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A SUBCLASS OF HARMONIC FUNCTIONS WITH NEGATIVE
COEFFICIENTS DEFINED BY DZIOK-SRIVASTAVA OPERATOR

G. MURUGUSUNDARAMOORTHY, K. VIJAYA AND B. A. FRASIN

Abstract. Making use of the Dziok-Srivastava operator, we introduce the class 3?%7 ([a1],1,7)
of complex valued harmonic functions. We investigate the coefficient bounds, distortion
inequalities , extreme points and inclusion results for this class.

1. Introduction

A continuous function f = u+ iv is a complex- valued harmonic function in a complex
domain Q if both u and v are real and harmonic in Q. In any simply-connected domain D < Q,
we can write f = h+'g, where h and g are analytic in D. We call h the analytic part and g the
co-analytic part of f. A necessary and sufficient condition for f to be locally univalent and
orientation preserving in D is that |h'(z)| > |g’(z)| in D (see [3]).

Denote by # the family of functions
f =h+ g (11)

which are harmonic, univalent and orientation preserving in the open unit disc U = {z : |z| <
1} so that f is normalized by f(0) = h(0) = f;(0) — 1 = 0. Thus, for f = h+ g € A4, we may
express the analytic functions for # and g in the forms

h(z2)=z+ Y anz", g2 =) byz" (Ibil<1).
n=2 n=1

Hence
o0

[e.o]
f@=z+) anz"+ ) byz", |b|<1. (1.2)
n=2 n=1
We note that the family # of orientation preserving, normalized harmonic univalent func-
tions reduces to the well known class S of normalized univalent functions if the co-analytic

part of f is identically zero, thatis g =0.
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Also denote by .# the subfamily of # consists harmonic functions f = h + g of the form
[e 0] [e.e]
f@=2z-) lanlz"+ ) |bulz", |by|<1. (1.3)
n=2 n=1
Let the Hadamard product (or convolution) of two power series
(o]
P2 =z+ ) Ppz"
n=2
and
(o]
Y =z+ ) yu2"
n=2
be defined by
[e.e]
@) (@) =p@ *y(2) =2+ Y Paynz".
n=2

For complex parameters a1, ...,ap and f1,...,64 (B; #0,-1,...;j =1,2,..., q) the gener-
alized hypergeometric function , F(z) is defined by

o (al)n---(ap)n zn
F, =, F yeers X3 O1,...,Pg; 2) i= —_—
pFal@) = pFa@rs o @pibu. aid) = D, go—p 3

(1.4)
(p=g+1; p,ge Ny:= NuU{0};zeU)
where N denotes the set of all positive integers and (a);, is the Pochhammer symbol defined
by
1, n=0
(@n= { (1.5)

aa+1)(a+2)...(a+n-1),ne N.

Let
H(al,...,ap;ﬁl,...,ﬁq):A—»A

be alinear operator defined by

[(H(a])---»ap;ﬁly---)ﬁq))((p)](z) = Z qu(alyaZ)---»ap;ﬁI)ﬁZ»---)ﬁq;z) *(l)(z)

=z+ ) T(aj,n) a, 2", (1.6)
n=2
where @) (@)
X1)p-1---Aplp-1 1
I'(ai,n) =
) = B - Bny (=D
and

a;>0(=12,..p),B;>0(j=12,..9),p<qg+1; pge No= NU{0}.
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For notational simplicity, we use a shorter notation Hf; [a1] for H(ay,...,ap; B1,...,By) in
the sequel. Note that if g = 0 then

X (@)p-1---(@p)p-1
Hp = n "
o lan] z+n;2 Y a

It follows from (1.6) that
1
Hy(11f(2) = f(2), Hy[2]f(2) = zf'(2) and Hy 3] f (2) = 2" (2) + 5z2 f"@).

