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LEVITIN-POLYAK WELL-POSEDNESS OF COMPLETELY
GENERALIZED MIXED VARIATIONAL INEQUALITIES
IN REFLEXIVE BANACH SPACES

LU-CHUAN CENG AND CHING-FENG WEN

Abstract. Let X be a real reflexive Banach space. In this paper, we first introduce the con-
cept of Levitin-Polyak well-posedness of a completely generalized mixed variational in-
equality in X, and establish some characterizations of its Levitin-Polyak well-posedness.
Under suitable conditions, we prove that the Levitin-Polyak well-posedness of a com-
pletely generalized mixed variational inequality is equivalent both to the Levitin-Polyak
well-posedness of a corresponding inclusion problem and to the Levitin-Polyak well-
posedness of a corresponding fixed point problem. We also derive some conditions un-
der which a completely generalized mixed variational inequality in X is Levitin-Polyak
well-posed. Our results improve, extend and develop the early and recent ones in the
literature.

1. Introduction

In 1966, Tykhonov [1] first introduced the concept of Tykhonov well-posedness of a min-
imization problem. More precisely, this concept consists of the existence and uniqueness
of minimizers, and the convergence of every minimizing sequence to the unique minimizer.
In many practical situations, there are more than one minimizer for a minimization prob-
lem. In a natural way, the concept of Tykhonov well-posedness in the generalized sense was
introduced, which means the existence of minimizers and the convergence of some sub-
sequence of every minimizing sequence to a minimizer. Without question, the concept of
well-posedness is motivated by the numerical methods producing optimizing sequences. Be-

cause it plays an important role in the study of optimization problems, various concepts of
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well-posedness have been introduced and studied widely for minimization problems in past
decades. A great deal of effort has gone into those concepts; see, e.g., [2]-[4] and the references
therein.

The Tykhonovwell-posedness of a constrained minimization problem requires that every
minimizing sequence should lie in the constraint set. It is well known that in many practical
situations, the minimizing sequence produced by a numerical optimization method usually
fails to be feasible but gets closer and closer to the constraint set. Such a sequence is called
a generalized minimizing sequence for constrained minimization problems. Taking into ac-
count this case, Levitin and Polyak [5] strengthened the concept of Tykhonov well-posedness
by requiring the existence and uniqueness of minimizers, and the convergence of every gen-
eralized minimizing sequence to the unique minimizer, which is called Levitin and Polyak
(for short, LP) well-posedness. There have been a large number of results involving Tykhonov
well-posedness, LP well-posedness and their generalizations for minimization problems. For
details, we refer the readersto [1, 2, 3, 5, 6, 7].

In 2008, Fang, Huang and Yao [11] considered and studied the well-posedness of a mixed
variational inequality in a real Hilbert space H, which includes as a special case the classical
variational inequality, and derived some results for the well-posedness of such a mixed vari-
ational inequality, the corresponding inclusion problem and the corresponding fixed-point
problem. Subsequently, Ceng and Yao [9] extended the concept of well-posedness to a gen-
eralized mixed variational inequality in H, which includes as a special case the mixed varia-
tional inequality, and gave some characterizations of its well-posedness. Under suitable con-
ditions, the authors [9] proved that the well-posedness of the generalized mixed variational
inequality is equivalent both to the well-posedness of the corresponding inclusion problem
and to the corresponding fixed-point problem, and derived some conditions under which the
generalized mixed variational inequality is well-posed. Recently, some authors made the fur-
ther extension and development on the concept of well-posedness; see, e.g., [20]—[24] and
the references therein.

On the other hand, Hu and Huang [14] considered the Levitin-Polyak well-posedness of
a general variational inequality in R”. They derived some characterizations of the Levitin-
Polyak well-posedness by considering the size of Levitin-Polyak approximating solution sets
of general variational inequalities. They also proved that the Levitin-Polyak well-posedness
of a general variational inequality is closely related to the Levitin-Polyak well-posedness of
a minimization problem and a fixed point problem. Finally, they proved that under suitable
conditions, the Levitin-Polyak well-posedness of a general variational inequality is equivalent

to the uniqueness and existence of its solutions.

Let X be a real reflexive Banach space. In 2012, Li and Xia [19] extended the notion of

Levitin-Polyak well-posedness to a generalized mixed variational inequality in X, and gave
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some characterizations of its Levitin-Polyak well-posedness. Under suitable conditions, they
proved that the Levitin-Polyak well-posedness of a generalized mixed variational inequality
is closely related to the Levitin-Polyak well-posedness of a corresponding inclusion problem
and a corresponding fixed point problem, and derived some conditions under which a gen-
eralized mixed variational inequality is Levitin-Polyak well-posed. However, there is no re-
sult for the Levitin-Polyak well-posedness of a completely generalized mixed variational in-
equality. Therefore, it is worth studying implementable results for the Levitin-Polyak well-

posedness of a completely generalized mixed variational inequality.

Motivated and inspired by the research work going on this field, we extend the notion
of Levitin-Polyak well-posedness to a completely generalized mixed variational inequality in
a real reflexive Banach space X, and give some characterizations of its Levitin-Polyak well-
posedness. Under suitable conditions, we prove the Levitin-Polyak well-posedness of a com-
pletely generalized mixed variational inequality is closely related to the Levitin-Polyak well-
posedness of a corresponding inclusion problem and a corresponding fixed point problem.
Finally, we derive some conditions under which a completely generalized mixed variational
inequality is Levitin-Polyak well-posed. Our results improve, extend and develop the early

and recent ones announced by some others, e.g., Ceng and Yao [9] and Li and Xia [19].

2. Preliminaries

Let X be a real reflexive Banach space with its dual X* and K be a nonempty, closed and
convex subset of X. Let g: X — X be a single-valued mapping, N: X* x X* — X* be a single-
valued mapping, and F, E: X — 2% be two set-valued mappings. Let ¢ : X x X — RU {+o0} be
such that for each x € X, ¢ (-, x) is a proper, convex and lower semicontinuous functional. For

each x € X, we denote by dom¢ (-, x) the domain of ¢(:, x), i.e.,
domo(-, x) ={y € X : p(y,x) < +oo}.

In this paper we always assume that g(X)ndome¢(-, x) N K # @ for each x € X. Consider the fol-
lowing completely generalized mixed variational inequality associated with (N (F, E), g, ¢, K):

CGMVI(N(F E), g,¢,K) : find x € K such that g(x) € K and
(N(u,v),g(x)—y) +p(g(x),x) —p(y,x) <0, VyeK,
for some u € F(x) and v € E(x).

It is easy to see that the CGMVI(N(F E), g, ¢, K) is equivalent to the following inclusion prob-
lem associated with N(F E) +0(¢p+6x)o g:

IP(N(FE)+0(¢p+0k) o g, K): find x € K such that g(x) € K and
0€ N(F(x), E(x)) +0(¢p(, x) + 6 ) (g(x)),
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where 0 denotes the indicator function associated with K (i.e., 6x(x) = 0 if x € K and +oco
otherwise) and for a fixed x € X, 8(¢p(:, x) +6k)(g(x)) denotes the subdifferential of the convex
function ¢ (-, x) + 6 at g(x). It is clear that CGMVI(N(F, E), g,¢, K) includes as a special case
the following generalized mixed variational inequality associated with (F, ¢, K) (considered in
[19]):
GMVI(F ¢, K) : find x € K such that for some u € F(x),
(U, x-y)+dx)—¢p(y) <0, VyeKk.

Moreover, IP(N(F, E) +0(¢ + 6k) o g, K) obviously includes as a special case the following in-
clusion problem associated with F +d(¢p + dk) (considered in [19]):

IP(F+0(¢p+0k),K): find x € K such that 0 € F(x) +0(¢p + 0 x) (x).

It is not hard to find that there holds the following:

Proposition 2.1. Let K be a nonempty, closed and convex subset of X. Let g: X — X be a
single-valued mapping, N : X* x X* — X* be a single-valued mapping, and F,E : X — 2X" be
two nonempty set-valued mappings. Let ¢ : X x X — Ru{+oo} be such that for each x € X, ¢(-, x)
is a proper, convex and lower semicontinuous functional. Then the following conclusions are
equivalent:

(i) x solves CGMVI(N(F,E), g,¢,K);
(ii) x solvesIP(N(F,E)+0(¢p+0dk)og,K).

Definition 2.1. Let A, B be nonempty subsets of X. The Hausdorff metric .#(-,-) between A
and B is defined by
€ (A, B) = max{e(A, B), e(B, A)},

where e(A, B) =sup 4 d(a, B) with d(a, B) = infycp lla— bl

Lemma 2.1 (Nadler’s Theorem [7]). Let (X, | -|l) be a normed vector space and F€(-,-) be the
Hausdorff metric on the collection CB(X) of all nonempty, closed and bounded subsets of X,
induced by a metric d in terms of d(u, v) = ||u—vl||, which is defined by # (U, V) = max{e(U, V),
e(V,U)} forU andV in CB(X) wheree(U,V) = sup,.y d(x,V) withd(x,V) =infyey |x - yl. If
U andV liein CB(X), then for anye > 0 and any u € U, there exists v € V such that ||lu—v| <
(1+€)A(U,V). In particular, whenever U and V are compact subsets in X, one has |u—v| <
AU, V).

