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ON THE APPROXIMATION OF FUNCTION BELONGING TO

WEIGHTED (Lp, ξ(t)) CLASS BY ALMOST MATRIX SUMMABILITY

METHOD OF ITS FOURIER SERIES

SHYAM LAL

Abstract. In this paper, the degree of approximation of function belonging to weighted W (Lp,

ξ(t)) class by almost matrix summability of its Fourier series has been determined. The main

theorem improves all the previously known theorems in this line of work.

1. Introduction

The concept of convergence and divergence of a series are at common places of analy-
sis. In 1948, Lorentz [6], for first time, defined almost convergence of a bounded sequence.

It is easy to verify that a convergent sequence is almost convergent and the limits are

the same [17]. The idea of almost convergence led to the formulation of almost matrix

summability method. Bernstein [16], Alexits [5], Sahney [3], Chandra [15] and several

others have determined the degree of approximation of a function f ∈ Lip α by (C, 1),
(C, δ), (N, pn) and (N, pn) means of its Fourier series. Working in the same direction

Sahney & Rao [13] and Khan [7] have studied the degree of approximation of function

belonging to Lip α and Lip(α, p) by (N, pn) means an d(N, p, q) mean respectively. After

the definition of almost summabilities methods, Qureshi [8, 9, 10] determined the degree
of approximation of certian functions by almost (N, pn) and almost (N, p, q) means. But

till now no work seems to have been done to obtain the degree of approximation of func-

tion belonging to weighted W (Lp, ξ(t)) class by almost matrix summability method of its

Fourier series. It is important to note that almost matrix summability method includes

as special cases the methods of almost (C, 1), (C, δ), (N, pn), (N, pn) and (N, p, q). The
weighted W (Lp, ξ(t)) class is the generalization of Lip α, Lip(α, p) and Lip(ξ(t), p). In

an attempt to make an advance study in this direction, in this paper, one theorem on

degree of approximation of function of W (Lp, ξ(t)) class by almost matrix summability

means of its Fourier series has been established.
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2. Definitions and Notations

If a function f is 2π-periodic and Lebesgue integrable in [−π, π] then its Fourier series

is given by

f(x) ∼
1

2
a0 +

∞
∑

n=1

(an cosnx+ bn sinnx). (2.1)

A function f ∈ Lip α if

f(x+ t) − f(x) = O(|t|α) for 0 < α ≤ 1.

f ∈ Lip(α, p) if

{
∫ 2π

0

|f(x+ t) − f(x)|pdx

}1/p

= o(tα), 0 < α ≤ 1, p ≥ 1.

(def. 5.38 of Mcfadden [12]).

Given a positive increasing function ξ(t) and an integer p > 1, we find (Siddiqui [1])

that

f ∈ Lip(ξ(t), p) if

{
∫ 2π

0

|f(x+ t) − f(x)|pdx

}1/p

= O(ξ(t))

so that f ∈W (Lp, ξ(t)) (Lal [18])

{
∫ 2π

0

|f(x+ t) − f(x)|p sinβp xdx

}1/p

= O(ξ(t)), β ≥ 0.

If β = 0, then W (Lp, ξ(t)) class coincides with the class Lip(ξ(t), p).

We define the norm by

‖f‖p =

{
∫ 2π

0

|f(x)|pdx

}1/p

, p ≥ 1

The degree of approximation of f is given by (Zygmund [2])

En(f) = min
Tn

‖f − Tn‖p

where Tn(x) is some nth degree trigonometric polynomial.

Lorentz [6] has defined:

A sequence {Sn} is said to be almost convergent to a limit S if

lim
n→∞

1

n+ 1

n+m
∑

k=m

Sk = S, uniformly with respect to m.
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Let T = (an,k) be an infinite triangular matrix satisfying the Silverman-Toeplitz [13]
condition of regularity i.e.

n
∑

k=0

an,k → 1, as n→ ∞,

an,k = 0, for k > n

and
n
∑

k=0

|an,k| ≤M, a finite constant.

Let
∑

∞

n=0 un be an infinite series such that

Sk =
k
∑

v=0

uv.

