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STRONG CONVERGENCE THEOREMS FOR EQUILIBRIUM PROBLEMS
INVOLVING BREGMAN FUNCTIONS IN BANACH SPACES

ESKANDAR NARAGHIRAD AND SARA TIMNAK

Abstract. In this paper, using Bregman functions, we introduce new Halpern-type iter-
ative algorithms for finding a solution of an equilibrium problem in Banach spaces. We
prove the strong convergence of a modified Halpern-type scheme to an element of the
set of solution of an equilibrium problem in a reflexive Banach space. This scheme has
an advantage that we do not use any Bregman projection of a point on the intersection of
closed and convex sets in a practical calculation of the iterative sequence. Finally, some
application of our results to the problem of finding a minimizer of a continuously Fréchet
differentiable and convex function in a Banach space is presented. Our results improve
and generalize many known results in the current literature.

1. Introduction

The equilibrium problem, introduced by Blum and Oettli [1] in 1994, has been attracting
a growing attention of researchers; see, e.g., [2, 3, 4, 5] and the references therein. Numerous
problems in physics, optimization, and economics reduce to find a solution of the equilib-
rium problem. There have appeared many papers in this subject with different approach
(6, 7]. Throughout this paper, we denote the set of real numbers and the set of positive inte-
gers by R and N, respectively. Let E be a Banach space with the norm |.|| and the dual space
E*. For any x € E, we denote the value of x* € E* at x by (x, x*). Let {x,},en be a sequence
in E, we denote the strong convergence of {x,},en to x € E as n — oo by x;,, — x and the weak
convergence by x, — x. The modulus 6 of convexity of E is denoted by

) lx+ vl
5(6):1nf{1— 2y :||x||Sl,llyllsl,llx—yllze}

for every e with 0 < € < 2. A Banach space E is said to be uniformly convex if 6 (¢) > 0 for every
€>0. Let Sp ={x € E: | x| =1}. The norm of E is said to be Gdteaux differentiable if for each

X,y € Sg, the limit
i lx+ctyl—1xl
im—
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exists. In this case, E is called smooth. If the limit (1.1) is attained uniformly for all x, y € Sg,

then E is called uniformly smooth. The Banach space E is said to be strictly convex if || % <1
whenever x, y € Sg and x # y. It is well known that E is uniformly convex if and only if E* is
uniformly smooth. It is also known that if E is reflexive, then E is strictly convex if and only if

E* is smooth; for more details, see [8, 9].

Let C be a nonempty subset of E. Let T : C — E be a mapping. We denote the set of fixed
points of T by F(T), i.e., F(T) = {x € C: Tx = x}. Recall that the Halpern iteration is given by
the following formula

ueC, x; € C chosen arbitrarily,
yn:(l_ﬁn)xn+,6nTxnr (1.2)
Xpt1=@pu+ (1 =ay)yn,

where the sequences {8} nen and {a,,} e satisfy some appropriate conditions. The construc-
tion of fixed points of nonexpansive mappings via Halpern’s algorithm [10] has been exten-
sively investigated recently in the current literature (see, for example, [11] and the references
therein).

Let E be a smooth, strictly convex and reflexive Banach space and let J be the normalized
duality mapping of E. Let C be a nonempty, closed and convex subset of E. The generalized
projection I1¢ from E onto C is defined and denoted by

Ie(x) = argminyectp(y, X)

where ¢(x,y) = || x| - 2{x,Jy) + | y|I?>. Let C be a nonempty, closed and convex subset of a
smooth Banach space E, let T be a mapping from C into itself. A point p € C is said to be
an asymptotic fixed point [7, 13] of T if there exists a sequence {x;},en in C which converges
weakly to p and lim,,_., | X, — Tx;, || = 0. We denote the set of all asymptotic fixed points of T
by F(T).

Let C be a nonempty, closed and convex subset of a Banach space E. Let f: Cx C — R be

a bifunction. Consider the following equilibrium problem: Find p € C such that
flp,y =0, VyeC. (1.3)

For solving the equilibrium problem, let us assume that f : C x C — R satisfies the following
conditions:

(A1) f(x,x)=0forall xeC;

(A2) fismonotone,i.e., f(x,y)+ f(y,x)<0forall x,yeC;

(A3) foreach ye C, the function x— f(x, y) is upper semicontinuous;

(A4) for each x € C, the function y— f(x, y) is convex and lower semicontinuous.
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The set of solutions of problem (1.3) is denoted by EP(f).

Following Matsushita and Takahashi [7], a mapping T : C — C is said to be relatively
nonexpansive if the following conditions are satisfied:

(1) F(T)is nonempty;
(2) ¢(u, Tx)<¢p(u,x), Yue F(T), xeC;
(3) E(T) = F(T).

Recently, Takahashi and Zembayashi [4] proved the following strong convergence theo-
rem for relatively nonexpansive mappings in a Banach space.

Theorem 1.1. Let E be a uniformly smooth and strictly convex Banach space. Let [ be a bifunc-
tion from C x C to R satisfying (A1)—(A4) and T be a relatively nonexpansive mapping from C
into itself such that F(T) N EP(f) # @. Let {x,}nen be a sequence generated by

Xo=x€C chosen arbitrarily,

Yn=T" anJxn+ (1= an)JTxy),

upe C suchthat f(uyy)+ %(y— Un, Jun—Jyn) =0, VyeC,
Cn={z€Cp:P(z,up) < P(z,xp)},

Qn=1{z€C:{(xp—2,Jx—Jxn) 20},

Xp+1 =Ic,nQ, X

(1.4)

for every n e Nu {0}, where ] is the normalized duality mapping on E, {&,} nen < [0, 1] satisfies
liminf,,_.o a,(1-ay) >0 and{r,}nen < [a,00) for some a > 0. Then, {x,},en converges strongly

to HF(T)mEp(f)x as n — oo.

In 2010, Plubtieng and Ungchiterakool [3] proved the following strong convergence the-
orem for relatively nonexpansive mappings in a Banach space.

Theorem 1.2. Let E be a uniformly smooth and uniformly convex Banach space and let C and
C be a nonempty, closed and convex subset of E. Let f be a bifunction from C x C — R satisfying
(A1)—(A4) and EP(f) # Q. Let {xn}nen and {u,}nen be sequences generated by

Xo € E,
u, e C=Cy, suchthat f(uyy)+ %(y— Up, Juy—Jx,) =0, VyeC,
S yn=T NanJxp+Q—an)uy), (1.5

Cnr1=1z€Cp: (2, yn) < Pz, x,)},
Xn+1 :HConO» neNuU{0},

where{a;}en < [0, 1] satisfies either
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(@ 0<sap<1forallneNandlimsup,_a, <1 or

(b) liminf,_o a,(1—-a,)>0.

Let {rp}nen be a sequence in (0,00) such thatliminf, .., >0 and ¥ | 1,11 — rpl <oco. Then

{Xn}nen, {Untnen, and {yn}nen converge strongly toTlgp r)xo as n — oo.