Definition 2.2. A single-valued mapping N: X* x X* — X* is called mixed Lipschitz contin-
uous with respect to the first and second arguments if there exists a pair of constants {,¢ > 0
such that

N (u1, v1) = N(ug, v2)ll <{llug — upll +€llvy —val, Y(uiv) e X' x X5 i=1,2.
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Definition 2.3. Let F: X — CB(X™) be a set-valued mapping. Then,

(i) F is called #-continuous at a point xg € X, if for any € > 0 there exists 6 > 0 such that for
all x € X with || x— x|l <, one has #(F(x), F(xy)) < €. If F is #-continuous at each point
x € X, then F is called .#/-continuous.

(i) F is called #-uniformly continuous [9], if for any € > 0 there exists 6 > 0 such that for all
x,y € X with | x—y| <, one has #(F(x), F(y)) <e.

Definition 2.4. Let X and Y be two topological spaces and x € X. A set-valued mapping
F: X — 2" is said to be upper semicontinuous (in short, u.s.c) at x, if for any neighborhood
V of F(x), there exists a neighborhood U of x such that F(y) c V,Vy e U. If F is u.s.c at each

point of X, we say that F is u.s.c on X.

Definition 2.5 ([15]). Let A be a nonempty subset of X. The measure of noncompactness u
of the set A is defined by

n
w(A) =infle >0: Ac | J A;, diamA; <e, i=1,2,...,n},
i=1

where diam means the diameter of a set.

3. Levitin-Polyak Well-Posedness of CGMVI(N(F, E), g, ¢, K)

In this section, we extend the concept of Levitin-Polyak well-posedness to the completely
generalized mixed variational inequality and establish its metric characterizations. In the se-
quel, we always denote by — and — the strong convergence and weak convergence, respec-
tively. Let a = 0 be a given number, and let X, K, N, F, E, g,¢ be defined as in the previous
section.

Definition 3.1. A sequence {x,} < K is called a LP a-approximating sequence for
CGMVI(N(F, E), g,¢, K), if there exists w, € X with w, — 0 and 0 < ¢,, — 0 such that g(x,) +
wy, € K for all n =1, and there exist u, € F(x,) and v, € E(x,) such that

g(xy) edome(-, x,), (N(up, vn), 8§(xn) —y) +P(g(xn), xn) — Py, x,) < % lg(xn) — yI* +en

forall ye Kand n = 1. If a; > ay = 0, then every LP a,-approximating sequence is LP a;-
approximating. When a = 0, we say that {x,} is a LP approximating sequence for
CGMVI(N(F E), g,¢,K).

Definition 3.2. We say that CGMVI(N(F, E), g, ¢, K) is strongly (resp. weakly) LP a-well-posed
if CGMVI(N(F E), g, ¢, K) has aunique solution and every LP a-approximating sequence con-
verges strongly (resp. weakly) to the unique solution. In the sequel, strong (resp. weak) LP 0-
well-posedness is always known as strong (resp. weak) LP well-posedness. If @ > a» = 0, then
strong (resp. weak) LP a;-well-posedness implies strong (resp. weak) LP a,-well-posedness.
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Definition 3.3. We say that CGMVI(N (F, E), g, ¢, K) is strongly (resp. weakly) LP a-well-posed
in the generalized sense if CGMVI(N(F, E), g, ¢, K) has nonempty solution set S and every
LP a-approximating sequence has a subsequence which converges strongly (resp. weakly)
to some point of S. In the sequel, strong (resp. weak) LP 0-well-posedness in the generalized
sense is always known as strong (resp. weak) LP well-posedness in the generalized sense. If
a) > ap =0, then strong (resp. weak) LP a;-well-posedness in the generalized sense implies

strong (resp. weak) LP a,-well-posedness in the generalized sense.

Remark 3.1. When CGMVI(N(F, E), g,¢, K) = GMVI(F, ¢, K), Definitions 3.1, 3.2 and 3.3 re-
duce to the Definitions 3.1, 3.2 and 3.3 in [19], respectively. When X is a real Hilbert space,
K = X and w,, =0, Definitions 3.2 and 3.3 in [19] reduce to the Definitions 3.2 and 3.3 in [11],
respectively. When X =R”, a@ =0, ¢ = §x and F is single-valued, Definitions 3.2 and 3.3 in
[19] reduce to the Definitions 3.3 and 3.4 in [14], respectively.

To derive the metric characterizations of LP a-well-posedness, we consider the following
LP a-approximating solution set of CGMVI(N(F, E), g, ¢, K):

Qqe) ={xe X: g(x) edome(:, x), d(g(x),K) <e, and
there exists u € F(x) and v € E(x) such that Vye K,
(N(u,v),g(x) = y) +p(g(x), x) - p(y, x) < 511 g(x) - yI* +€}, Ve=0.

Theorem 3.1. Let K be a nonempty, closed and convex subset of X. Let FE : X — 2% be
nonempty compact-valued mappings which both are /€ -continuous. Let g : X — X be a con-
tinuous mapping and N : X* x X* — X* be mixed Lipschitz continuous with respect to the first

and second arguments. Assume that ¢ : X x X — RU {+oo} satisfies the conditions:
(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) ¢ is upper semicontinuous in the second argument;

(C3) liminf, . infyedomep(x,) (@Y, Xn) —P(y, X)) 20, V{x,}<K:x,— X (n— 00).
Then CGMVI(N(F, E), g, ¢, K) is strongly LP a-well-posed if and only if

Qqe) Z@, Ve>0anddiam(Q,(€)) —0ase— 0. (3.1)

Proof. Suppose that CGMVI(N(F E), g, ¢, K) is strongly LP a-well-posed and x* € K is the

unique solution of CGMVI(N(F, E), g, ¢, K). It is obvious that x* € Qg (€). If diam(Qg(€)) #~ 0

as € — 0, then there exist constant / > 0 and sequences {¢,} < R* with ¢, — 0, and {xﬁll)}, {xﬁ,z)}

with xﬁ,l), x%z) € Qq(€e5,) such that

IxV —xP>1, Vn=1. (3.2)
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Since xﬁll),xﬁf) € Qq(ey), for xﬁ,l) we have

1
digtc), Ky <e,<en+—,
n

and there exists u, € F (xﬁ,l)) and v, € E (xﬁ,l)) such that

a
(N(upn, vn), gxD) = 1) + (g (x ), 1) — (3, x1) < > lgxM) - ylI? +e,, VyeKk.

Since K is closed and convex, then there exists J'cﬁll) € K such that IIg(xﬁll)) - J'cﬁll) | <e,+ %
Putting w,, = J'cﬁll) —g(xﬁll)), we have wn+g(x£,1)) = 565,1) € Kand |w,|l = ||g(x£,1)) —565,1) [ — 0. This
implies that w;, — 0. Thus, {xﬁ,l)} is a LP approximating sequence for CGMVI(N(F, E), g, ¢, K).
By the similar argument, we obtain that {xf)} is a LP approximating sequence for
CGMVI(N(F, E), g,¢, K). So they have to converge strongly to the unique solution of

CGMVI(N(F E), g,¢,K), a contradiction to (3.2).

Conversely, suppose that the conclusion (3.1) holds. Let {x,} € K be a LP a-approximating
sequence for CGMVI(N(F, E), g, ¢, K). Then there exists w, € X with w, — 0and 0 < e’n -0
such that g(x,) + w, € K for all n = 1, and there exist u, € F(x,) and v, € E(x,) such that

g(xp) edomap (-, xp), (N(up, Vi), §(xn)=y)+P(g(xn), Xn)—P(y, xp) < %Ilg(xn)—yllzﬁg (3.3)

forall ye Kand n = 1. Since g(x,)+ w;, € K, then there exists k,, € K such that g(x,)+w, = kj.
It is easy to see that d(g(x,), K) < g(x,) — kull = llwyll — 0. Set €, = max{e),, | w, I}, it follows
that x,, € Qg4 (€,). From (3.1), we deduce that {x,} is a Cauchy sequence and so it converges
strongly to a point X € K. Since g(x,) + w, € K, w, — 0 and g is continuous, we know that
g(x) € K. So, it follows from (3.3) and conditions (C1)—(C3) that

li’gggrolfw(g(xn),xn)—</>(g(xn),5c))zli’gninf inf (¢, x0)—p(y, %) =0,

—o0 yedome(-,x,)

and
Hminf(N (un, vn), §(xn) = ¥) + p(g(X), 1) — (3, )
< Hminf(N (un, vp), g(xn) = y) +iminfp (g (xy), X) + Hminf(p(g (xn), Xn) — P(g(xn), X))
+Hminf(=¢(y, xn))
=< li’gg})rolf{<N(un, Un), 8(xn) = y) + p(g(xn), X) + P(g(xn), Xn) — P(g(xp), X) — P(y, xpn)}
= Hminf{(N (uy, vn), §(Xn) = ¥) + P(g(xXn), Xn) = P, Xn)}

a
< liminf(Z | (xn) - ylIZ+e}
a
= S lg®-yI”. (3.4)

Since F and E are nonempty compact-valued mappings, in terms of Lemma 2.1, for each u, €
F(xy) and v,, € E(x,) there exist i, € F(X) and 7, € E(X) such that || u,, — i,| < A (F(x,), F(X))
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and ||v, — U] < A (E(xy,),E(X)). Since F and E both are #/-continuous, one deduces that
lu, — il < A (F(xy), F(X)) — 0and ||lv, — Uyl < A (E(x,), E(X)) — 0 as n — oo. Since F(X)
and E(x) both are compact, without loss of generality we may assume that i, — it € F(X) and

v, — v € E(X) as n — oo. Thus, we conclude that
Ny =l < lup — wpll + iy, — all < A (F(x,), F(X) + i, —ul — 0,

and

lvn =0l < lvp—Opll + 1 0p = Il = AE(E(x5), E(X)) + |0 — DIl = 0.