A series
∑

∞

n=0 un with the sequence of partial sums {Sn} is said to be almost matrix
summable to S provided

tn,m =

n
∑

k=0

an,kSk,m =

n
∑

k=0

an,n−kSn−k,m → S

uniformly with respect to m where

Sn−k,m =
1

n− k + 1

n−k+m
∑

v=m

Sv

and (an,k) is an infinite regular triangular matrix such that the elements an,k is non-
negative and non-decreasing with k, An,τ =

∑τ
k=0 an,n−k, An,n = 1 ∀n.

Seven important particular cases of matrix means are

1. (C, 1) mean, when an,k =
1

n+ 1
∀k

2. Harmonic means, when an,k =
1

(n− k + 1) logn

3. (C, δ) means when an,k =

(

n−k+δ+1
δ−1

)

(

n+δ
δ

) ,

4. (H, p) means, when an,k =
1

logp−1(n+ 1)

p−1
∏

q=0

logq(k + 1)

5. Nörlund means [12] when an,k =
pn−k

Pn
where Pn =

n
∑

k=0

pk,

6. Riesz means (N, pn) when an,k =
pk

Pn

7. Generalized Nörlund means (N, p, q) [4] when an,k =
pn−kqk
Rn

whereRn =

n
∑

k=0

pkqn−k.
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We shall use the following notations:

Φ(t) = f(x+ t) − f(x− t) − 2f(x), An,τ =

τ
∑

k=0

an,n−k

τ =
[1

t

]

= Integral part of
1

t

Mn,m(t) =
1

2π

n
∑

k=0

an,n−k
sin(2m+ n− k + 1)t/2 sin(n− k + 1)t/2

(n− k + 1) sin2(t/2)
. (2.2)

3. Main Theorem

Quite good amount of works are known on approximation of function belonging to
Lipschitz class by almost Nörlund summability means. The purpose of this paper is to
determine the degree of approximation of function f ∈ W (Lp, ξ(t)) by almost matrix
summability means. In fact, in this paper, we shall prove the following theorem:

Theorem. Let T = (an,k) is an infinite regular triangular matrix such that (an,k) is

non-negative and non-decreasing with k, An,τ =
∑τ

k=0 an,n−k, An,n = 1 ∀n. If f(x) is

2π-periodic function belonging to the class W (Lp, ξ(t)) then its degree of approximation

by tn,m =
∑n

k=0
an,n−k

n−k+1

∑n−k+m
ν=m Sν i.e., almost matrix means of its Fourier series (2.1)

is given by

‖tn,m(x) − f(x)‖p = O{ξ(1/n)nβ+ 1

p } (3.1)

provided ξ(t) satisfies the following conditions

{

∫ 1/n

0

(

t|φ(t)|

ξ(t)

)p

sinβp tdt

}
1

p

= O
( 1

n

)

(3.2)

{

∫ π

1/n

(

t−δ|φ(t)|

ξ(t)

)p

dt

}
1

p

= O(nδ) (3.3)

where δ is an arbitrary number such that q(1− δ)−1 > 0, conditions (3.2) and (3.3) hold

uniformly in x, and
1

p
+

1

q
= 1

4. Lemma

For the proof of our theorem following lemmas are required.

Lemma 4.1. Let Mn,m(t) be given by (2.2). Then

Mn,m(t) = O(n) for 0 < t ≤
1

n
.



APPROXIMATION OF FUNCTION BELONGING TO WEIGHTED (Lp, ξ(t)) CLASS 71

Proof.

|Mn,m(t)| =

∣

∣

∣

∣

∣

1

2π

n
∑

k=0

an,n−k
sin(2m+ n− k + 1)(t/2) sin(n− k + 1)(t/2)

(n− k + 1) sin2(t/2)

∣

∣

∣

∣

∣

≤
1

2π

n
∑

k=0

an,n−k
| sin2(n− k + 1)(t/2)|

(n− k + 1)| sin2(t/2)|

≤
1

2π

n
∑

k=0

an,n−k
(n− k + 1)2| sin2(t/2)|

(n− k + 1)| sin2(t/2)|

≤
1

2π

n
∑

k=0

an,n−k(n− k + 1)

≤
(n

π

)

An,n

= O(n).