1.1. Some facts about gradients

Let E be a real Banach space and g : E — (—o0, +o0] be a convex function. The domain
of g is denoted by dom g = {x € E: g(x) < oco}. Let x € intdom g and y € E. The right-hand
derivative of g at x in the direction y is defined and denoted by

gx+ty)—gx)
—

0 1
g (x, = l}ff} (1.6)

gx+ty)—g(x) .
0 =——/— exists for any y. In

The function g is called Gdteaux differentiable at x if lim;_.
this case g°(x, y) coincides with Vg(x), the value of the gradient Vg of g at x. The function g
is said to be Gdteaux differentiableif it is Gateaux differentiable everywhere. The function g is
said to be Fréchet differentiable at x if this limit is attained uniformly in | y|| = 1. The function
g is said to be Fréchet differentiable if it is Fréchet differentiable everywhere. It is well known
that if a continuous convex function g : E — R is Gateaux differentiable, then Vg is norm-
to-weak” continuous (see, for example, [14] (Proposition 1.1.10)). Also, it is known that if g is
Fréchet differentiable, then Vg is norm-to-norm continuous (see, [15]). The function g is said

to be strongly coercive if
g(xy,) _

Ixall—oo | Xnl

It is also said to be bounded on bounded subsets of E if g(U) is bounded for each bounded
subset U of E. Finally, g is said to be uniformly Fréchet differentiable on a subset X of E if the
limit (1.6) is attained uniformly for all x € X and | y|| = 1.

Let A: E — 2F" be a set-valued mapping. We define the domain and range of A by
dom A ={x€ E: Ax # @} and ran A = U,cpAx, respectively. The graph of A is denoted by
G(A) = {(x,x*) e Ex E* : x* € Ax}. The mapping A c E x E* is said to be monotone [16] if
(x—y,x*—y*) =0 whenever (x,x*), (y, y*) € A. It is also said to be maximal monotone [17] if
its graph is not contained in the graph of any other monotone operator on E. If Ac E x E*
is maximal monotone, then we can show that the set A™10 = {z € E: 0 € Az} is closed and
convex. A mapping A:dom A c E — E* is called y-inverse strongly monotone if there exists a
positive real number y such that for all x, y € dom A, (x — y, Ax — Ay) = y| Ax — Ay|?.
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1.2. Some facts about conjugate functions

Let E be a reflexive Banach space and g : E — (—oo, +o¢] be a proper, lower semicontinu-
ous and convex function. The conjugate function g* of g is defined by

g" (x*) = sup{(x, x*) — g(x)}

x€E

for all x* € E*. Tt is well known that g(x) + g*(x*) = (x,x*) for all (x,x*) € E x E*. It is also

known that (x, x*) € 0g is equivalent to
gx) +g" (x") = (x,x7). (1.7)

Here, dg is the subdifferential of g [18, 19]. We also know that if g: E — (—oo, +0o¢] is a proper,
lower semicontinuous and convex function, then g* : E* — (—oo,+o0] is a proper, weak*

lower semicontinuous and convex function; see [9] for more details on convex analysis.

1.3. Some facts about Bregman distances

Let E be a Banach space and let E* be the dual space of E. Let g : E — R be a convex and
Gateaux differentiable function. Then the Bregman distance [22, 23] corresponding to g is the
function Dy : E x E — R defined by

Dg(x,y) =8(x)—g(y)—<{x—y,Vg)), Vx,y€E. (1.8)

It is clear that Dg(x,y) =0 for all x,y € E. In that case when E is a smooth Banach space,
setting g(x) = | x||2 for all x € E, we obtain that Vg(x) =2]x for all x € E and hence Dg(x,y) =
¢(x,y) forall x, y € E.

Let E be a Banach space and let C be a nonempty and convex subset of E. Let g: E — R
be a convex and Géateaux differentiable function. Then, we know from [24] that for x € E and
Xo € C, Dg(xp,x) = minyec Dg(y, X) if and only if

(y—x0,Vg(x)—Vg(x0)) <0, VyeC. (1.9)

Furthermore, if C is a nonempty, closed and convex subset of a reflexive Banach space E and
g: E — Ris a strongly coercive Bregman function, then for each x € E, there exists a unique
Xp € C such that
Dy (x9,x) =min Dy (y, X).
¢ (X0, X) i g (1, %)

The Bregman projection proj‘g from E onto C is defined by proj‘g(x) = xo forall x € E. Tt is also
well known that projéé has the following property:

Dg(y,projééx) +Dg(projééx,x) < Dg(y,x) (1.10)
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forall y € C and x € E (see [14] for more details).

1.4. Some facts about uniformly convex functions

Let E be a Banach space and let B; := {z € E : || z|| < s} for all s > 0. Then a function
g: E — Rissaid to be uniformly convex on bounded subsets of E (125] (pp. 203, 221)) if ps(£) >0
for all s, £ > 0, where p;: [0, +00) — [0,00] is defined by

(1) = inf agx)+(1-a)g(y)—glax+(1-a)y) (11D
Ps x,y€Bs,llx—yll=t,ae(0,1) a(l—a) )

for all # = 0. The function p; is called the gauge of uniform convexity of g. The function g is

as(t) _
St _0

also said to be uniformly smooth on bounded subsets of E ([25](pp. 207, 221)) if lim; o
for all s > 0, where o : [0, +00) — [0,00] is defined by

o= sup G- @iyrA-dg-aty)-gW
x€By, yeSE,ac(0,1) a(l - a)

forall £=0.

1.5. Some facts about Bregman quasi-nonexpansive mappings

Let C be a nonempty, closed and convex subset of a reflexive Banach space E. Let g: E —
(—o00,+00] be a proper, lower semicontinuous and convex function. Recall that a mapping
T :C — C s said to be Bregman quasi-nonexpansive [28], if F(T) # @ and

Dg(p, Tx) < Dg(p, x), VxeC, pe F(T).

A mapping T : C — C is said to be Bregman relatively nonexpansive [28] if the following con-
ditions are satisfied:

(1) F(T)is nonempty;
(2) Dg(p,Tv) = Dg(p,v),Vpe F(T), veC;
3) F(T)=F(D).

The theory of fixed points with respect to Bregman distances has been well developed in
the last 15 years and much intensively in the last ten years. For some recent articles on the
existence of and the construction of fixed points for Bregman nonexpansive type mappings,
we refer the readers to [27, 28, 30].

Remark 1.1. Though the iteration processes (1.4)—(1.5) and the algorithms in [27], as intro-
duced by the authors mentioned above worked, it is easy to see that these processes seem
cumbersome and complicated in the sense that at each stage of iteration, two different sets
C,, and Q, are computed and the next iterate taken as the Bregman projection of xy on the
intersection of C,, and Q,,. This seems difficult to do in application.
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But it is worth mentioning that, in all the above results for Bregman nonexpansive type
mappings, the computation of closed and convex sets Cj, and Q,, for each n € N are required.

So, the following question arises naturally in a Banach space setting.

Question 1.1. s it possible to obtain strong convergence of modified Halpern-type schemes to
a solution of equilibrium problem (1.3) without using the Bregman projection of a point on the
intersection of closed and convex sets C, and Qy, in a Banach space E?

