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ON NEW GENERALIZATIONS OF HILBERT’S INEQUALITIES

ZHONGXUE LU

Abstract. In this paper, some generalizations of Hilbert’s inequalities are shown by introducing
two real functions ¢(z) and ¥ (z).

1. Introduction

The following inequalities are well-known as Hilbert’s integral inequality:

/ / /o dxdy<7f(/ = 6533/0092(11)@)1/2 (1)

A (0 ;S_Ld:c> dy < 7 Ooon(x)d:c (2)

where 7 is the best value (Cf. [1, Chap 9]). Their associated double series forms are
as follows, respectively. If {a,,} and {b,} are sequences of real numbers such that 0 <
S _jaZ, <ooand 0< Y > b2 < oo, then

Sy b (Sesn) ®

m=1n=1 m=1

Z<Z mafn> <wt)al, (W

In recent years, Hu [2], Gao [3] and Kuang [4] gave some distinct improvements of (1)
and (3), and Gao [5] gave (3) a strengthened version. Yang Bicheng [6] gave interesting
generalization of (1) by introducing parameters A € (0, 1].

/ / x+y d dy < B (g%) (/Oootl_ka(t)dt/Oootl g2 (t )dt)1/2 (5)

where B(p, q) is the § function.
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Yang Bicheng [7] made some generalizations of (1) and (3) and (5) by introducing
three parameters, A, B and \.

1 A A
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2
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Where A, B, A > 0.

In this paper, we show some new generalizations on above inequalities by introducing
two real functions ¢(x) and ¥ (x).

First we introduce some Lemmas:

Lemma 1.([9]) Let a < 1, A > 0, define h(y) as

h(y)=y‘1+“/oyﬁ(l> du, y€(0,1]
Then h(y) > h(1) (0 <y <1).

Use the same way, we get the following Lemma.

Lemma 2. Let a < 1, A > 0, define h(y) as

Yol /1\e
hy) = *”“/ =) d 1].
() =y Ny (u) u, ye0,1]

Then h(y) > h(1) (0 <y <1).

Lemma 3. Letp > 1, 1/p+1/q=1, ¢(x) and ¢(z) are differentiable functions, and
#(0) > 0, ¢'(x) > 0, ¥(0) >0, ¢'(x) > 0, ¢(x) and V' (z) has infimum, respectively,
A>2— min{pa Q}; deﬁne Wl(fﬁﬂ/% q, )\,l’) as

wl(as,w,qvx,:c)/ooo o L (qb(z))%dy, £>0

) + () \(y)
then S (z) \ o \ o
"z q+A=-2 p+A—
Wl(d)al/}a(L)‘ax) S lnf{’(bl(y)}B< q ) P ) . (10)
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Proof. Putting u = <1>(( 3 we have
P Mx) [ 1 N
Wl(d)al/}a(L)‘az) § f{¢l(y)} o (1+U)A (a) du
o Ma) B (q+)\—2 p+)\—2)
inf {4’ (y)} g p '

The lemma is proved.

Lemma 4. Letp > 1, 1/p+1/q=1, ¢(x) and ¢(z) are differentiable functions, and
$(0) > 0, ¢'(x) > 0, ¥(0) > 0, ¥'(z) > 0, ¢'(x) and Y'(x) has infimum, respectively,
A > 2 —min{p, q}, define wa(p,1,q, A\, x) as

[ 1 P(z)\ .
“’2”””"“’”*/0 ey trm
then
woalbot0, 0, M) < ¢ () B(q+)\—2 1_q+)\—2) a1
EETEN W)\ )

(y)

Proof. Putting u = (o) We have

o Mx) [ ZA
W2(¢a¢a‘17>‘az) < inf{’lﬂ } o 1 +U/\
) B<q+)\21 g+ A— 2)
~ Ainf{¥/(y)} A qA

The lemma is proved.

2. Main Results

Now we introduce main results.

Theorem 1. Letp > 1, 1/p+1/q =1, f(z), g(x) > 0, ¢(z) and (x) are differ-
entiable functions, and ¢(0) > 0, ¢'(x) > 0, ¥(0) > 0, ¥'(x) > 0, ¢'(x) and ¢'(x) has
infimum, respectively, A > 2 — min{p, ¢}, such that 0 < fooo LA fP(t)dt < oo and
0< [y o'~ t)g%dt < co. Then

< [ f@)w) B )
/o / <¢<x>+w<y>>kd””dy§<inf{¢f<x}%onf{w NG

([ ([ omom) o
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Typnemng ([T T ’ Bz e
/O HO-DE=D) () (/0 wﬂwdm) dy < (ing{d)/(lﬂ)})plinf{d)(y)}

xlmw*wwwmm (13)

In particular, when p = q = 2, we have

/ / B(3.3)
(mf {¢/(z)}inf {¢/(y)})?