This implies that u;,, — @t and v, — ¥ as n — oco. Note that N is mixed Lipschitz continuous
with respect to the first and second arguments. Hence there exists a pair of constants ¢, > 0
such that

IN(un, vp) = N(@, D) < Cllup - i@l +Sllvy— 0] —0 asn— oo,
which together with (3.4), immediately yields
a
(N(@t,0),8(xX) = y)+ (g(x), X) — Py, X) < 5 lg® - yl*>, Vyek.

For any y € K, put y; = g(%) + t(y — g(x)) for all £ € [0,1]. Since K is a nonempty, closed and
convex subset, this implies that y; € K. Then

(N(@t,0),8(X)— yr) + P(8(X), X) — p(yr, X) = g lg(x) - yell®.
Since ¢ is convex in the first argument, we have
(N D), 800 - ) + $(g(0, 0 - 9y, D) < g - yIZ, Vyek. (3.5)
Letting t — 0%, from (3.5) we get
(N(@1,0),8(X)—y)+d(g(x),X) —p(y,X) <0, VyeKk.

Therefore, X solves CGMVI(N(F E), g, ¢, K).

To complete the proof, we need only to prove that CGMVI(N(F E), g, ¢, K) has a unique
solution. Assume by contradiction that CGMVI(N (F, E), g, ¢, K) has two distinct solutions x;

and x, in K. Then it is easy to see that x1, xo € Qg (€) for all e > 0 and
0<[lx; —x2|l =diam(Qq(€e)) — 0,

a contradiction to (3.1). The proof is complete. a
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Theorem 3.2. Let K be a nonempty, closed and convex subset of X. Let FE: X — 2% be
nonempty compact-valued mappings which both are upper semicontinuous. Let g: X — X
be a continuous mapping and N : X* x X* — X* be mixed Lipschitz continuous with respect to
the first and second arguments. Assume that ¢ : X x X — RU {+o0} satisfies the conditions:
(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) ¢ is upper semicontinuous in the second argument;

(C3) liminfy—co infyedomep(.x,) (P () Xn) =Py, %)) =0, Vixp} < K: xp — X (n— 00).
Then CGMVI(N(F E), g,¢,K) is strongly LP a-well-posed in the generalized sense if and

only if
Qu€) #0, Ve>0and u(Qq€) —0ase—0. (3.6)

Proof. Suppose that CGMVI(N(F E), g, ¢, K) is strongly LP a-well-posed in the generalized
sense. Let S be the solution set of CGMVI(N(F E), g, ¢, K). Then S is nonempty and com-
pact. Indeed, let {x,} be any sequence in S. Then {x,} is a LP a-approximating sequence for
CGMVI(N(F E), g,¢,K). Since CGMVI(N(F, E), g, ¢, K) is strongly LP a-well-posed in the gen-
eralized sense, {x,} has a subsequence which converges strongly to some point of S. Thus S

is compact. It is obvious that @ # S < Q4 (€) for all € > 0. Now we show that
1(Qq(€)) =0 ase—0.

Observe that for everye > 0,

S (Qq(€),S) = max{e(Qq (€), S), e(S,Qa(€))} = e(Qq (€), S).
Taking into account the compactness of S, we get

Qg (€) =27(Qq(€), S) + 1(S) =2e(Qq(€), S).
To prove (3.6), it is sufficient to show that
e(Qq),S) —0 ase—0.

Indeed, if e(Qq4(€), S) #~ 0 as € — 0, then there exist [ > 0 and {¢,,} c RT withe,, — 0, and x,, €
Qg (e5,) such that
x, € S+B(0,]), Vn=1, 3.7

where B(0, ) is the closed ball centered at 0 with radius /. By the definition of Q4 (€,;), we know

d(g(xy),K)<e,<ep+ %, and there exists u,, € F(x,) and v,, € E(x;) such that

(N(Upn, vn), 8(xp) = ¥) + P(g(xn), xn) — Py, x) < %Ilg(xn) ~ylI*+e, VyeKk.
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Thus, there exists kj, € K such that ||k, — g(x,) | <€, + % Let wy, = k, — g(x,), then we have
wy + g(x,) € Kwith w,, — 0. So {x,,} is a LP a-approximating sequence for CGMVI(N(F, E), g,
¢,K). Since CGMVI(N(F E), g,¢,K) is strongly LP a-well-posed in the generalized sense,
there exists a subsequence {x;,} of {x,} which converges strongly to some point of S. This
contradicts (3.7) and so

e(Qq€),S)—0 ase—0.

Conversely, assume that (3.6) holds. We first show that Q (¢) is closed for all € > 0. Let
{xn} < Qq(€) with x;, — %. Then there exists u,, € F(x,) and v, € E(x,) such thatd(g(x,),K) <e

and
(N(up, vn), 8(xn) = ¥y + P(g(xy), xp) —p(y, x,) < gllg(xn) ~yI>+e, VyeK,n=1. (3.8)

Since F and E are nonempty compact-valued mappings which both are upper semicontin-
uous, there exist subsequences {u,,} < {u,} and {v,,} < {v,} such that u,, — @& and v,, — ¥
for some i € F(X) and v € E(X). Note that g is continuous and N is mixed Lipschitz con-
tinuous with respect to the first and second arguments. So it follows that g(x,,) — g(X) and
N(up,;,vy,) — N(it, D) as i — oo. Therefore, utilizing the similar argument process to that in
the proof of Theorem 3.1, we obtain from (3.8) and conditions (C1)—(C3) that

(N, 5), g(F) - ) + p(g(®), ) — Dy, F) < gllg(ic) _yl+e, VyeKk.

It is easy to see that d (X, K) < €. This shows that X € Q4(€) and so Q(€) is nonempty closed
for all € > 0. Observe that

S=[)Qqle).

e>0
Since p(Qq(€)) — 0, the theorem in page 412 of [15] can be applied and one concludes that S

is nonempty and compact with
e(Qq(€),8) = #(Qq(€),S) — 0.

Let {X,} € K be a LP a-approximating sequence for CGMVI(N(F, E), g, ¢, K). Then there exists
w, € X with w, — 0 such that g(x,) + w, € K, and there exist i, € F(X,), U, € E(X,) and
0 < ¢, — 0 such that

~ ~y A ~ a ~
(N (T, D), (%n) = ¥) + (), ) = (Y Fn) < 11 8(En) - yI*+€,, VYyeK,n=l.
Since g(X;) + wy, € K, then there exists k, € K such that g(x,,) + w, = k. It follows that

d(g(xXn), K) = 118(Xn) — knll = llwnl — 0.
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Set €, = max{||wy,€),}, we get X, € Qq(€,). From (3.6) and the definition of Q4 (€,), we have
d(%,,S) < e(Qql€n),S) — 0.
Since S is compact, there exists p, € S such that
| pn—Xnll = d(Xp,S) — 0.

Again from the compactness of S, there exists a subsequence {p,} of {p,} which converges
strongly to p € S. Hence the corresponding subsequence {X,,} of {X,,} converges strongly to
p € S. Therefore, CGMVI(N (F, E), g, ¢, K) is strongly LP a-well-posed in the generalized sense.
The proofis complete. O

Remark 3.2. Our Theorems 3.1 and 3.2 improve, extend and develop Theorems 3.1 and 3.2 in
[19] to a great extent because our CGMVI(N(F, E), g, ¢, K) is more general than the GMVI(F, ¢,
K)in [19].

4. Links with Levitin-Polyak Well-Posedness of Inclusion Problems

In this section, we shall show that the Levitin-Polyak well-posedness of a completely gen-
eralized mixed variational inequality is closely related to the Levitin-Polyak well-posedness of
ainclusion problem. Let g : X — X be a single-valued mapping and A: X x X — 2% be a set-
valued mapping. The inclusion problem associated with (4, g, K) is defined by

IP(A, g, K): find x € K such that 0 € A(x, g(x)).

Definition 4.1. A sequence {x,} K is called a LP approximating sequence for IP(4, g, K) if
there exists w,, € X with w,, — 0 such that g(x,)+w, € K and d(0, A(x;, g(x))) — 0as n — oo,

or equivalently, there exists y, € A(xy, g(x,)) such that | y,| — 0 as n — co.