In this paper, we deal with an equilibrium problem in a reflexive Banach space. First,
we consider disadvantages of the iterative sequences in known results. Namely, Bregman
projections are not always available in a practical calculation. We attempt to improve these
schemes and, by combining them with iterative method of the Halpern type, we obtain a
new type of strong convergence theorem, which overcomes the drawbacks of the previous
results. Next, we study Halpern type iterative schemes for finding a solution of an equilibrium
problem in a reflexive Banach space. Then, we apply our results to the problem of finding a
minimizer of a continuously Fréchet differentiable and convex function in a Banach space
under suitable assumptions. The computation of closed and convex sets C,, and Q,, for each
n € N are not required. Consequently, the above Question 1.1 is answered in the affirmative
in a reflexive Banach space setting. Our results improve and generalize many known results
in the current literature; see, for example, [3, 7, 20, 27].

2. Preliminaries

In this section, we begin by recalling some preliminaries and lemmas which will be used
in the sequel.

The following definition is slightly different from that in Butnariu and Tusem [14].

Definition 2.1 ([15]). Let E be a Banach space. The function g : E — R is said to be a Bregman
function if the following conditions are satisfied:

(1) gis continuous, strictly convex and Gateaux differentiable;

(2) theset{y€ E: Dg(x,y) <r}is bounded forall x € E and r > 0.

The following lemma follows from Butnariu and Tusem [14] and Zdlinscu [25].

Lemma 2.1. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman func-
tion. Then

(1) Vg:E— E* is one-to-one, onto and norm-to-weak” continuous;

(2) (x—y,Vgx)-Vg)) =0ifandonlyifx=y;

() {x€E:Dg(x,y)<r}is bounded forall y € E and r > 0;
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(4) dom g* = E*, g* is Gateaux differentiable andV g* = (Vg)_l.

We know the following two results; see [25] (Proposition 3.6.4).

Theorem 2.1. Let E be a reflexive Banach space and g : E — R a convex function which is
bounded on bounded subsets of E. Then the following assertions are equivalent:

(1) g isstrongly coercive and uniformly convex on bounded subsets of E;

(2) dom g* = E*, g* is bounded on bounded subsets and uniformly smooth on bounded sub-
sets of E*;
(3) domg* =E*, g* is Fréchet differentiable and V g* is uniformly norm-to-norm continuous

on bounded subsets of E*.

Theorem 2.2. Let E be a reflexive Banach space and g : E — R a continuous convex function

which is strongly coercive. Then the following assertions are equivalent:

(1) g is bounded on bounded subsets and uniformly smooth on bounded subsets of E;

(2) g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous on bounded
subsets of E*;

(3) dom g* = E*, g* is strongly coercive and uniformly convex on bounded subsets of E*.

Let E be a Banach space and let g: E — R be a convex and Géateaux differentiable func-
tion. Then the Bregman distance [21] (see also [22, 23]) satisfies the three point identity that is

Dg(x, z) = Dg(x, ¥) +Dg(y, 2)+{x—-y,Vg(y)—Vg(z)), Vx,y,z€E. 2.1)

In particular, it can be easily seen that
Dg(x,y) ==Dg(y,x)+{y—x,Vg(y)—Vgx)), Vx,yeE. 2.2)

Indeed, by letting z = x in (2.1) and taking into account that Dg(x, x) = 0, we get the desired
result.

The following lemma has been proved in [14] (see also [15, 29, 30]).
Lemma 2.2. Let E be a Banach space and g : E — R a Gdteaux differentiable function which is

uniformly convex on bounded subsets of E. Let {x,}nen and {yn}nen be bounded sequences in
E. Then the following assertions are equivalent:

(1) lim,_. Dg(xn» yn) =0.

(2) lim—oo ll Xy — yn” =0.

The following result was first proved in [26] (see also [15]).
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Lemma 2.3. Let E be a reflexive Banach space, g : E — R a strongly coercive Bregman function
and Vg the function defined by

Vg(x,x*) = g(x)—(x,x") +g"(x"), x€E, x"€E".

Then the following assertions hold:
(1) Dg(x,Vg*(x*)) = Vg(x,x) forallx € E and x* € E*.
(2) Vg(x,x*)+(Vg*(x*) = x,y*) < Vg(x,x* +y*) forall x€ E and x*,y* € E*.

The following lemma has been proved in [34].

Lemma 2.4. Let E be a Banach space, s > 0 be a constant, p; be the gauge of uniform convexity
of g and g : E — R be a convex function which is uniformly convex on bounded subsets of E.
Then

(i) Foranyx,y€ Bsanda € (0,1)

glax+(1-a)y)<agx)+(1-a)g(y)—ald-a)ps(lx—yl).
(i) Foranyx,y € B;
pslx—yl) = Dg(x, y).
(iii) If in addition, g is bounded on bounded subsets and uniformly convex on bounded sub-
sets of E then, foranyx€ E, y*,z* € B and a € (0,1)

Vex,ay*+(1-a)z") s aVy(x,y )+ 1 -a)Vg(x,2") —ad -a)p; (ly* —2" .

Lemma 2.5 ([3]). Let C be a subset of a real Banach space E and {T,,} ,en be a family of map-
pings from C into E. Suppose that for any bounded subset B of C there exists a continuous
increasing function hp : [0,00) — [0,00) such that hg(0) =0 and

lim O']lc =0,
k,l—oc0

where O';C :=sup{hp(|Trz— T;zl) : z € B} < oo, forall k,l € N. Then, for each x € C, {TpX}pen
converges strongly to some point of E. Moreover, let the mapping T be defined by

Tx=lim T,x, VxeC.
n—oo

Then, limsup,,_...{hg(IToz— Tzl|): z€ B} =0.
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Lemma 2.6 ([31]). Let {a,}nen be a sequence of real numbers such that there exists a subse-
quence {n;}jen of {n}pen Such that a,, < an,+1 for all i € N. Then there exists a subsequence
{mi}ren < N such that my — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N:

am, < am+1  and  ag < am+1.
In fact, m =max{j < k:aj<aj1}.

Lemma 2.7 ([32]). Let {sy}nen be a sequence of nonnegative real numbers satisfying the in-
equality:
Sn1 = A =y)Sn+Ynbn, Vnzl,

where {Y n}nen and {6 p}nen Satisfy the conditions:

(@) {yntnen< 10,11 and 357 | vn = 0o, or equivalently, 115> (1 —7y,) = 0;
(i) limsup,,_. 0, <1, 0r

(i)’ X520, Yn0n <oo.
Then, lim,,_.o, S5, = 0.

Lemma 2.8 ([27]). Let E be a reflexive Banach space and g : E — R a convex, continuous,
strongly coercive and Gateaux differentiable function which is bounded on bounded subsets
and uniformly convex on bounded subsets of E. Let C be a nonempty, closed and convex sub-
set of E. Let T : C — C be a Bregman quasi-nonexpansive mapping. Then F(T) is closed and

convex.