Lemma 4.2. Lal [19]: If (an,k) is non-negative and non-increasing with k, then for

0 ≤ a ≤ b ≤ ∞, 0 ≤ t ≤ π, and for any n,

∣

∣

∣

∣

∣

b
∑

k=a

an,n−ke
i(n−k)t

∣

∣

∣

∣

∣

= O(An,τ ),

where τ = Integral part of 1
t = [1t ].

Lemma 4.3. Let Mn,m(t) be given by (2.2). Then

Mn,m(t) = O
(An,τ

t

)

for
1

n
≤ t ≤ π where τ = [

1

t
] = integral part of

1

t
.

Proof.

|Mn,m(t)| =
1

2π

∣

∣

∣

∣

∣

n
∑

k=0

an,n−k sin(2m+ n− k + 1)t/2 sin(n− k + 1)t/2

(n− k + 1)| sin2(t/2)|

∣

∣

∣

∣

∣

≤
1

2πt

n
∑

k=0

an,n−k sin(2m+ n− k + 1)t/2

≤
1

2πt
imaginary part of

∣

∣

∣

∣

∣

n
∑

k=0

an,n−ke
i(2m+n−k+1)t/2

∣

∣

∣

∣

∣

≤
1

πt

∣

∣

∣

∣

∣

n
∑

k=0

an,n−ke
i(n−k)t

∣

∣

∣

∣

∣

= O
(An,τ

t

)

by lemma (4.2)
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5. Proof of Theorem

It is well known that vth partial sum Sν of the series (2.1) is given by

Sv(x) − f(x) =
1

2π

∫ π

0

φ(t)
sin(v + 1

2 )t

sin(t/2)
dt

then Sn−k,m − f(x) =
1

n− k + 1

n−k+m
∑

v=m

{Sv(x) − f(x)}

=
1

n− k + 1

n−k+m
∑

v=m

{

1

2π

∫ π

0

φ(t)
sin(v + 1

2 )t

sin t/2
dt

}

=
1

2π

∫ π

0

φ(t)

{

1

n− k + 1

n−k+m
∑

v=m

sin(v + 1
2 )t

sin t/2

}

dt

=
1

2π

∫ π

0

φ(t)
1

n − k + 1

sin(2m+n−k+1)t/2 sin(n−k+1)t/2

sin2(t/2)
dt

Now
n
∑

k=0

an,n−k{Sn−k,m(x) − f(x)}

=
1

2π

∫ π

0

φ(t)

(

n
∑

k=0

an,n−k
sin(2m+ n− k + 1)t/2 sin(n− k + 1)t/2

(n− k + 1) sin2(t/2)

)

dt

or tn,m(x) − f(x)

=
1

2π

[

∫ 1/n

0

+

∫ π

1/n

]

φ(t)

(

n
∑

k=0

an,n−k
sin(2m+ n− k + 1)t/2 sin(n− k + 1)t/2

(n− k + 1) sin2(t/2)

)

dt

=

[

∫ 1/n

0

+

∫ π

1/n

]

φ(t)Mn,m(t)dt

= I1 + I2, say. (5.1)

Applying Hölder’s inequality and the fact that φ(t) ∈ W (Lp, ξ(t)), we get

I1 =

∫ 1/n

0

φ(t)Mn,m(t)dt

≤

{

∫ 1/n

0

(

t|φ(t)|

ξ(t)
sinβ t

)p

dt

}
1

p
{

∫ 1/n

0

(

ξ(t)

t

|Mn,m(t)|

sinβ t

)q

dt

}
1

q

= O(1)

{

∫ 1/n

0

(

ξ(t)

t1+β

)q

dt

}
1

q

by lemma (4.1) and condition (3.2)

= O(1)ξ
( 1

n

)

{

∫ 1/n

0

(

dt

t(1+β)q

)

}
1

q

, by mean value theorem
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= O(1)ξ
( 1

n

)

[

{

t−(1+β)q+1

−(1 + β)q + 1

}1/n

1

]
1

q

= O(1)ξ
( 1

n

)

[n(1+β)q−1]
1

q

= O(1)ξ
( 1

n

)

[n(1+β)− 1

q ]

I1 = O
(

ξ
( 1

n

)

nβ+ 1

p

) (

∵

1

p
+

1

q
= 1
)

. (5.2)