Definition 4.2. We say thatIP(A4, g, K) is strongly (resp. weakly) LP well-posed ifit has a unique
solution and every LP approximating sequence converges strongly (resp. weakly) to the unique
solution of IP(A, g, K). IP(A4, g,K) is said to be strongly (resp. weakly) LP well-posed in the
generalized sense if the solution set S of IP(A4, g, K) is nonempty and every LP approximating

sequence has a subsequence which converges strongly (resp. weakly) to a point of S.

Remark 4.1. When g = I, Definitions 4.1 and 4.2 coincide with the Definitions 4.1 and 4.2 in
[19], respectively. When X is a real Hilbert space, g = I, K = X and w,, =0, Definitions 4.1 and
4.2 coincide with the Definitions 4.1 and 4.2 in [11], respectively.
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Theorem 4.1. Let K be a nonempty, compact and convex subset of X. Let FE: X — 2X be
nonempty compact-valued mappings which both are /€ -continuous. Let g : X — X be a con-
tinuous mapping and N : X* x X* — X* be mixed Lipschitz continuous with respect to the first
and second arguments. Assume that ¢ : X x X — RuU {+oo} satisfies the conditions:

(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) ¢ is upper semicontinuous in the second argument;

(C3) liminf, . infyedomep(x,) (@Y, Xn) —P(y, X)) 20, V{x,}<K:x,— X (n— 00).
IfCGMVI(N(F E), g,¢,K) is strongly LP well-posed, then IP(N(F, E) + 0(¢p +0g) o g,K) is
strongly LP well-posed.

Proof. Suppose that CGMVI(N(F, E), g, ¢, K) is strongly LP well-posed and x* is the unique so-
lution of CGMVI(N (F, E), g, ¢, K). By Proposition 2.1, we obtain that x* is also the unique so-
lution of IP(N(F, E)+0(¢p+0k)og, K). Let {x,} be a LP approximating sequence for IP(N(F, E) +
0(¢p+6k) o g, K). Then, there exists w, € X with w, — 0 such that g(x,) + w, € K, and there
exists y, € N(F(xp), E(x)) +0((-, x,) + 6x)(g(x,)) such that ||y, | — 0 as n — oo. It is easy to
see that there exist u, € F(x,) and v,, € E(x,) such that

O, xn) —Pp(g(xn), X)) =Yn— N(up, vp), y— g(xy)), Vyek. (4.1)

Let {x;,} be any subsequence of {x,} such that x,, — X as i — co. Clearly X € K. Since
{g(x,)} c K and g is continuous, we obtain from g(x,) + w, € K and w,, — 0 that g(x) € K. So,
it follows from (4.1), || ¥, Il — 0 and conditions (C1)—(C3) that

—00

i—00 yedomgb(-,xnl.)

and
Lminf(N (uy,, vy,), §(xn;) — y) + P(g(X), X) — Pp(y, X)
I;Oi)iirgti;lfw(unp Un:) = ¥Yni» §(Xn,) — ¥) + liirgglftb(g(xn,-), X)

+liirgglf(¢(g(xni),xni) — p(g(xp,), X)) +li{3<i>£1f(—<b(y, Xn,)) (4.2)

< liirgglfKN(un,-, Un;) = ¥n;» 8(Xn,) — ¥) + p(g(xp,), X)
+p(g(Xn;), Xn;) — P(g(xy,), X) — p(y, xp,)} (4.3)

= iminf{(N(up;, Vn,) = Yn;» §(Xn,) = ¥) + P(g(xp,), Xn;) — Gy, Xn,)}

< ofﬁoo (4.4)

Since F and E are nonempty compact-valued mappings, in terms of Lemma 2.1, for each u, €
F(x,) and v, € E(x,) there exist i1, € F(X) and v,, € E(X) such that ||u,, — i, < A (F(x;), F(X))
and ||v, — U] < A (E(xy,),E(X)). Since F and E both are #/-continuous, one deduces that
ltn, — b, | = A (F(xp,), F(X)) — 0and vy, — Uy, |l < AC(E(xp,), E(X)) — 0 as i — oo. Since F(X)
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and E(x) both are compact, without loss of generality we may assume that i,, — it € F(X) and

Up, — V€ E(X) as i — oo. Thus, we conclude that

lten, — @l < ltn, — Gp, | + 1 tp, — @l = 0 asi— oo,
and

lvn, =Vl < vy, = O, | + 11Uy, — DIl = 0 as i — oo.
Thatis, u,, — iand v,, — 7 as i — co. Note that N is mixed Lipschitz continuous with respect
to the first and second arguments. Hence there exists a pair of constants ¢, > 0 such that

IN (i, vn,) = N(@, DIl < Cllun, — @l +&llvn, — 0l =0 asi— oo.
So, it immediately follows from (4.4) that
(N(@1,v),8(x)—y»+¢p(g(x),X) —p(y,Xx) <0, Vyek.

Thus, X solves CGMVI(N(F E), g,¢,K). Since CGMVI(N(F, E), g,¢, K) has a unique solution
x*, we get X = x*. This shows that x;, — x* as n — co. Therefore, IP(N(F, E) + (¢ +dk) o g, K)
is strongly LP well-posed. The proofis complete. O

Theorem 4.2. Let K be a nonempty, closed and convex subset of X. Let FE: X — 2X° be
nonempty compact-valued mappings which both are /€ -uniformly continuous. Let g: X — X
be a homeomorphic mapping and N : X* x X* — X* be mixed Lipschitz continuous with re-
spect to the first and second arguments. Assume that ¢ : X x X — RuU {+o0} satisfies the condi-
tions:

(C1) ¢ is proper, convex and subdifferentiable in the first argument, and for each y € X the
subdifferential of (-, y) at x € X is denoted by 01¢(x, y);

(C2) foreachye X, 01¢(,y): X — 2% is a nonempty compact-valued mapping, which is 7-
Lipschitz continuous with respect to g, that is, for some A > 0, one has

J01P(g(x),¥),01P(g(x),2) < Alg(y) —g@I, Vx, yzeX.

IfIP(N(F E)+0(¢p + 6k) o g,K) is strongly LP well-posed, then CGMVI(N(F,E), g,¢,K) is
strongly LP well-posed.

Proof. Let {x,} c K be a LP approximating sequence for CGMVI(N(F, E), g,¢, K). Then there
exist w;, € X with w, — 0 and 0 < €, — 0 such that g(x;) + w, € K, and there exist u, € F(x;)
and v, € E(x,) satisfying

P(8(xn), xp) = (Y, xp) + (N (Up, V), ¥y — 8(Xp)) +€p, VyeK,nz=1. (4.5)
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Since g(x,) + w, € K, there exists k, € K such that g(x,) + w, = k.

Define J)n : X — RU{+o0} as follows:

Gn(y) = Gy, xn) +(N(Up, vp), y— g(x)), VyeK,n=1.

Since ¢ is proper, convex and subdifferentiable in the first argument, then we have that ¢, is
proper, convex and subdifferentiable for all n = 1. It follows from Proposition 2.2.6 of [16] that
J)n is Lipschitz continuous. Since ||wy|l = |k, — g(x,) |l — 0, then there exists 0 < §,, — 0 such
that

Pn(kn) = Pn(g(xn)) <&y (4.6)
By (4.5) and (4.6), we have

Gulkn) <Pp()+8,+€,, Vyek.

By Ekeland’s theorem [17], there exists X, € K such that

”g(fn) —kpll = V Op+en

and
Gn(gXn) <Pn()+Vbon+enlly—g&nl, VYyek.

Thus, g(X,,) minimizes the function ¢, ((-) + /8, + €, - —g(X,) .. It follows that 0* € 0(¢p,, ((-) +
VOn+enl-—gX))(g(Xy). Thatis,

0% €0¢,(g(Xn) + V6, +€,Bx-.

So there exists
X} €0, (g(Xn) = 0¢p1(g(Fn), Xn) + N(tip, V) (4.7)

such that
lx;ll <V6n+en.

Since [g(xn) — knll — 0 and [|g(Xx) — knll — 0, we know that [|g(X,) — g(xn) |l < 18(Xn) — knll +
lg(x,)—kyll — 0. Since F and E are nonempty compact-valued mappings which both are .#-
uniformly continuous, by Lemma 2.1 we deduce that for each u, € F(x,) and v, € E(x,) there
exist ii,, € F(X,;) and 7, € E(X,,) such that ||u, — t,| < A (F(x,),F(X,) — 0and ||v, — U, <
HC(E(xp), E(Xp)) — 0.