Lemma 2.9. Let E be a reflexive Banach space and g : E — R a convex, continuous, strongly
coercive and Gateaux differentiable function which is bounded on bounded subsets and uni-
formly convex on bounded subsets of E. Let C be a nonempty, closed and convex subset of E
and {Tp}nen an infinite family of Bregman quasi-nonexpansive mappings from C into itself
such that F := (5, F(Ty,) # @. Let the mapping T : C — C be defined by

Tx=lim T,x,
n—oo

Then, T is a Bregman quasi-nonexpansive mapping.

Proof. Let x € C and p € F(T) be fixed. Then we have {T, x},¢n is a bounded sequence in
E. The function g is bounded on bounded subsets of E and, thus, Vg is also bounded on
bounded subsets of E* (see, for example, [14] for more details). This implies that the sequence
{Vg(T,x)}nen is bounded in E*. Since Vg is uniformly norm-to-norm continuous on any

bounded subset of E, we obtain

Dg(p, Tx) = g(p) —g(Tx) —{x—Tx,Vg(Tx))
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g(p) —g(lim Tyx) = (x— lim T,x, Vg(lim T)x))

,}%[g(p) —8(Tyx) —(x—Tyx,Vg(Tyx))]

’}ggng(P, Tyx)
< Dg(p, x).

Thus, T is a Bregman Quasi-nonexpansive mapping, which completes the proof. O

Corollary 2.1 ([25]). Let E be a Banach space, g : E — (—o0,00] be a proper, lower semicontinu-
ous and convex functionand p,q € R, with1 < p <2< qandp™' +q' = 1. Then the following
statements are equivalent:

(1) There exists ¢y > 0 such that g is p-convex with p(t) := % t forall t = 0.

(2) There exists c, > 0 such that for all (x,x*), (y,y*) € G(0g); lx* —y*| = 2% lx—yl91.

3. Equilibrium problem

In this section, we prove strong convergence theorems in a reflexive Banach space. Let
E be a Banach space and C be a nonempty, closed and convex subset of a reflexive Banach
space E. Let f: C x C — R be a bifunction satisfying (A1)—(A4) and EP(f) #0. Let g: E—R
be a Legendre function. For r > 0, we define a mapping T, : E — C as follows:

Ty (x) :{ZEC:f(z,y)+%<y—z,Vg(z)—Vg(x)) >0 forall yEC} (3.1)

forall xe E.

Lemma 3.1 ([28]). Let E be a reflexive Banach space and g : E — R a Legendre function. Let C be
a nonempty, closed and convex subset of E and f : C x C — R a bifunction satisfying (A1)—(A4).
Forr >0, let T, : E — C be the mapping defined by (3.1). Then, dom (T;) = E.

Lemma 3.2 ([28]). Let E be a reflexive Banach space and g : E — R a convex, continuous
and strongly coercive function which is bounded on bounded subsets and uniformly convex
on bounded subsets of E. Let C be a nonempty, closed and convex subset of E and f : Cx C — R
a bifunction satisfying (A1)—(A4) and EP(f) #@. Forr >0, let T, : E — C be the mapping
defined by (3.1). Then, the following statements hold:

(1) T, is single-valued;

(2) T, is a Bregman firmly nonexpansive mapping (28], i.e., forall x, y€ E,

(Trx=T,y,Vg(T;x)=Vg(T,y) =T x—T;y,Vg(x) - Vg);
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@) F(Ty) = EP(f);
(4) EP(f) is closed and convex;
(5) Ty is a Bregman quasi-nonexpansive mapping;

(6) Dg(q, Tyx) + Dg(T;x,x) < Dg(q, X), Vq € F(T}).

The following theorem establishes the strong convergence of the Halpern algorithm.

Theorem 3.1. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman
function which is bounded on bounded subsets, and uniformly convex and uniformly smooth
on bounded subsets of E. Let C be a nonempty, closed and convex subset of E and f : C x
C — R a bifunction satisfying (A1)—(A4). Forr >0, let T, : E — C be the mapping defined by
(3.1). Suppose that EP(f) is a nonempty subset of C, where EP(f) is the set of solutions to the
equilibrium problem (1.3). Let {an}nen and {Bn}nen be two sequences in [0,1] satisfying the
following control conditions:

(@) limy—an =0;

(b) X5, an =o00;

(©) 0<liminf, o B, <limsup,_ ., Brn<1.
Let {ry}nen be a sequence in (0,00) such that liminfy, .o r, >0 and 397 | [Tp1 — 'yl < 0o.
Let {x,,} nen be a sequence generated by

ueC, x1 € C chosen arbitrarily,

u, € C suchthat f(upy)+ %(y— Uun,Vgu,)—Vvgx,)) =0, VyeC,
Yn=Vg BnVg(xn) + (1= Br)Vg(unl,

Xp+1 = prOj‘E(Vg* [, Vg(u)+ (1 —a,)Vgy,)l) andneN,

(3.2)

whereV g is the gradient of g. Then the sequence {x} nen defined in (3.2) converges strongly
to proj%P(f) u asn — oo.

Proof. We divide the proof into several steps. In view of Lemma 3.2, we conclude that EP(f)
is closed and convex. Set

— o8
2= Projgp syl

Step 1. We show that there exists a mapping 7' : C — C such that

o0 o0
Tx=lim Ty,x, (xe€C) and F(T)= () F(T,) = () F(T},) = E(D).
—oo n=1 n=1

Since T}, is a Bregman quasi-nonexpansive mapping, so we have

Dg(z, Ty, v) < Dg(z, v), VYveE, neN.



STRONG CONVERGENCE THEOREMS FOR EQUILIBRIUM PROBLEMS 171

This, together with Definition 2.1, implies that, for any bounded subset B of E, {T v: v € B}

is bounded. Taking any v € E and setting v,, = T}, v, we get
1
fwpyy+—(y-v,Vgw) ~Vgw) 20  VyeC (3.3)
1

and
1
f(vk,y)+r—<y—vk,Vg(vk)—Vg(v» =0 VyeC. (3.4)
k

Letting y = vi in (3.3) and y = v; in (3.4), we arrive at
1 1
flu,ve) + r—(vk— v;,Vgv) —Vg) =0 and f(vg, vy + r—(vl - v, Vgvg) —Vg) = 0.
1 k

Now, adding up the previous inequalities and taking into account (A2) we get

Vgw)-Vg) Vg —Vg(v)> >0

<Uk— vy,
ry T'k

and hence
(ve= 1, V& W) ~VgWw) = (Vg (w0 - VEW)) 20.

Therefore,

(W= v, Vgwi) = Vg )+ (ve— vy, (1~ :—I’C)(Vg(vk) ~Vgw) 20,

Without loss of generality, we may assume that there exists a real number a such thatr,, > a
for all n e NuU{0}. So we obtain

P

(Ve —v;,Vg(v) —Vglw)) = vk —vy, (1 - :—Ilc)(Vg(vl) —Vg(v))>

=

lve—villlre—rllIVg(we) = Vgl

Q=+

1Ty v—T,vIIVE(Trv)=Vg(Tr,V)Ire—rl.
By Lemma 3.2, we receive EP(f) =2, F(T},). Let
1
M = sup{;ll T, v— T, vIIVg(Ty, v) - Vg(T, )l : veEB, k,leNU {0}}.