The linear operator HZ; [a;] is the Dziok-Srivastava operator (see [4]), which contains such
well known operators as the Hohlov linear operator, Saitoh’s generalized linear operator, the
Carlson-Shaffer linear operator, the Ruscheweyh derivative operator as well as its generalized
versions, the Bernardi-Libera-Livingston operator, and the Srivastave-Owa fractional deriva-
tive operator. One may refer to Carlson and Shaffer [2], Dziok and Srivastava[4] and Srivastava

and Owa [15] for more details concerning these operators (see also [1, 11, 12, 13]).
Applying the Dziok-Srivastava operator to the harmonic function f = h+ g given by (1.1),
we readily get

Hylailf(2) = Hy [a1]h(2) + Hy [a11g(2). 1.7

Motivated by the earlier works of [5, 6, 7, 8, 14, 16] on the subject of harmonic functions,
we introduce here a new subclass 92;’; ([a1],A,7) of #.
For 0 <y <1, we let %%([aﬂ,ﬂt,y) a subclass of A of the form f = h +g given by (1.2)

and satisfying the analytic criteria

. Z(HY la11h(2)) - z(HY la11g(2))!
e

>y (1.8)
(-1 (Hl@11h(2) + HYla118(2)) + A (2(H] laa | h(2)) - 2(H} [a1]8(2)')
where0<A1<1, Hf]’[allf(z) is given by (1.2) and z€ U.
We also let 92%7([0(1], Ay = 9?;’;([“1], ALy)nF.
The family ?/2%’7 ([a11,4,7) is of special interest because it reduces to various classes of
well-known harmonic univalent functions as well many new ones. For example:
(6] %%([al],o,)/) = 7/%((11,)/) (Al-Kharsani and Al-Khal[9]), item%%([l],ﬂ,)/) = gy}f(/l,)/)
(Oztiirk et al.[10]),
(i) 92;{;?([1],0,7/) =J(y) (Jahangiri [6]),

(iii) %2-2(111,0,00= 90  (Silverman [14]).
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In this paper, we obtained coefficient conditions for the classes %”% ([a1]1,A,7) and %%7 ([a1], A, 7).
Coefficient bounds, distortion inequalities, inclusion properties for the class 92%7 ([a1],4,7)
are also established.

2. Coefficient bounds

In our first theorem, we obtain a sufficient coefficient condition for harmonic functions
in 277 ([a1],4,).

Theorem 2.1. Let f = h+ g be given by (1.2). If
Y [(n=y=yA(n-D)lanl+ (n+y—yA(n+1)|byl| T(ar,n) <2(1—7y) 2.1
n=1

wherea; =1and0<y<1, thenfe%%’([al],ﬂt,y).

Proof. We first show that if (2.1) holds for the coefficients of f = h + g, the required condition
(1.8) is satisfied. From (1.8) we can write

. z(HYla11h(2)) - z(H} [a1]g(2))
e P — —
(1 - D) (Hy [a11h(2) + Hy [a118(2) + A(z(Hy [a11h(2))' - 2(Hy [a11€(2))')
_Re{M}>
“\Bw 7T
where

A(2) = 2(H} [a1]h(2)) - z(H] la11g(2)) = z+ Y nT(ay,n)anz" - Y nl(a1, n)b,z"

n=2 n=1

and B(2) = (1- 1) (H} [a1]h(2) + H][a118(2) + Az(H} [a11h(2)) - 2(H] [a118(2))")

=z+ ) (1-A+nAl(a, ma,z"+ Y (1-A-n)(a1,Wb,z".

n=2 n=1

Using the fact that Re {w} = y if and only if |1 —y + w| = |1 + y — w|, it suffices to show that
|A(2) + (1 -7y)B(2)| - 1A(z) = (1 +7y)B(z)| = 0. (2.2)
Substituting for A(z) and B(z) in (2.2), we get

|A(2) + (1 —y)B(2)| - |A(2) — (1 + ) B(2)]

=l 2-pPz+ ) [(n+1-y)1-A+nDIT (a1, n)az" -

n=2

—= Y [n-(1-y)1-A+nM)IT(a1,n)b, Z" |

n=1
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—|=yz+ ) [n-(1+Y)(1-A+n)I (a1, n)a,z" -
n=2