On the other hand, putting z, = x;, — N(u,, v,), from (4.7) we get z, € 0, (g(X,), Xp).
Since for each y € X, 0:1¢(,y): X — 2X" s a nonempty compact-valued mapping, which is
#C-Lipschitz continuous with respect to g, we obtain that for each z; € d¢,(g(X,), x,), there

exists z,, € 0¢p (g(Xy), X,,) such that for some A > 0,

lzn—Zul = %(a(,bl (g(%n)»xn); a(,bl (g(%n)»fn)) = A”g(xn) - g(%n) | — 0. (4.8)
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Putting e, = z,, — Z,, we deduce from (4.7) that

X, + N (i, Uy) = N(up, Vp) — €, + 00k (8(X))
= N(ily, Up) + 2p — en + 06k (g(%n))
= N(up, Up) +Zp + 06 (g(Xn))
< N(tp, Up) +0¢p1(g(Xn), Xn) + 00 (8(Xn))
c N(F(Xp), E(Xy) +0(p(, Xp) +6x)(g(Xn)).

From 0" € 00k (g(X,,)), we have
Xy, + N(lpn, Un) — N(up, vy) — e, € N(F(X), E(X,) +0(d(, %) + 0x) (8(Xn)).

Since N be mixed Lipschitz continuous with respect to the first and second arguments, there
exists a pair of constants ¢, ¢ > 0 such that

IN(up, vy) = N(Uy, V) <y —tyll +Ellv, = vyl — 0. (4.9)
Combining (4.7)—(4.9), we get
Il xy, + N (&, Up) = N(tn, Vy) — enll < | x|l + N (Ty, Uy) — N(up, vl + llenll — 0.

This shows that {X,;} is a LP approximating sequence for IP(N(F, E)+0(¢p+6x)og, K). Let x* be
the unique solution of IP(N(F,E) + (¢ + 6 ) o g, K). By Proposition 2.1, x* is also the unique
solution of CGMVI(N(F, E), g,¢, K). If IP(N(F E) + 0(¢p+ 0 k) o g, K) is strongly LP well-posed,
then X,, — x*. Noticing that [|g(x;) — g(x")Il < llg(x,) — gX) I + 18(Xn) — g(x™) |, we know
that g(x,) — g(x*) as n — oo. Since g: X — X is a homeomorphic mapping, we immediately
obtain that x,, — x* as n — co. Thus, CGMVI(N(F, E), g, ¢, K) is strongly LP well-posed. Oa

Theorem 4.3. Let K be a nonempty, closed and convex subset of X. Let FE: X — 2% be
nonempty compact-valued mappings. Let g : X — X be a continuous mapping and N : X* x
X* — X* be a continuous mapping. Assume that ¢ : X x X — RU {+o0} is proper, convex and
lower semicontinuousin the first argument. [fCGMVI(N(F, E), g, ¢, K) is strongly (resp. weakly)
LP 1-well-posed in the generalized sense, then IP(N(F,E) +0(¢p + 6k) o g,K) is strongly (resp.
weakly) LP well-posed in the generalized sense.

Proof. Let {x,} be a LP approximating sequence for IP(N(F,E) + 0(¢ + 6k) o g, K). Then there
exists w, € X with w,, — 0 such that g(x,) + w, € K, and there exists y, € N(F(x,), E(x,)) +
0(p(-, x,) +0k)(g(xp)) such that ||y, || — 0 as n — co. It is easy to see that there exist u, € F(x)
and v, € E(x;) such that

Oy, xn) —P(g(xn), Xp) =Y — N(up, vn), y— 8(x,)), Vyek.
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Thus,
(N(upn, vy), &(xp) — y) + P(g(xp), Xp) — Py, xp)
< (Y 8xn) = ¥) < 5118xp) = Y12 + 3llynll®>, VyeK,n=z1.

This together with ||y, || — 0, implies that {x,} be a LP 1-approximating sequence for

CGMVI(N(F, E), g,¢,K). Since CGMVI(N(F E), g,¢,K) is strongly (resp. weakly) LP 1-well-
posed in the generalized sense, {x,} has a subsequence which converges strongly (resp. weakly)
to some solution x* of CGMVI(N(F, E), g,¢, K). By Proposition 2.1, x* is also a solution of
IP(N(EE)+0(¢p+0k)og,K) and so IP(N(F,E) +0(¢p + k) o g, K) is strongly (resp. weakly) LP

well-posed in the generalized sense. The proof is complete. O

Theorem 4.4. Let K be a nonempty, closed and convex subset of X. Let FE : X — 2% be
nonempty compact-valued mappings which both are 7€ -uniformly continuous. Let g: X — X
be a homeomorphic mapping and N : X* x X* — X* be mixed Lipschitz continuous with re-
spect to the first and second arguments. Assume that ¢ : X x X — RuU {+oo} satisfies the condi-
tions:

(C1) ¢ is proper, convex and subdifferentiable in the first argument, and for each y € X the
subdifferential of ¢ (-, y) at x € X is denoted by 01¢(x, y);
(C2) foreachye X,0,4(,y): X — 2% is a nonempty compact-valued mapping, which is 7 -

Lipschitz continuous with respect to g, that is, for some A > 0, one has
H(019(8(x),¥),019(8(x),2) = Alg(y) — g, Vx,y,z€X.

IfIP(N(EF E) +0(¢p + 0k) o g,K) is strongly LP well-posed in the generalized sense, then
CGMVI(N(F, E), g,¢,K) is strongly LP well-posed in the generalized sense.

Proof. The conclusion follows from the similar arguments to those in the proof of Theorem
4.2. a

Remark 4.2. Our Theorems 4.1-4.4 improve, extend and develop Theorems 4.1-4.4 in [19] to
a great extent because our CGMVI(N(F E), g, ¢, K) and IP(N(F E) +0(¢p + 0k) o g, K) are more
general than the GMVI(F, ¢, K) and IP(F + d(¢p + 6 k), K) in [19], respectively.

5. Links with Levitin-Polyak Well-Posedness of fixed point problems

In this section, we shall investigate the relations between the Levitin-Polyak well-posedness
of completely generalized mixed variational inequalities and the Levitin-Polyak well-posedness

of the corresponding fixed point problems. Let g: X — X be a single-valued mapping and
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T: X x X — 2% be a set-valued mapping. The fixed point problem associated with (7, g, K) is
defined by
FP(T,g,K): find x € K such that x € T'(x, g(x)).

Let U = {x € X : ||x|| = 1} be the unit sphere. A Banach space X is said to be (i) strictly convex

lx+eyl—=lxll
t

ifforany x,ye U, x#y= | % I < 1; (ii) smooth if the limit lim;_q exists for all

x,y € U. The modulus of convexity of X is defined by
) xX+y
6x(e) =inf{l - I—==l:xyel, lx+yl=e},

and the modulus of smoothness of X is defined by

1
px(1) = SUp{E(IIx+yII +lx-yh-1:xeU, lyl =t}
In this section, we suppose that g > 1 and s > 1 are fixed numbers.

Definition 5.1. A Banach space X is said to be

(i) g-uniformly convex if there exists a constant ¢ > 0 such that § x (¢) = ce? for all € € (0,2);

(ii) g-uniformly smooth if there exists a constant k > 0 such that px (1) < k79.
The generalized duality mapping J4: X — 2X" is defined by
Jq(x) = {jq(x) € X* 1 (jg(x), %) = [ x]19, Il jg)l = l1x197"}.

In particular, J = J» is called the normalized duality mapping. It is well known that J; has the
following properties: (a) J4 is bounded; (b) if X is smooth, then J; is single-valued; (c) if X is
strictly convex, then J is one-to-one and strictly monotone.

Lemma 5.1 (see [18]). Let X be a q-uniformly smooth Banach space. Then there exists a con-
stant Lg > 0 such that

1Tqx) = TaWI = Lgllx-yl7!, Vx,yeX.

Lemma 5.2 (see [18]). Let X be a q-uniformly convex Banach space. Then there exists a con-
stant K4 > 0 such that

JgxX)=Jq(,x=y) = Kyllx—yll9, Vx,yeX.

Lemma 5.3 (see [10]). Let X be a q-uniformly convex Banach space and M : X — 2X" be a
maximal monotone operator. Then for every A >0, (J4 + AM)™L is well-defined and single-

valued.
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We denote Hf("X) = (Jq + A0¢(-,x))~! for each x € X. By the definition of Hf("x) and

Lemma 5.3, it is easy to prove the following proposition.

Proposition 5.1. Let X be a q-uniformly convex Banach space, and K be a nonempty, closed
and convex subset of X. Let g : X — X be a single-valued mapping, N : X* x X* — X* be a
single-valued mapping, and F,E : X — 2X" be two nonempty set-valued mappings. Let ¢ : X x
X — Ru{+o0} be such that for each x € X, ¢ (-, x) is a proper, convex and lower semicontinuous

functional. Then the following conclusions are equivalent:

(i) x solves CGMVI(N(F E),g,¢,K);
(i) x solves the fixed-point problem FP(I — g + Hfﬂs" (Jgo8 —AN(E E)),K):

find x € K such that g(x) € /"% (1, (g(x)) — AN(F(x), E(x))).

Definition 5.2. A sequence {x,} c K is called a LP approximating sequence for FP(T, g, K) if
there exists w;, € X with w;, — 0 such that g(x,) + w, € K, and there exists y, € T(x,, g(x))

such that ||x, — y,ll — 0 as n — oo.