Putting s, = supfllvel, v, IVEw) L IVg (vl : k, I € NU{0}}, in view of Lemma 2.4(i), there
exists a strictly increasing, continuous and convex function py, : [0,00) — [0,00) such that for
allve B,

Ps, I T v=Trvl) = ps,(lve—vill) < Dg (v, vy)
= —Dg (v, vi) + vk — v, Vg (Vi) —Vg(v)
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1
= EIITrkU—TrlUIIIIVg(TrkU)—Vg(Trl lrg—rl
k-1 o)
< Molre =1l S Mo Y |Tps1 = Tnl < Mo Y |rps1 — Tl < o0
n=I n=lI
Let
k o0
o :=suplps, (1T v=Tyvl):veEBY <My Y ITns1 = Il <oo.
n=I

Letting | — oo in the above inequality, we get limkyl_,ooaf = 0. Let us define the function
T:C— Cby

Tx=lim T, x, (xeQ).
n—o00

We prove that

F(T)= () F(T;,) = () F(T;,) = E(T). (3.5)
1 n=1

n=

Let us mention first the following observations are obvious:

@D N2, F(Ty,) =N, E(T;,) = EP(f).
(2) N, F(T},) < F(T) and %, F(T},) < F(T).
It remains to prove that (3) F(T) =7, F(Ty,) and (4) F(T)c NS, F(Trn),

(3) Let p € F(T) be fixed. By the definition of T} (see (3.1)), we see that
f(Tr,p, )+ r—1n<y— T, p,Vg(T;,p)—Vg(p)=0 VyeC.
In view of (A2), we obtain
r—1n<y— Tr,p,Vg(Tr,p)~-Vgp) = f(y, Tr,p)  VyeC.

Since T, p — Tp as n — oo, Vg is uniformly continuous on bounded subsets of E and
f(y,+) is lower semicontinuous, we conclude that f(y, p) <0 for all y € C. Takin any y € C

and setting x; = ty + (1 - f) p, for t € (0, 1] we see that
O<sfxpx)<tf(xy,+A-0f(xs,p) < tf(xs,9).
This amounts to f(x;, y) = 0. Letting ¢ | 0 and taking into account (A3), we get f(p,y) =0

forall ye C and hence p € EP(f) =(;_, F(T},).

(4) Letge E(T). Then, there exists a sequence {v,}nen € E such that v, — g as n — oo and
lim, . v, — Tvyll = 0. Observe now that Tv,, — g as n — oo and hence g € C. Since Vg
is uniformly continuous on bounded subsets of E, we conclude that lim,_., [IVg(v,) -
Vg(Tvy,) | =0. For any m €N, it follows from the definition of T;,, that

1
f(Trm Un,¥) + r_<y_ Tr, vn,VE(Ty, vy) —Vgwy)=0 Vye C.
m
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1

Applying again (A2) and taking into account i < -, we obtain

F, T, 0n) < 5y = 1, U, VE(Ty,, v) = Vg (W)
< Lly-1,,valllVE(T;, v) - Vgwn)ll VyeC.

Since lim;;—.oo Tr,, Vn = Tvy, and f(y,-) is lower semicontinuous, we arrive at

1
fy,Tv,) = Elly— Tv,lVg(Tv,) —Vgw)ll VyeC.

Since Tv,, — q as n — oo, lim,_ vy — Tyl = 0 and f(y,-) is lower semicontinuous,
we deduce that f(y,q) < 0 for all y € C. Proceeding with the same process as above we
conclude that f (g, y) = 0 forall y € C. Therefore, g € EP(f) =}, F(Trn).

Step 2. We prove that {x,,} ,en, {¥n}nen and {u,}en are bounded sequences in E.

We first show that {x;},en is bounded. Let p € EP(f) be fixed. In view of Lemmas 2.4, 3.2
and (3.2), we have

Dg(p,yn) = Dg(p,Vg*[(1 = fp)Vg(xn) + PrV (T}, Xn))
= Ve(p, 1= Br)Vg(xn) + frnVE(Ty, xn)])
< (1= Bn)Vg(p,Vg(xn) + BnVg(p,VE(Ty, xn)
= (1= Bn)Dg(p, Xn) + BnDg(p, Tr, Xp)
< (1=Bn)Dg(p,xn) + BnDg(p, xn)
= Dg(p, xp). (3.6)

This implies that

Dg(p, Xn+1) = Dg(p, projs.(Vg* [a,Vg(u) + (1 — ap)Vg(yn)))
< Dg(p,Vg*la,Vgw) + (1 - a,)Vg(yn)l)
= Vg(p,anVgw) + (1 —an)Vg(yn)
< a,Vg(p,Vgw) + (1 —ay)Vg(p,Vg(yn))
= ayDg(p,w)+ (1 —a,)Dg(p, yn)
< anDg(p,u)+ (1 —an)Dg(p, yn)
< anDg(p,u)+ (1 —an)Dg(p, xn)
< max{Dg(p, u), Dg(p, xn)}. 3.7)

By induction, we obtain

Dy (p, Xn+1) < max{Dg (p, 1), Dg(p, x1)} 3.8)
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forall n € N. It follows from (3.8) that the sequence {Dg (p, X,)} nen is bounded and hence there
exists My > 0 such that
Dg(p,xy) <M, VneN. (3.9)

In view of Lemma 2.2 (3), we deduce that the sequence {x,},en is bounded. Since {T},};en
is an infinite family of Bregman relatively nonexpansive mappings from C into itself, we con-
clude that

Dg(p,um) = Dg(p, Ty, Xm) < Dg(p, Xpm), VYn,meN. (3.10)

This, together with Definition 2.1 and the boundedness of {x,}en, implies that {T}, x,}nen
is bounded. The function g is bounded on bounded subsets of E and therefore Vg is also
bounded on bounded subsets of E* (see, for example, [14] for more details). This, together
with Step 1, implies that the sequences {Vg(x,)}nen, (VE€(¥n)inen and {Vg(Ty, xp)}nen are
bounded in E*. In view of Theorem 2.2 (3), we obtain that dom g* = E* and g* is strongly co-
ercive and uniformly convex on bounded subsets of E. Let s, = sup{[|Vg(x,)Il, IVg(Ty, xu)ll :

ne N} and let pg, : E* — R be the gauge of uniform convexity of the conjugate function g*.