Also, similarly, as above,

I2 =

[

{
∫ π

1/n

∣

∣

∣

∣

t−δ sinβ t|φ(t)|

ξ(t)

∣

∣

∣

∣

p

dt

}
1

p
{
∫ π

1/n

(

ξ(t)

t−δ

Mn,m(t)

sinβ t

)q

dt

}
1

q

]

=

[

{
∫ n

1/π

∣

∣

∣

∣

t−δ|φ(t)|

ξ(t)

∣

∣

∣

∣

p

dt

}
1

p
{
∫ π

1/n

(

ξ(t)

tβ+1−δ
An,τ

)q

dt

}
1

q

]

by lemma (4.3)

= O(nδ)

[

{
∫ n

1/π

(

ξ(1/y)An,y

yδ−β−1

)q
dy

y2

}
1

q

]

, taking t = 1/y by condition (3.3)

= O(nδ)

[

{
∫ n

1/π

(ξ(1/y)An,y)q

yq(δ−β−1)+2
dy

}
1

q

]

= O
(

nδξ
( 1

n

)

An,η

)

[

{
∫ n

1/π

dy

yq(δ−β−1)+2

}
1

q

]

, by mean value theroem

= O
(

nδξ
( 1

n

))

[[

y−q(δ−β−1)−1

−q(δ − β − 1) − 1

]n]1/q

,

= O
(

nδξ
( 1

n

))

(n−q(δ−β−1)−1)
1

q

= O
(

nδξ
( 1

n

)

n−δ+β+1− 1

q

)

= O
(

ξ
( 1

n

)

nβ+ 1

p

)

. (5.3)

By (5.1), (5.2) & (5.3), we have

|tn,m(x) − f(x)| = O
(

ξ
( 1

n+ 1

)

(n+ 1)β+ 1

p

)

‖tn,m(x) − f(x)‖p = O

[
∫ 2π

0

(

ξ
( 1

n+ 1

)

nβ+ 1

p

)p

dx

]1/p

= O
(

ξ
( 1

n+ 1

)

· (n+ 1)β+ 1

p

)

[
∫ 2π

0

dx

]1/p

= O
(

ξ
( 1

n+ 1

)

· (n+ 1)β+ 1

p

)

.
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This completes the proof of the theorem.

6. Corollaries

Following corollaries can be derived from main theorem.

Corollary 1. If β = 0, and ξ(t) = tα, 0 < α ≤ 1, then the degree of approximation

of a function f belonging to the class Lip(α, p) class is given by

|tn,m(x) − f(x)| = O

(

1

nα−
1

p

)

.

Proof.

‖tn,m(x) − f(x)‖ = O

(

1

nα
· n

1

p

)

= O

(

1

nα−
1

p

)

.

Now ‖tn,m(x) − f(x)‖ =

{
∫ 2π

0

|tn,m(x) − f(x)|pdx

}

1

p

O

(

1

nα−
1

p

)

=

{
∫ 2π

0

|tn,m(x) − f(x)|pdx

}

1

p

or O(1) =

{
∫ 2π

0

|tn,m(x) − f(x)|pdx

}

1

p

O(nα−
1

p ).

Hence

|tn,m(x) − f(x)| = O

(

1

nα−
1

p

)

for if the right hand side will be O(1), therefore

|tn,m(x) − f(x)| = O

(

1

nα−
1

p

)

This completes the proof.

Cororllary 2. If p→ ∞ in Corollary 1, then we have, for 0 < α < 1,

|tn,m(x) − f(x)| = O

(

1

nα

)

.
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7. Remark

An independent proof of Corollary 1 can be derived along the same lines as the
theorem.

8. Particular Cases

1. If an,k = pn−kqk

Pn
, β = 0, ξ(t) = tα, 0 < α ≤ 1, p → ∞ then the result of Qureshi

(1982) becomes the particular case of the main theorem.

2. The result of Qureshi (1981) becomes the particular case of our theorem if an,k =
pn−kqk

Rn
. β, p and ξ(t) are defined as in (1).

3. If an,k =
pn−kqk

Rn
where Rn =

∑n
k=0 pkqn−k and ξ(t) = ψ(t) the result of Qureshi and

Neha (1990) becomes the particular case of our theorem.
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