X(A w»M@FQWMf(Amwlwwf@m@%aa

o 1 o x 2 B(%vé) i
/ W@%L w@ﬁ;mwm)@gmﬁﬁwmigwn

xéw¢1M@F@Mm (15)

Proof. By Holder’s inequality and (10), we have

/mﬁm ﬂﬂ A<M3fﬁwmﬁ2mf<ﬁgf#“@
([ / (fzi; ) o)
([ i () o)

</ (6,0, N, ) f7 (& d:c) < w1, 6,0, A x)g ()dy);
0 0

= (o o 21:1:;; </0 o ) < OOO ¢1A(y)gq(y)dy)%.

Hence (12) is valid.
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By Holder’s inequality and (10), we have

[ wores y))AdI 3 B
/0 (¢(x y))* (i((z%) . (¢(z) ;Llw(y))% <Z;((z§) "
</O°° (% ) N dx) /O°° (¢(x) +11/1(y))A (:ﬁ((g ) N dx)

B q+/\ 2 p+)\ 2 wl )\( ) % ) fp(IL') gf)(l‘) % %
( e ) [ w e e =)

Then

IN

IN

e (/m >f+(2< ik d”‘”)pdy

Q+)\ 2 P-’rk 2 2-2
( TirTe ) [l (5g7) " do

(B((H_;‘ 27 pEA— 2))

< TR G

<

/gz)“ )(@) 7 ()

Hence (13) is valid. The theorem is proved.

Theorem 2. Letp > 1, 1/p+1/q =1, f(z), g(x) > 0, ¢(z) and (x) are differ-
entiable functions, and ¢(0) > 0, ¢'(x) > 0, ¥(0) > 0, ¥'(x) > 0, ¢'(x) and ¢'(x) has
infimum, respectively, A > 2 — min{p, q}, such that 0 < fooo d1A ) fP(t)dt < oo and
0<f ¢ (t)g4dt < co. Then

e fla)gly) (B (B 1 - =5 )%( B(:551 - p?A_Q))%
/0 /0 (<Z>(ﬂc))k+(¢(y))kdmyS (mf{¢1( D)@ (inf {¢/ (y) )7

<([To@pr@a) ([Tew )dy)l (16)
/Ooow@ D=1 ) (/Oo( dm) dy

(B;D+/\21 p+)\2> q+)\21 gHA—2

'R
AP(inf {¢/ () })P~ 11nf{z/;’( )}

) * 1-X P
/0 SN @) [P (e, (17)

<
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In particular, when p = q = 2, we have
e f@ew) B(3,3)
L | ot S s ot
< [0 Pae)

( Ooowl”(y)f(y)dy)% (18)

~ o w : (5.3)
oo (/ <¢<x>)k+<w<y>w“) WS R @t ()

xA oM @) £ (z)da (19)

Proof. By Holder’s inequality and (11), we have

[ s

A JIZ} 5 () ((qs(:cpAgiy()w(y))A)% () " e
- </ A <<z><x>>{p+x<)w<y>>k <Z(<y§)_ dzd@’) ; |

(/m/m T <$<(y§>_dxdy> |

( / a6, 4, A,x)f”(x)dx) ’ < / walth, b4, A,x>gQ<y>dydy> q

S e ([ ¢”(x)f”(x)dx)% ([ w”<y>gq<y>dyf |

< g 17 pA .
 A(nf{¢/(x)}) 7 (inf{¢' (y)})?

Hence (16) is valid.
By Holder’s inequality and (11), we have

g E—
o B+ @W)R

3=

- /°° /(@) (é(x))W 1 (w<y>)wdx
o ((p(@)* + ((y)»)r \¥() (B(x) + ((y)*) 7 \ ()

< ot e (567) ") (L et (59) )
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B(EZE2 1 - B (y) U 1) SN T L)
f( N7 07) ) U e war ) %)

Then
> OeD(p—1) > f(@) . P
) Y ([ wars (z/}(y))Ad) W

B 1= ) Bo)y =
= < Ainf{¢'(x ) / / ML (l/f(y)) dxdy
(B(erp/\/\ 2,1 _ p+p/\)\ 2))p B(quq/\)\ 2,1 _ qJ,»qA)\ 2) 3 )
= AP (inf {¢'(z) })inf {¢'(y) } ) ¢ (z) fP(z)dx

Hence (17) is valid. The theorem is proved.