Step 3. We prove that forany n e N
Dg(Z, Yn) = Dg(Z, Xp) — ﬂn(l - ﬁn)f):z(”vg(xn) - Vg(Tr,, x)). (3.11)

Let us show (3.11). For each n € N, in view of the definition of Bregman distance (see (1.8)),

Lemma (2.4) and (3.6), we obtain

Dg(z,yn) = 8(2) —8(¥yn) =<2 = yn,Vg(yn))
=82+ g " (VgWn) =¥, VE(Yn)) =2, Vg(¥n)) +<¥n, VE(¥n))
=g(2)+g" (1 -Bn)Vg(xy) + BrVE(Tr, xn))
—(z,(1 = Pp)Vg(xn) + PrVg(Ty, xn)))
<(1-Bng@)+Prg@)+1-Prg (Vgxn) +Png" (Vg(Ty, xu)
~Bu(1= B3, (IVg(xn) = VE(Tr, xa) )
—(1=n)2,Vg(xn)) — Pniz,Vg(Ty, xn))
=(1-PBn)lg2) +g" (Vg(xn) —(z,Vg(xu))]
+Bnlg(2) + g (Vg(Ty, xp) — (2, VE(Ty, Xn))]
=B =)0, (IVg(xn) — Vg (Tr, xp) )
= (- Pn)lg(2) — glxn) +{xn, Vg(xn)) — (2, Vg (xn))]
+Bnlg(2) — g(Tr, xp) + Ty, xn, VE(Ty, xn)) — (2, Vg(T}, xp))]
~Bn(1=Bn)ps, (IVE(xn) = Vg(Tr, xn)1)
= (1-pn)D(z,x,) + nD(z, T, xp)



STRONG CONVERGENCE THEOREMS FOR EQUILIBRIUM PROBLEMS

—Bn( = B3, (IVE(xn) = VE(Ty, xa) )
< (1= Bu)Dg(z,xn) + BnDg(z, xp)
—Bn = B3, (IVE(xn) = VE(Ty, xa) )
= D(z2, %) = Bn(1 = Br)ps, (IVE(xy) = VE(Tr, xu) ).

In view of Lemma 2.5 and (3.11), we obtain

Dg (2, Xp+1) = Dg(p, projs.(Vg* [a,Vg(u) + (1 - ap) Vg (yn)))
< Dg(2,Vg*lanVg(2) + (1 —an)Vg(yn)D
=Ve(z,a,Vgu) + (1 —a,)Vg(yn)
= anV(zg,Vgw)+ (1 —an)Vy(z,Vg(yn))
= apDg(z,u)+(1—ay)Dg(z,yn)

< apDg(z,u) + (1 - an)Dg(z, yn)
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= lean(Z, u)+(1- an)[Dg(Z; Xp) — ﬁn(l - ﬁn)p;(”vg(xn) - Vg(Tr,, x)D]. (3.12)

Let My := sup{|Dg(z, u) — Dg(z, X5)| + B, (1 - ,Bn)p’;z(IIVg(xn) - Vg(Ty, x,)) : n €N} It follows

from (3.12) that

,Bn(l - ﬁn)pjz(”vg(xn) - Vg(Tr,, x)l) = Dg(Z, Xp) — Dg(Z; Xpt1) +ap M.

(3.13)

Letz,=Vg*la,Vgu)+(1-a,)Vg(y,)]. Then x4 = projg(zn) for all n € N. In view of Lemma

2.3 and (3.11) we obtain

Dg(2,Xn+1) = Dg(p,projs.(Vg* (a,Vg(u) + (1 - an)Vg(yn)))
< Dg(2,Vg* la,Vgu) + (1 - an)Vg(yn))
=Ve(z,a,Vgu) + (1 —a,)Vg(yn)
= Vg(z,a,Vg(W) + (1 —an)Vg(yn) —an(Vg(u) —Vg(2)))

—~(Vg @, Vgu) + 1 - a,)Vg(yn)l - z,—a, (Vg(u) - Vg(2)))
=Vg(z,anVg(2)+ (1 —an)Vg(yn)) + anlzn—2,Vg(u) —Vg(z))
= Dg(2,Vg [a,Vg(2) + (1 - ap)VE(yn)]) + anlzn—2,Vg(u) —Vg(2))
< anDg(z,2) + (1 —an)Dg(2, yn) + anlzn—2,Vg(u) —Vg(z))

=1- an)Dg(Z» Xp) +apzn—2,Vgu)—Vg(2).

Step 4. We show that x;,, — z as n — oo.

The rest of the proof will be divided into two parts:

(3.14)

Case 1. If there exists ng € N such that {Dg(z, X152 o is nonincreasing, then {Dg(z, x)}nen is
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convergent. Thus, we have Dg(z, x;) — Dg(z, Xp+1) — 0 as n — oo. This, together with condi-
tion (c), implies that

lim pg, (Vg (xp) = Vg (Tr, xn) 1) = 0.

Therefore, from the property of pg, we deduce that
r}l—lirolo IVg(xp) - Vg(Ty,xn) | =0.
Since Vg* is uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at
lim |x,— T, x5l =0.
n—oo

Let s3 := sup{llx,ll, | T;, x»|I} < oo and let By be a bounded subset of E such that {x,, T}, X,}nen
c By. By the same argument as in Step 1 we conclude that limy ;. af =0,
where O';C :=supips, (1T, v— Ty vl : v € B1}. On the other hand, we have

1 1 1
E”xn —Txull = E”xn - Trnxn” + E” Ty, Xy — Txpll.
Since pyg, : [0, +oo) — [0, +00) is an increasing, continuous and convex function, so we have

ps3(%”xn —Txyl) < Ps3(%||xn =Ty, xnl) +Ps3(%|| Ty, xn— Txpl)
< 305, (1xn = Tr, Xnll) + 3 sup{ps, (1 Ty, v = Tvl): v € By},

Exploiting Lemma 2.4, we obtain
lim ,033(||xn —Txul)=0.
n—oo
By the properties of pg,, we conclude that
lim ||x, — Tx,| =0. (3.15)
n—oo

This, together with Lemma 3.2 and (3.12), implies that z € F(T) =%, F(T},) = EP(f). Since

{Xn}nen is bounded, there exists a subsequence {x,};en Of {xy}nen such that x,,, — y € C and

limsup(x, —z,Vg(x) - Vg(z)) = lim (x,, — z,Vg(x) = Vg(2)).

n—0o0

This, together with (1.9), implies that

limsup(x,—2z,Vg(x)-Vg(z)) =(y—2,Vg(x)-Vg(z) <0.

n—oo

From Lemma 3.2, we have that

limsup(z, —z,Vg(u) - Vg(z)) =limsup(x, —z,Vg(u)—Vg(z)) <0.

n—oo n—oo
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Thus we have the desired result by Lemma 2.7.