M8

m+Q+y)(1- /1+n7t)]1"(a1,n)b z" |

Il
—

n
o0

= 2-p)lzl- Y [n+1-y)A-A+nA) (a1, n)lallz|" -
n=2

P18

(n—(1-y)A-A-n)IT (a1, n)|by,l |z|" -

S
Il
—

—ylzl= ) [n-A+pPA-A+nIT (a1, n)lanl 12" -
n=2

[\’]8

(n+Q+y)A-A-nA)IT(ay, n)|byl |z|"

Il
—

n

o An—-1)) n+y—-yAn+1)) _
22(1—7)IZI{ > |[—E janl+ =L byl | D@y, mlzl" 1}
n=1 -
S [ - )L(n 1) n+y—-yAn+1))
zz(l—y){z y (T janl+ LY by r(al,n)}.
n=1 1_7/ 1-
The above expression is non negative by (2.1), and so f(z) € %%([m],ﬁ,y). O
The harmonic function
& 1- & 1- _
f@)=z+ r x,2" + Y V,@" (2.3

= (n—y—-yAn-1))I'(a,n) = m+y—-yA(n+1)I'(a,n)

o0 o0

where ) |x,|+ Y |ynl =1 shows that the coefficient bound given by (2.1) is sharp.
n=2 n=1

The functions of the form (2.3) are in %Z;’ ([a1l,A,y) because

(n—y—-yAn-1)I'(ay,n) (n+y—-yAn+1)I'(a1,n)
Z lanl +
n=1 I-y 1-y

0o
=1+ Z [ x| + Z |ynl =2
n=2 n=1

Next theorem establishes that such coefficient bounds cannot be improved further.

|bnl

Theorem 2.2. Fora; =1and0<y<1, f= h+§€92%’7([a1],1,y) ifand only if
Y [(m=y=yAn-D)layl+ (n+y-yAn+D)b,l]T(ar,n) <2(1-7y). (2.4)
n=1

Proof. Since %’%’ (la1l,A,y) c %?Lf ([a1l,A,7), we only need to prove the "only if” part of the
theorem. To this end, for functions f of the form (1.3), we notice that the condition

2(Hf 1] f (2))’
Re >7y.
(1 - A H (a1l f(2) + Az(H] [a1] f ()
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Equivalently,

1-pPz— Y (n—y—-yAn—-1)T(a1,n)a,z" — OZO (n+y-yAln+ 1))F(a1,n)EnE”
Re =2 = - > 0.
z— Y A-A+nAM (a1, naz"+ Y 1-A—nW)T(a;,n)b,z"

n=2 n=1

The above required condition must hold for all values of z in U. Upon choosing the values of

z on the positive real axis where 0 < z = r < 1, we must have

1= - ¥ (n—y—yA(n— D)@y, mayr™" = ¥ (n+y—yA(n+ D)@, n)b,r™
n=2 n=1 > 0.

1- % 1-A+nW)I(ay,n)a,r" 1+ % (1-A-nA)I(a;,n)b,r*1
n=2 n=1

(2.5)
If the condition (2.4) does not hold, then the numerator in (2.5) is negative for r sufficiently
close to 1. Hence, there exist zg = rg in (0,1) for which the quotient of (2.5) is negative. This
contradicts the required condition for f(z) € ?/2%’7 ([a1], A, 7). This completes the proof of the
theorem. a

Letting p=1and g =1 =0 in Theorem 2.2, we have

Corollary 2.3. ([9)Fora,=1and0=<y<1, f=h+geV5(a1,y) ifand only if

[((n=D)lapl+ (n+y(n+1)|byl| (a1, n) <2(1-7). (2.6)
n=1

Lettingp=1, g=0and a; =1 in Theorem 2.2, we have

Corollary 2.4. ([10)Foray=1and0<y<1, f=h+gedJ S, (Ay) ifand only if
Y [n=y=yAn-D)lapl+ (n+y—yA(n+1D)|byl] <2(1-7y). 2.7
n=1

Letting p=1, g =0and a; =2 in Theorem 2.2, we have

Corollary 2.5. Fora; =1and0<y<1, f=h+ge€ %%?([2],/1,)’) ifand only if
Y n[(n—y-yAm—D)la,l+ n+y—yAn+1)lbyl] <2(1-7). (2.8)
n=1

Letting p=1, g =0and a; =3 in Theorem 2.2, we have

Corollary 2.6. Fora; =1and0<y<1, f=h+ge€ %%?([3],/1,)’) ifand only if

© nn+1
) ”(”2 L[ =y =y A= W)lanl + (n+y— YAt + W) byl] <20 - 7). 2.9)
n=1
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3. Distortion bounds and extreme points

The following theorem gives the distortion bounds for functions in 92%’? ([a1],A,7) which

yields a covering result for the class 92’%’ (la1l, A, ).

