n),

which is the requried inequality in (2.1).
The inequality (2.2) follows immediately from (3.3) and the properties of modulus.
The proof is complete.

4. Proof of Theorem 2

From the hypotheses, as in the proof of Theorem 1, the identities (3.3), (3.4) and
(3.5) hold. Summing both sides of (3.5) over n from a to b — 1, and rewriting we get

B lz o(n) Zm IAT(s) + Z () b_ i s)Bg(s)| . (4)
Fuom (4.1) e g the }loper;: of o, we oerve tht
—Zf star (L) (2 "“)*@ﬂm)@“"*”) \
< |Z|r n 154 |+Z|f |;|r<n,s>|mg<s>|
<t Z [Alg(n)| + BLI(n)[[H ),

which proves the inequality (2.5).
Multiplying the left sides and right sides of (3.3) and (3.4) we get

b—1 b—1
Fm)g(n) — = F) S gls + 1) = ——g(m) S f(s+1)
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b—1 b—1
= ﬁ <Z r(n,s)Af(s)) (Z r(n, s)Ag(s)) . (4.2)

Summing both sides of (4.2) with respect to n from a to b — 1 and rewritting we get
= 1 b—1 b—1 b—1 b—1
Y gt [( > 1) (Lats+)+ (X o) (X s+)

n=a =a

b—1 b—1
+ﬁ <Z fls+ 1)) <Zg(s + 1))
b—1 b—1 b—1
=D [(Zr(n, 9216 ) (X rtn S)Ag@)ﬂ | (43)

s=a s=a

From (4.3) and following the proof of inequality (2.5) with suitable changes we get the
required inequality in (2.6). The proof is complete.
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