Case 2. If there exists a subsequence {n;};en of {n},en such that
Dg(zr xn,») < Dg(zr xni+1)

forall i € N, then by Lemma 2.6, there exists a nondecreasing sequence {n}ren < N such that
mi — oo,

Dg(z,xm;) < Dg(z,Xmi+1) and  Dg(z, xg) < Dg (2, Xpmy+1)
for all k € N. This, together with (3.13), implies that
B 1= Bm,) o5, (IVE (X)) — Vg(Ty,, Xm)) < Dg(z, Xm,) = Dg (2, Xpmy+1) + @y M2 < @y M
for all k € N. Then, by conditions (a) and (c), we get
]giilgopﬁz(IIVg(xmk) - Vg (T xm)I) =0.
By the same argument as Case 1, we arrive at

limsup(z;,, —z,Vg(u) —Vg(z)) =limsup(x;,, —z,Vg(u)-Vg(z) <0.

k—o0 k—o0

It follows from (3.14) that
Dg (Zr xmk+1) = (]- - amk)Dg (Zr xmk) + amk <ka —Z, Vg(u) - Vg(z» (3-16)
Since Dg(z, Xm,) < Dg (2, Xm,+1), we have that

amkDg(Z» xmk) = Dg(z, xmk) _Dg(zy xmk+l) + amk<zmk —Z, Vg(u) - Vg(z»

< Ay 2Zm, — 2, V(W) —Vg(2). 3.17)
In particular, since a,, > 0, we obtain
Dg(zy xmk) = (ka —Z Vg(u) - Vg(Z»

In view of (3.16), we deduce that
lim Dg(z, Xp,) = 0.

k—o0

This, together with (3.17), implies that

lim Dg(z, Xp;+1) = 0.
k—o0

On the other hand, we have Dg(z, xi) < Dg (2, Xp,+1) for all k € Nwhich implies that x; — z as

k — oo. Thus, we have x, — z as n — co. Oa
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Remark 3.1. We propose a new type of iterative scheme for the solution of an equilibrium
problem in a reflexive Banach space. This scheme has an advantage that we do not use any
projections which creates some difficulties in a practical calculation of the iterative sequence.
A strong convergence theorem by a new Halpern-type method for the approximation of solu-

tion of an equilibrium problem in a reflexive Banach space is also derived.

Remark 3.2. Theorem 3.1 improves Theorems 1.1 and 1.2 in the following aspects.

(1) For the structure of Banach spaces, we extend the duality mapping to more general case,
that is, a convex, continuous and strongly coercive Bregman function which is bounded

on bounded subsets, and uniformly convex and uniformly smooth on bounded subsets.

(2) For the algorithm, we remove the sets C; and Q;, in Theorems 1.1 and 1.2.

4 Applications

In this section, we propose Halpern-type iterative schemes for finding common solutions
of an equilibrium problem and null spaces of a y-inverse strongly monotone operator in a 2-

uniformly convex Banach space and prove two strong convergence theorems.

Theorem 4.1. Let E be a 2-uniformly convex Banach space and g : E — R a strongly coercive
Bregman function which is bounded on bounded subsets, and uniformly convex and uniformly
smooth on bounded subsets of E. Assume that there exists ¢ > 0 such that g is p-convex with
p(t) := % t? forall t = 0. Let C be a nonempty, closed and convex subset of E and f be a bi-
function from C x C to R satisfying (A1)—(A4). Assume that A: C — E* is a'y-inverse strongly
monotone for somey > 0. Suppose that F := A~1(0) n EP(f) is a nonempty subset of C, where
EP(f) is the set of solutions to the equilibrium problem (1.3). Let {a,,} nen and {B}nen be two

sequences in [0, 1] satisfying the following control conditions:

(@) lim,—~ @, =0;
(b) Zi,ozl Ap =00,
(c) 0<liminfy, . By <limsup,_, Bn <1.
Let {rp}nen be a sequence in (0,00) such thatliminf, ..o r, >0 and 3.5 |rp+1 — 'yl < 0o.

Let {x,}nen be a sequence generated by

uckE, xy€C chosen arbitrarily,

wy, = proj.(Vg* [Vg(xn) — fAx])

{ upeC suchthat f(uyy)+ r—ln(y— u, vgu,)-vVgw,)) =0, VyecC, 4.1)
Yn=Vg* PnVgwn) + (1 - Pn)Vg(unl,

Xpe1 = projéé(Vg* [, Vg + (1 —a,)Vgyy)l) andneN,
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2
where Vg is the gradient of g. Let A be a constant such that0 < A < CZZ—Y, where c, is the
2-uniformly convex constant of E satisfying Corollary 2.1 (2). Then the sequence {x,} nen

defined in (4.1) converges strongly to proj}(’; uasn— oo.

Proof. We divide the proof into several steps.

Set z = projigcu.

Step 1. We prove that {x,,} nen, {Vntnen, {Wntnen and {u,},en are bounded sequences in C. We
first show that {x,},en is bounded. Let p € F be fixed. In view of (1.9), Lemma 2.3 and (4.1),
we obtain

D¢ (p, wp) = Dg(p, Vg™ [Vg(xy) — BAX,])
= Vg(p,Vg(xn) —AAxy)
< Ve(p,Vg(xy) —AAxp + AAXy,) — (Vg* (Vg(xn) —AAx,) — p,AAxy)
= V(p,Vg(xn) - MVg* (Vg(xp) = AAx,) = p, Axp)
= Dg(p, xp) = MXp— p, Axp) = MVg* (Vg (xy) — AAXy,) — X, AXp)
< Dg(p, %) = Ayl Ax,|* + AIVE* (VE(xy) — AAxp) — Vg Vg (xn) | Axy

2 412 2
< Dg(p, xn) = Ayl Axnll” + 7llenII
2

47
SDg(p,xn)+)L(?—)/ | Axp |2 (4.2)

2

This, together with ‘i—’; —v¥ <0, implies that
2
Dg(p, wy) = Dg(p, xp).
By the same argument, as in the proof of Theorem 3.1, for each n € N, we obtain

Dg(p,yn) = Dg(p, xp). (4.3)
This implies that
Dg(p, xn+1) = max{Dg(p, u), Dg(p, x1)} (4.4)

for all n € N. It follows from (4.4) that the sequence {Dg (x;;, X)} nen is bounded and hence there
exists M, > 0 such that

Dg(xn,x) <M, VneN. (4.5)

In view of Lemma 2.2 (3), we have that the sequence {x,},en is bounded. Since {7}, } ;en is an

infinite family of Bregman relatively nonexpansive mappings from E into C, we conclude that

Dg(p, Tr,wm) < Dg(p,wy) < Dg(p,x,), VYneN. (4.6)
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This, together with Definition 2.2 and the boundedness of {x,}en, implies that {7, wy}nen
is bounded for each i = 1,2,..., N. The function g is bounded on bounded subsets of E and
therefore Vg is also bounded on bounded subsets of E* (see, for example, [14] for more de-
tails). This, together with Step 1, implies that the sequences {Vg(x,)}nen, {VE(Vn)inen and
{Vg(T,, wp)}nen are bounded in E*. In view of Theorem 2.2 (3), we obtain that dom g* =
E* and g* is strongly coercive and uniformly convex on bounded subsets of E. Let s3 =
sup{IVg(wu)ll, IVg(T,, wy)ll : n € N} and 9:3 : E* — R be the gauge of uniform convexity of
the conjugate function g*.