Definition 5.3. We say that FP(T, g, K) is strongly (resp. weakly) LP well-posed if it has a
unique solution and every LP approximating sequence for FP(T, g, K) converges strongly (resp.
weakly) to the unique solution. FP(T, g, K) is said to be strongly (resp. weakly) LP well-posed
in the generalized sense if the solution set S of FP(T, g, K) is nonempty and every LP approx-
imating sequence has a subsequence which converges strongly (resp. weakly) to a point of
S.

Remark 5.1. When g = I, Definitions 5.2 and 5.3 coincide with the Definitions 5.2 and 5.3 in
[19], respectively.

Theorem 5.1. Let X be a s-uniformly convex and q-uniformly smooth Banach space and K
be a nonempty, compact and convex subset of X. Let FE: X — 2X° be nonempty compact-
valued mappings which both are # -continuous. Let g : X — X be a continuous mapping and
N: X*xX* — X* be mixed Lipschitz continuous with respect to the first and second arguments.
Assume that ¢ : X x X — Ru {400} satisfies the conditions:

(C1) ¢ is proper, convex and lower semicontinuous in the first argument;
(C2) ¢ is upper semicontinuous in the second argument;

(C3) liminfy, oo infyedomp(,x,) (P () Xn) — Py, %)) =0, Vixp} < K: xp, — X (n— 00).

IfCGMVI(N(F,E), g, ¢, K) is strongly LP well-posed, then FP(I — g + H‘fﬂs’“ (Jgog—AN(F E)),K)

is strongly LP well-posed, where A > 0 is a constant.
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Proof. We suppose that CGMVI(N(F, E), g, ¢, K) is strongly LP well-posed and x* is the unique
solution of CGMVI(N(F, E), g, ¢, K). By Proposition 5.1, x* is the unique solution of FP(/ — g +
Hﬁw’“ (Jgog—AN(F E)),K). Let {x,} be a LP approximating sequence for FP(/ — g + Hﬁw’“ Ugo
g — AN(F E)),K), then there exists w, € X with w,, — 0 such that g(x,) + w, € K, and there

exists ¥y € (I - g) () + 117 %% (], (g(x)) = AN(F(x), E(x))) such that | x = yull — 0 as

rxn)+6k

n — oo. By the definition of Hf(' , there exist u, € F(x,) and v, € E(x,) such that

]q(g(xn)) _]q(_Vn —Xn+ g(xp)
A

= N(up, vp) €0(P(, Xn) +6k) (Y — Xn + 8(xn)).

It is easy to see that {y,, — x,, + g(x,)} € K and

Jg(8(xn) = Jg(¥n— xn + 8(xn)
< a8 chid & - N(up, vn),y—(yn—xn+g(xn))>

A
=Py, xn) —p(Yn—xn+8(xn),xn), VyeK,nz=1. (5.1)
Putting z,, = ]”(g(x"))_]"g/"_xﬁg(x")), by Lemma 5.1 we deduce from || x;, — y,|| — 0 thatas n —

oo,

— 0. (5.2)

Ja8xn) = Jqn—xn+8xn)) | Lglyn—xull9?
2l = [| 218 alV 8 Hs ally

A A

Let {x,,} be any subsequence of {x,} such that x,, — X as i — oco. Clearly X € K. Since
{¥yn—xn+g(x,)} c K and g is continuous, we know that g(x) € K. So, it follows from (5.1), (5.2)
and conditions (C1)—(C3) that

hlrnlnf((b(yn, - xn,- + g(xn,-)» xn,—) - ‘p()’n, - xn,— + g(xn,-)» )_C))
—00

= liminf  inf (@, xpn,) —P(3, %) 20,

i—00 yedomgb(-,xnl.)
and

Hminf(N (up;, V0,), Yn, — Xn, + 8(Xp,) = ) + P(g(X), X) — P(y, X)

1—00

< iminf(N(uy,, Vn,) = Zn;» Yn; — Xn; + &(Xn,) — y) +iminfp(y,, — x,, + g(xp,), X)
1—00

J:l?l;loglf(¢(yni = Xp; + 8(Xn,)s Xny) — PV, — X, + 8(Xp,;), X)) + liirg (igf(—gb(y, Xn;))
= Himinfl(N (un,, Vi) = Zn;» Yy = Xn; + §(Xn)) = Y0 + P(Ym; = X, + (m,), X)
+PWVn; — Xn; + 8(Xn,), Xn,) — P(Yn; — Xn; + 8(Xn,), X) — P(y, xp;)}
= iminf{{N (up,, Vn,) = Zn;» Yn; — Xn; + &(Xn,) = ¥) + PV, — Xn; + 8(Xn,)s Xny) — Py, X))}

1—00

<0. (5.3)

Since F and E are nonempty compact-valued mappings, in terms of Lemma 2.1, for each
u;, € F(x,) and v, € E(x;) there exist i1, € F(x) and 7, € E(Xx) such that || u,, — it,,|| < A (F(xy),
F(x)) and llvy, — U, < A (E(xy), E(X)). Since F and E both are /#-continuous, one deduces
that |uy, — tip, | < A(F(xy,), F(X)) — 0and (v, — Uy, |l = #£(E(xp,), E(X)) — 0 as i — oo. Since
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F(X) and E(x) both are compact, without loss of generality we may assume that ii,,, — it € F(X)
and v, — U € E(X) as i — oo. Thus, we conclude that

ttn, = @l < ttn, = G, | + | n, = ] =0 s i — o0,

and

1V, = O < WV, = O, | + 15, = DI — 0 as i — oo
Thatis, u,;, — tiand v,, — v as i — co. Note that NV is mixed Lipschitz continuous with respect
to the first and second arguments. Hence there exists a pair of constants {,¢ > 0 such that

N (up;, vn;) — N, )| < Cllup, — @l +Sllvy, — 0l — 0 asi— oo.

This together with u,, — i@t and v,, — ¥, implies that N(u,,, v,,) — N(@, ) as i — oo. So, it
immediately follows from (5.3) that

(N(i1,0),8(X) =) +P(g(x),X) —p(y, X) <0, Vyek.

Thus, x solves CGMVI(N(F E), g,¢,K). Since CGMVI(N(F E), g,¢, K) has a unique solution
x*, we get X = x*. This shows that x, — x* as n — oco. Therefore, FP(I - g+ Hf“s"(]q og-—
AN(F, E)), K) is strongly LP well-posed. The proofis complete. a

Theorem 5.2. Let X be a q-uniformly convex Banach space and K be a nonempty, closed and
convex subset of X. Let F,E : X — 2X" be nonempty compact-valued mappings which both are
J€-uniformly continuous. Let g : X — X be a homeomorphic mapping and N : X* x X* — X*
be mixed Lipschitz continuous with respect to the first and second arguments. Assume that
¢: X x X - RU{+oo} satisfies the conditions:

(C1) foreach xe X, ¢(:,x) is a proper, convex and subdifferentiable functional;

(€2) IOk ) — YK () | < Bllig (0 — g, Vx, y € X, v* € X* for some > 0.

IfFP(I—-g+ Hfﬂs" (Jgo&—AN(FE E)), K) is strongly LP well-posed, then CGMVI(N(F, E), g, ¢, K)
is strongly LP well-posed.

Proof. Let {x,} € K be a LP approximating sequence for CGMVI(N(F, E), g, ¢, K). Then there
exist w, € X with w, — 0 and 0 < €, — 0 such that g(x,) + w, € K, and there exist u, € F(x,)
and v, € E(x;) satisfying

G(g(xn), xn) = P(y, xp) +(N(Up, V), y— 8(xXp)) +€p, VyeK,nz=1. (5.4)

Since g(x;,) + w, € K, there exists k, € K such that g(x,) + w, = k,. Define ([)n : X - RU{+o0}
as follows:
$n(y) = Py, Xp) + (N(Un, vp), y - 8(x)), VyeK,nz=1.
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Since ¢ is proper, convex and subdifferentiable in the first argument, then we have that ¢,, is
proper, convex and subdifferentiable for all n = 1. It follows from Proposition 2.2.6 of [16] that
(Z)n is Lipschitz continuous. Since ||wy|l = |k, — g(x,) |l — 0, then there exists 0 < §,, — 0 such
that

Gnkn) — Pn(g(xn) <6y. (5.5)
It follows from (5.4) and (5.5) that

Gnlkn) < Pn(y) +6p+€n, VyeKk.

By Ekeland’s theorem [17], there exists X;, € K such that

”g(fn) —kpll = Vv On+en,
and
Gn(g(Xn) <Pn() +Vbp+enly—g&)l, VYyeKk.

Thus, g(X,,) minimizes the function ¢, ((-) + /8, + €, - —g(X,) .. It follows that 0* € d(¢, ((-) +
VOn+enl-—gXn)I)(g(Xy). Thatis,

0% €0, (g(Xn) + 6, +€nBx-.
So there exists
X5 € 0 (8(%n)) = 0p1(§(Fn), Xn) + N(up, vy) (5.6)
such that
Ix,l < V6 n+en.

It follows from (5.6) that
g(Tn) = 10K (1 (g(F)) + A — AN (1, v)).