Theorem 3. Letp > 1, 1/p+1/q¢ =1, {an} and {b,} are two arbitary sequences
of nonnegative real numbers. ¢(x) and ¥(y) be differentiable functions, and ¢(0) > 0,
¢ (x) >0, ¥(0) >0, ¢'(x) > 0, ¢'(x) and ¢'(x) has infimum, respectively, 2 > X >
2 —min{p, ¢}, such that 0 <> oo_, (p(m))ram, < oo and 0 < Y o, (¥(n)) =*b, < co.
Then

A—2 A—2
B((H-q 7;0+p )

x <2¢“<m>aa>p Zw“(n)bﬁi)q (20)

m=1

iw@*)@*l)(n) i am ,,< (B(¥’%&2))
— (¢(m) +¢(n))* (inf{¢’ () })P~tinf {¢’(y)}

n=1 m=1
< 37 617 (m)at,. (21)
m=1
Proof. By Hélder’s inequality , we have
>SS e
== (0(m) + 4 (n)
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. b NS
<Z=: ; (¢(m) + 1b(n))A <¢(m)> )
= (Z w3 (¢, 1, ¢, A\, m ap>p <Zw3 Y, b, A, n)bi>

m=1

1

q

22—

where ws(@, 6,4, A m) = X024 Grmrtpms (969) T
By (10), we have

o 1 p(m) =
w3(¢7w7q,k7m)</0 (¢(m)+w(y))k(¢(y)) w

#1 = (m) q+A—2 p+A—2
Sinf{i/)’(y)}]'[;( g ' p )

(22)

Hence (20) is valid.
By Hoélder’s inequality and (22), we have

am

(@(m) + p(n)*
N am p(m)\ 7 1 P(n)\ Pe
*Zz m) +(n >>% <w<n>) (¢(m) +(n)) <¢<m>)

1 +w
( X <i($>))_> <§; e <$<(n?>)_>
(B(q“ 2, e wl Ao >>%

NE

IN

A

inf {(Z)’
Then

i YA ()

B(q+/\ 2 p+; 2) % 00 00 a;;)n ¢(m) =2
<< inf {/(x)} ) > X G+ v o)
(B(‘”Z 27p+x 2))”

< Gt {g @7 {0 ()] 2 Z T bn)an.

Hence (21) is valid. The theorem is proved.

In a similar way to the proof of Theorem 3, the following Theorem 4 can be showed.
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Theorem 4. Letp > 1, 1/p+1/q = 1, {am} and {b,} be two arbitary sequences
of nonnegative real numbers. ¢(x) and ¥(y) be differentiable functions, and ¢(0) > 0,
¢'(x) >0, ¥(0) >0, ¢'(x) > 0, ¢/(x) and ¢'(x) has infimum, respectively, 2 > X >
2 —min{p, ¢}, such that 0 <> o_ (p(m)) Aam, < 0o and 0 < Y o, ((n)) ~*b, < 0.
Then

(B(q+/\f2 1— q+/\72)) » (B(p+,\727 1— p+)\72)>%

e ambn gx gA pA PA
22 @) + (P()> A(inf {¢/ (x)}) 7 (inf {y/(y)}) 7

x (Zgz)l*(m)afn) (wan)bz)q (23)

n=1

B =

S A-D (-1 (p, S am ’
2 ( )<m2_ (¢<m>)k+<w<n>w>

(B(p+>\—2’ 1 — pEA—2 ))p_lB(q+>\—2’ 1 — q+>\—2) 0o

= - - Ty man, (29)

< AP (inf {¢/ (z) )P~ Tinf {4/ ()} =

Remark 1. For ¢(z) = Az, ¥(y) = By, A > 0, B > 0, inequalities (14) and (15)
change to (6) and (7), respectively, hence inequalities (14) and (15) are generalizations
of (6) and (7), respectively.

Remark 2. For ¢(z) = Az, ¥(y) = By, A > 0, B > 0, p = ¢ = 2, inequalities
(20) and (21) change to (8) and (9), respectively, hence inequalities (20) and (21) are
generalizations of (8) and (9), respectively.

Remark 3. For ¢(z) =z, ¥(y) =y, p = ¢ = 2, inequalities (12), (14), (16) and (18)
change to (5), hence inequalities (12), (14), (16) and (18) are generalizations of (5).

Remark 4. For ¢(x) = =, ¥(y) =y, p = ¢ = 2, A = 1, inequalities (23) and (24)
change to (3) and (4), respectively, hence inequalities (23) and (24) are generalizations
of (3) and (4), respectively.
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