Step 2. Continuing in the same manner of proof in Theorem 3.1 we can prove that for any
neN

Dg(Z» Yn) < Dg(Z, Xp) — ﬁn(l - ﬁn)f):a(”vg(wn) - Vg(Tr,, w)l). 4.7)

Let us show (4.7). Also, in view of Lemma 2.4 and (4.7), we obtain
Dg(Z» Xps1) < aan(Z) u)+(1- an)[Dg(Zy Xn) _,Bn(1 - ﬁn)P;(”vg(xn) - Vg(Tr,, x)D]. (4.8)

Let M3 := sup{|Dg (2, u) — Dg (2, xp)| + B (1 — Bn)pg,(IVg(wy) = VE(Ty, wp) ) : n € N}. It follows
from (4.8) that

Bn(1=Br)og, (IVg(wy) = Vg(Tr, wn)ll) < Dg(z, Xp) — Dg (2, Xn+1) + @n Ms. (4.9

Let z, = Vg*la,Vgw) + 1 - a,)Vg(T,y]. Then x4 = proj‘g(zn) for all n € N. In view of
Lemma 2.3 and (4.7) we obtain

Dg(z,xp+1) = Dg(p, prOji(Vg* @, Vg(w) + (1 —an)Vg(ynl)
Dg(2,Vg" [a,Vgw) + (1 - a,)Vg(yn)l)
=Vg(z,a,Vgu) + (1 —an)Vg(yn))
= Vg(z,anVg(W) + (1 —ap)Vg(yn) —an(Vg(u) —Vg(2))
—~(g [, Vgw) + (1~ a,)Vg(yn)l - z,—a,(Vg(u) - Vg(2)))
=Vg(z,anVgw) + (1 - ap)Vg(yn)) + anlzn—2,Vg(u) —Vg(z))
= Dg(z, Vg  la,Vgu)+ (1 - ap)Vg(yu))) + anlz,—z,Vg(u) - Vg(2)
< apDg(z,2)+ (1 —ay)Dg(z, yn) + anlzn—2,Vgu)—Vg(z)
= (I—ap)Dg(z, xn) + anzn—2z,Vg(u)—Vg(2). (4.10)

Step 3. By the same argument as in the proof of Theorem 3.1 and using (4.9)—(4.10), we con-
clude that

lim pg (1Vg(wn) = Vg (T, wp)ll) = 0.
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From the properties of pg,, we conclude that
r}l_l:l’olo IIVg(wn) - Vg(Trn wp) |l =0.
Since Vg™ is uniformly norm-to-norm continuous on bounded subsets of E*, we arrive at
lim [lwy, - T, wyl = 0.
n—oo

From the boundedness of {w};} sen and { T}, Wy} nen, it follows that there exists a bounded sub-
set B of C such that {w,, T, wp}sen < B. Let Let s4 = sup{llwyll, | T, wyll : n € N} and pjs :
E* — R be the gauge of uniform convexity of the conjugate function g. Let T'x = lim;—.oo Ty, X
for all x € C. In view of Lemma 2.9, T is a Bregman quasi-nonexpansive mapping. On the

other hand, we have

1 1 1
E”wn_ Twy| = E”wn_ Trnwn” +E||Trnwn_ Twhyl.

Since p4 : [0, +00) — [0, +00) is an increasing, continuous and convex function, so we have
1 1 1
ps4(5 lwy—Twyl) < Ps4(5 lwy,— 17, wyl) + ,034(5 Il Ty, wy— Twyl)
1 1
= 5[’34(” wp — Ty, wyl) + E supips, (I Tr,z— Tzll): z€ B}.
Exploiting Lemma 2.5 and (4.10), we obtain
r}i_{lgops4(|| wp — Twyll) =0.
By the properties of p;,, we conclude that
lim |w, - Tw,| =0. (4.11)
n—oo
In view of Lemma 2.2 and (4.11) we obtain that
lim D¢ (T}, wp, wy) = 0.
n—oo

This implies that

Dg(Tr,, Wn, Yn) = (1 - ,Bn)Dg(Tr,, Wy, Wp) + ,Ban(Trn Wy, Tr,wp) = (1- ,Bn)Dg(Tr,, Wp, Wy) — 0
(4.12)
as n — oo. Also, we have

Dg(yn,zn) = anDg(yn, u) + (1 —ap)Dg(¥n, yn) = @nDg(yn, u) — 0 (4.13)

as n — oo and hence
Dg(,Vnrxn+1) SDg(J/n;Zn)_’O (4.14)
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as n — oo. In view of Lemma 2.2 and (4.12)—(4.14), we conclude that
lim [y, — wyll = lim [y, —Tr,wyll =0 and lim X117 — yull = lim [y, — xp411 =0. (4.15)
n—oo n—oo n—oo n—oo
From (4.12)—(4.15), we deduce that
lim [|x, —z,ll= lim ||y, —z,l=0. (4.16)
n—oo n—oo

By a similar argument, as in the proof of Theorem 3.1, we have the desired result which com-
pletes the proof. a

At the end of the paper, we study the problem of finding a minimizer of a continuously
Fréchet differentiable and convex function in a Banach space. We begin with the following
lemma which has been proved in [33].

Lemma 4.1. Let E be a Banach space. Suppose that h is a continuously Fréchet differentiable
and convex function on E. If the gradient Vh of g is é-Lipschitz continuous, then Vh is a-
inverse strongly monotone.

Theorem 4.2. Let E be a reflexive Banach space and g : E — R a strongly coercive Bregman
function which is bounded on bounded subsets, and uniformly convex and uniformly smooth
on bounded subsets of E. Assume that there exists ¢y > 0 such that g is p-convex with p(t) :=
% t? forall t = 0. Let C be a nonempty, closed and convex subset of E and f be a bifunction
from C x C to R satisfying (A1)—(A4). Assume that a function h : E — R satisfies the following
conditions:

(1) hiscontinuously Fréchet differentiable and convex on E andV f is é -Lipschitz continuous;

(2) Q:=argminph(y) ={z € E: h(z) = minyec h(y)} # Q. Suppose that F := Qn EP(f) is
a nonempty subset of C, where EP(f) is the set of solutions to the equilibrium problem
(1.3). Let {antnen and {Bn}nen be two sequences in [0,1] satisfying the following control
conditions:

(@ limy—oa, =0;
(b) Z;ozl ap =00,

(c) 0<liminfy .o B, <limsup,,_. . Bn<1.

Let {ru}nen be a sequence in (0,00) such thatliminf, ..o r, >0 and Y57 | |1pe1 — 1yl < oo.
Let {x,}nen be a sequence generated by

uckE, xyeC chosen arbitrarily,

Wy = proj¢(Vg* Vg (xn) — BVA(x,)])

{ uneC suchthat f(uyy)+ %(y— un,Vglu,)-vglwy)) =0, VyeC, (4.17)
Yn=Vg (PnVgwn) + (1= Pr)Vg(un)l,

Xp+1 = projéé(Vg* [, Vg(u)+ (1 —a,)VgWy)) andneN,
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2
where Vg is the gradient of g. Let A be a constant such that0 < A < CZZ—Y, where c, is the

2-uniformly convex constant of E satisfying Corollary 2.1 (2). Then the sequence {x,} nen

defined in (4.17) converges strongly to projf; uasn— oo.
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