Since ||g(x,) = kyll — 0 and | g(Xn) — knll — 0, we have [|g(x,) —g(Xp)ll < 1§ (xn) — knll+11g(Xn) —
knl — 0. Since F,E: X — 2X" are nonempty compact-valued mappings which both are .-
uniformly continuous, in terms of Lemma 2.1 we know that for each u, € F(x,) and v, €
E(x,) there exist 1, € F(X,) and v, € E(X,) such that ||u, — #,|l < A (F(x,),F(X,)) — 0 and
lv, — U, < A(E(xy), E(X,)) — 0 as n — co. Note that N is mixed Lipschitz continuous with
respect to the first and second arguments. Hence, it follows that there exists a pair of constants
(,¢& > 0 such that

IN(up, vy) = N, V)l < Clluy =yl +<Sllvy — Uyl — 0,
as n — oo. Since

% (g (g(Fa)) = AN (@, D)) € T1) X (1 (g (%)) = AN(F (%), E(X)),
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and as n — oo,

lg@n) — 105 0K (] (g (%)) — AN (@, 7))
= T8O OK (7 (g () + A = AN (i, ) =TI OK (1 ((Fn)) = AN (i, T |
< T8O OK (7 (g (&) + A — AN (i, ) =TI 0K (4 (o) + Ay = AN (s, v |
HITIYS 0K (g (g (Fn)) + Aty = AN (U, ) = T OK (7 (g(Fon)) = AN (i, Tn))
< Bllg(xn) = g G + 11 U4 (€(Fn)) + Axi = AN (i, v2)) = U (8(Gn)) = AN (i, D) |
= Bllg(xn) — Xl + 1 Ax;, + AN (T, Up) — N(tp, vi))l
< Bllg(xn) — g&X) I + 1 Ax |l + IAN (T, Up) — N(up, va)) Il = 0, (5.7)

this shows that
Tim 1%, = [(1 = g)(F) + 115 ™% (/4 (g(%)) = AN (i, T = 0.

Thus, {X,} is a LP approximating sequence for FP(I — g + wak (Jgo g - AN(F E)),K). Let x*
be the unique solution of CGMVI(N(F, E), g,¢, K). By Proposition 5.1, we obtain that x* is
also the unique solution of FP(I — g + H‘fﬂs’“ (Jgog-AN(EE)),K). If FP(I - g + H‘fﬂs’“ Ugog-
AN(F, E)), K) is strongly LP well-posed, then X, — x™. It follows that

lg(xn) —g(x) N <lglxy) — gX)Il+11g(X,) — gx™)Il — 0.

Since g is a homeomorphic mapping, we immediately obtain that x,, — x* as n — oco. Thus,
CGMVI(N(F, E), g, ¢, K) is strongly LP well-posed. O

Theorem 5.3. Let X be a s-uniformly convex and q-uniformly smooth Banach space and K
be a nonempty, compact and convex subset of X. Let FE: X — 2X° be nonempty compact-
valued mappings such that F(K) U E(K) is bounded. Let g: X — X be a continuous mapping
and N : X* x X* — X* be be mixed Lipschitz continuous with respect to the first and second

arguments. Assume that ¢ : X x X — RuU {+oo} satisfies the conditions:

(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) lim;—oo lplen + g(xn), xn) —P(g(xn), xn)| =0, Vix,} cK: {e,+gxp)l c K with e, — 0.
If CGMVI(N(F E), g,¢,K) is strongly (resp. weakly) LP %-well—posed in the generalized
sense, then FP(I — g+ Hfﬂsk (Jg0 & —AN(F E)), K) is strongly (resp. weakly) LP well-posed
in the generalized sense.

Proof. Let {x,} c K be a LP approximating sequence for FP(/ — g+ Hfﬂs’“ (Jgog—AN(F E)),K).
Then there exists w, € X with w, — 0 such that g(x,) + w, € K, and there exists y, € (I —
€)(n) + TP *O4 (1 (g(x)) = AN(F (), E(x))) such that [[x, — yull — 0 as 1 — oo. By the



LEVITIN-POLYAK WELL-POSEDNESS 117

definition of Hf("x”)ﬂs"

v, € E(x,) such that

, we know that {y, — x, + g(x;)} < K and there exist u, € F(x,) and

<]q(g(xn)) _]q(_Vn —Xn+ g(xp)
A
<P, x0) —P(yn—xp+gxn),xy), VyeK,n=1. (5.8)

= N(up,vn), ¥y = (Yn—Xn +g(xn))>

It follows from (5.8) that for any y € K,

(N (Up, vp), §(x5) — ¥) + P(g(xn), Xn) — Py, Xn)

< AN(un, Un), Xn = yn) + P(g(Xn), Xn) = P(yn = Xn + g(Xn), Xn)

+<]q(g(xn)) _]q(i/n —Xn+ 8(Xn)) LX) — ) + <]q(g(xn)) _]q(;){n —Xn + 8(Xn))
< [IN(un, v)lllx, - anI + |(l>(g(xn), Xn) _(/)(yn —Xp+ g(xn)y Xp)l

+ I1/4(g(xn)) _]q(i/n —Xn+ gl lge -yl + I1/4(g(xn)) _]q(;}{n —Xxn+ gl

< IN(Un, )l xn = yull + 198 (xn), Xn) — (Vi — Xn + 8(x1), X1)|

»,Vn_xn>

”_Vn —Xpll

1 _ _ 2, 1 2
+2/1”]q(g(xn)) ]q(J/n Xp+ 8l +2/1||g(xn) bl

+ ”]q(g(xn)) _]q(_Vn —Xn +g(xn))”
A

1 1
= ﬁ”g(xn) _y”2 + N Uy, vl + Z”]q(g(xn)) _]q(yn_xn +g(xn))||]||J/n = Xnll

lyn—xnll

1
+p(g(xn), Xp) — P(¥n — X+ 8(xp), Xp) | + ﬁ ”]q(g(xn)) _]q (Yn—xn+ g(xn))”2 (5.9)

Since N is mixed Lipschitz continuous with respect to the first and second arguments, there

exists a pair of constants ¢, ¢ > 0 such that
[N (x1, y1) = N(x2, y2) | < Cllxr = xoll +Sllyr = yall,  V(xi,yi) € Xx X,i=1,2,

which together with (1, v,;) € F(K) x E(K) and the boundedness of F(K) u E(K), implies that

{N(up, vy)} is bounded. Putting e, = y, — x5, from condition (C2) we get
Lim [p(yn = xn + &(Xn), Xn) = P(g(xXn), xp)| = M |p(en + g(Xn), Xn) = P(g(xn), xn)| = 0.
Again, by Lemma 5.1 we have
1T qn = Xn + 80xn)) = Jq(gxn)) Il < Lgllyn — x, 1971 — 0.

It follows from (5.9) that {x,} is a LP %-approximating sequence for CGMVI(N(F E), g,¢, K). If
CGMVI(N(F E), g,¢,K) is strongly LP %-well-posed in the generalized sense, then {x,} has a
subsequence {x,,} such that x,,, — x™ as i — oo, where x* is a solution of CGMVI(N(F, E), g, ¢,
K). By Proposition 5.1, we obtain that x* is also a solution ofFP(I—g+Hf+6" (Jgo8—AN(EE)),
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K). Thus, FP(I - g + Hfﬂs" (Jgo & — AN(F E)),K) is strongly LP well-posed in the generalized
sense.

If CGMVI(N(F E), g, ¢, K) is weakly LP %-well-posed in the generalized sense, then {x,}
has a subsequence {x,,} such that x,,, — x* as i — oo, where x* is a solution of CGMVI(N (F, E),
g, ¢, K). By Proposition 5.1, we obtain that x* is also a solution of FP(] — g + Hﬁw’“ Jgog—
AN(E E)), K). Thus, FP(I — g + Herak (Jg08— AN(F, E)),K) is weakly LP well-posed in the gen-
eralized sense. O

Theorem 5.4. Let X be a q-uniformly convex Banach space and K be a nonempty, closed and
convex subset of X. Let F,E: X — 2X" be nonempty compact-valued mappings which both are
JC-uniformly continuous. Let g : X — X be a homeomorphic mapping and N : X* x X* — X*
be mixed Lipschitz continuous with respect to the first and second arguments. Assume that
¢: X x X - Ru{+oo} satisfies the conditions:

(C1) foreachxe X, ¢(:,x) is a proper, convex and subdifferentiable functional;

(€2) UK )~V R (v | < Bllg ) — g, Vx, y € X, v € X* for some B> 0.

IfFP(I-g+ Hfﬂs" (Jgo8—AN(F E)), K) is strongly LP well-posed in the generalized sense, then
CGMVI(N(F, E), g,¢,K) is strongly LP well-posed in the generalized sense, where A > 0 is a con-
stant.

Proof. The conclusion follows from the similar arguments to those in the proof of Theorem
5.2. a

Remark 5.2. Our Theorems 5.1-5.4 improve, extend and develop Theorems 5.1-5.4 in [19] to
a great extent because our CGMVI(N(F E), g,¢,K) and FP(I — g + Hfﬂs"(]q 0cg—-AN(FE)),K)
are more general than the GMVI(F ¢, K) and FP(HT&‘ (Jg —AFK) in [19], respectively.

6. Conditions for Levitin-Polyak Well-Posedness

In this section, we shall derive some conditions under which a completely generalized

mixed variational inequality in Banach spaces is Levitin-Polyak well-posed.

Theorem 6.1. Let K be a nonempty, compact and convex subset of X. Let FE : X — 2X" be
nonempty compact-valued mappings which both are /€ -continuous. Let g : X — X be a con-
tinuous mapping and N : X* x X* — X* be mixed Lipschitz continuous with respect to the first
and second arguments. Assume that ¢ : X x X — RuU {+oo} satisfies the conditions:

(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) ¢ is upper semicontinuous in the second argument;
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(C3) liminfy—co infyedomep(x,) (P (V) Xn) — Py, %)) =0, Vixp}< K: xp — X (n— 00).
Then CGMVI(N(F E), g, ¢, K) is strongly LP well-posed if and only if it has a unique solution.

Proof. The necessity is obvious. For the sufficiency, suppose that CGMVI(N(F E), g, ¢, K)
has a unique solution x*. If CGMVI(N(F, E), g, ¢, K) is not strongly LP well-posed, then there
exists a LP approximating sequence {x,} c K for CGMVI(N(F, E), g, ¢, K) such that {x,} is not
strongly convergent to x*. Thus, there exist w, € X with w;, — 0 and 0 < ¢;,, — 0 such that
g(xp) + wy, € K, and there exist u, € F(x,) and v, € E(x;) such that

(N(up, vn), §(xn) — ) +P(g(xn), Xp) —Pp(y, X)) <€, VyeK,nz=1. (6.1)

Let {x;,} be any subsequence of {x;} such that x,,, — X as i — co. Clearly X € K. Since {g(x,) +
wy} < K and g is continuous, we know that g(x) € K. So, it follows from (6.1), €, — 0 and
conditions (C1)—(C3) that
lim inf($(g(xp,), Xn,) = P(g (%), ®) = liminf _ inf  (p(y,%5,) =Py, D) 20,
—00

i—o0 yedomgb(-,xnl.)

and
ligiglf(N(uni, Un;), 8 (Xn,) — ) +p(g(x), X) —Pp(y, X)
< liminf(N (uy,, vn,), §(xn,) — y) +liminfp(g(x,,), X)

+liinli£1f(¢(g(xni), Xn;) — Pp(g(xp,), X)) + liirg (igf(—gb(y, Xp;))
< liminf{(N (uy,, i), §(xn,) — ) + P(g(xp,), X) + P(g(Xn,), Xpn,) — P(g(Xp,), X) — Py, Xp,)}

1—00

= liinligf{<N(uni, Un;) = Vnj» & Xn,) — ¥ + p(g(xn,), Xn,) — P(y, Xp,)}

< liminfe,, =0. (6.2)

1—00
Since F and E are nonempty compact-valued mappings, in terms of Lemma 2.1, for each u,, €
F(x,) and v, € E(x,) there exist ii,, € F(X) and v, € E(X) such that ||u, — i, < A (F(x;), F(X))
and ||v,, — V|| < A (E(x,),E(X)). Since F and E both are .#/-continuous, one deduces that
ltn, — i, | < AO(F(xp,), F(X)) — 0and vy, — Uy, |l < AC(E(xp,), E(X)) — 0 as i — oo. Since F(X)
and E(x) both are compact, without loss of generality we may assume that i,, — it € F(X) and
Uy, — V€ E(X) as i — oo. Thus, we conclude that

lten; = @l < lten; = Gp, | + i, — @ — 0 as i — oo,

and

1V, = < 1 0n, = O I+ 15, = 5 — 0 as i — oo,

Thatis, u,, — tand v,, — v as i — co. Note that NV is mixed Lipschitz continuous with respect
to the first and second arguments. Hence there exists a pair of constants ¢, > 0 such that

I N(up;, v;) = N(@, D) < Cllup, — @ll +<Sllvy, — 0l — 0 asi— oo.
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This together with u,, — i@ and v,, — », implies that N(u,, vy,,) — N(&, V) as i — oo. So, it
immediately follows from (6.2) that
(N(it,0),8(X) =) +p(g(x),X) —¢p(y, X) <0, Vyek.

Thus, x solves CGMVI(N(F E), g,¢,K). Since CGMVI(N(F E), g,¢, K) has a unique solution
x*, we get X = x*. So, x,, — x* as n — oo. This leads to a contradiction. Therefore,
CGMVI(N(F E), g,¢, K) is strongly LP well-posed. The proof is complete. a

Let K< X and g: X — X be a mapping. Now, for any 6, = 0, we denote Mg (6p) = {x€ X :
d(g(x),K) < 6p}. We have the following result.

Theorem 6.2. Let K be a nonempty, closed and convex subset of X. Let FE : X — 2% be
nonempty compact-valued mappings which both are upper semicontinuous. Let g: X — X
be a continuous mapping and N : X* x X* — X* be mixed Lipschitz continuous with respect to
the first and second arguments. Assume that ¢ : X x X — RU {+o0} satisfies the conditions:
(C1) ¢ is proper, convex and lower semicontinuous in the first argument;

(C2) ¢ is upper semicontinuous in the second argument;

(C3) liminf,, .o infyedom(,,(.,xn)((p(y, Xp)—(y,%) =0, V{ixp} < K:x, — X (n— 00).

If there exists some 6y > 0 such that M (0y) is compact, then CGMVI(N(F, E), g,¢, K) is strongly
LP a-well-posed in the generalized sense.

Proof. Let {x,,} € K be aLP a-approximating sequence for CGMVI(N(F, E), g, ¢, K). Then there
exist 0 <€/, — 0 and w, € X with w,, — 0 such that

8(xp) +wp €K,
and there exist u, € F(x,) and v, € E(x,) satisfying
(Nt ), §n) = )+ Gg ), x0) = 41, X) = S NgLrn) = yIP €}, VyeKinz1. (63)
Since g(x,) + w, € K, then there exists k, € K such that g(x,) + w, = k,. Thus,
d(g(xp), K) = 1g(xn) — knll = llwpl — 0.

Setting €, = max{e}, [|w,|}, we can get d(g(x,),K) < €,. Without loss of generality, we may
assume that {x,} € M(d) for n sufficiently large. By the compactness of M(Jy), there exists a
subsequence {x,,} of {x,} and x € Mg(60) such that x,, — X as i — oco. Itis easy to see X € K.
Furthermore, by the u.s.c. of F and E at X and compactness of F(X) and E(X), there exist a
subsequence {(uy,, Vy,)} of {(uy, v,)} some (i, V) € F(X) x E(%) such that u,, — @t and v,,, — v.
Since N is mixed Lipschitz continuous with respect to the first and second arguments, there
exists a pair of constants {,¢ > 0 such that as i — oo,

N (un;, vi,) — N(@, D)l < Cllup, — @l + Ellvp, — vl — 0.
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Since ¢ satisfies conditions (C1)—(C3), from (6.3) we deduce that for all y € K,

(N(@1,0),g(X) = y) + p(g(x), X) — (y, X)
< liirECigﬂN(uni, Vi), 8(Xn) =) +liir£1)(i)£1f(b(g(xni),5c)
+ligg1f(¢(g(xni), Xp) —p(g(xy,), X)) + ligglf(—(b(y, Xn;))
= 1igglf{<N(uni, Un;), 8(Xn;) = ¥) + (g (xn,), X) + P(g(xn,;), Xn,) — P(g(xn,), X) — Py, xp,)}
= iminf{(N (un;, vn,), 8 (xn,) = ¥) + P(8(Xn,), Xn,) — P(¥, Xn,)}

1—00

< liminf{% I8 (xn,) = yI* +€h)
a
= Ellg(x)—yll )
That s,
(N(@, ), g(%) - y) + p(g(%), ) - p(y, T) < %Ilg(fc) -yI?, Vyek. 6.4)

Forany y € K, put y, = g(x) + t(y — g(x)) for all £ € (0, 1), it is easy to see y; € K. Now, utilizing
(6.4), one has
a
(N (i, ), 8(X) =y +p(g(X), %) —p(ys, X) < > lg(x)— J/IHZ-

By the convexity of ¢ in the first argument, we conclude that for each ¢ € (0, 1), one has
(N D), g(0) - )+ $(gL0, 0~ 9, D) < g - yIE, Vyek.
Letting r — 0% in the last inequality, we have
(N(it, 0),g(X) — y) + p(g(%),X) —p(y, X) <0, VyeKk.

This shows that X solves CGMVI(N(F, E), g,¢, K). Thus, CGMVI(N (F, E), g, ¢, K) is strongly LP

a-well-posed in the generalized sense. The proofis complete. O

Remark 6.1. Our Theorems 6.1-6.2 improve, extend and develop Theorems 6.1-6.2 in [19]
to a great extent because our CGMVI(N(F E), g, ¢, K) is more general than the GMVI(F, ¢, K)
in [19].
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