Theorem 3.1. Let f € %%f’([al],/l,y). Then for|z| = r < 1, we have

.31( 1-y l+y )

1-b b
(1-by)r - Py fal w— L <1f(2)l
.31( 1-y l+y )
1+b — b
=+ 1)r+a1 2—-y— WL 2—-y—-yA

Proof. We only prove the right hand inequality. Taking the absolute value of f(z), we obtain

[eS) oo
If@]=|z+ ) anz"+ ) b,zZ"
n=2 n=1

o0
< (L+Dbylzl+ Y (an+by)lzl"
n=2

<A +b)r+ Y (an+by)r?
n=2
1-7p i((Z—y—M)al +(2—7/—7/7L))a1b 2

<A+bpr+ n
(1+byr C-y—-yMa ;=\ A-7)p “ 1-7p1

(1-7)p1 ( 1+y ) 2
sA+b)r+ 1- by|r
ey =y U 1=y
,51( -y 1+y ) 2
1+b — - b
<Q+b)r+ P S S r

The proof of the left hand inequality follows on lines similar to that of the right hand side
inequality. O

The covering result follows from the left hand inequality given in Theorem 3.1.
Corollary3.2. If f(z) € gz%’ (la1],A,y). Then

2a1 -1 — (A +Nay - B1)y
C-y—-yMa

{w:|w|<

e —b1)} < fO).

Proof. Using the left hand inequality of Theorem 3.1 and letting r — 1, we prove that

1 1-y 1+y )
1-b;) - — b
( 2 Ia,2)\2—=y-yA 2-y-yA !
1
=(1-b1) - [1-y—-QQ+7y)b]

I'(a1,2)2-y-7yA)
_ 1-b)l(a1,2)2-y—yM)-A-7+1A+7)b;
I'(a1,2)2-y-yA)
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2a, - B1— (AL +Na; — By }
= 1-b U). O
{ C-y-yMa R i

Next we determine the extreme points of closed convex hulls of 92%’7 ([a1],1,7) denoted

by clco@%‘f’([all,ﬂ,)/).

Theorem 3.3. A function f(z) € %%f’([aﬂ,/l,y) if and only if f(z) = OZO (Xnhn(2) + Y, gn(2))
n=1

where

_ o -y n.
h(2) =2z, hp(2) =z (n_y_y/l(n_l))r(al’n)z, (nz2),

-y

nry—yAn+ D@y, =2

gn@)=z+

o0
Y Xp+Yy) =1, X,=0and Y, =0.

n=1

In particular, the extreme points of%g([aﬂ,?t,y) are{h,} and {g,}.

Proof. First, we note that for f as in the theorem above, we may write

(thn(z) + Yngn(z))

P18

f(2) =

S
I
—

oo 1-vy n
(Xn+Yn)z Z (n—y—-yAn-1)'(ay, n)X ©

1 n=2

I
18

S
I

1
oo oo
Y Anz"+ ) Buz"

2 n=1

+ Y,z

n; (n+y—yAn+1)(ay,n) "
Z_

n=
-y 1-y

X, and B, = Y,.
(n—y-yAln—-1)I'(a;,n) (n+y—yAn+1)I(ay,n)

where A, =

Therefore

°Z°: (n—y—y/l(n—l))l"(al,n)A N °Z°: (n+y—y/1(n+1))1"(a1,n)B
n=2 1_7 " n=1 1_7

=) Xpt+ ). Yy
n=2 n=1

=1-X;=<1,

n

and hence f(z) € clco%%([aﬂ,/l,y). Conversely, suppose that f(z) € clco%%f’([m],?t,y).
Setting

_ (n_y_y,liri;l))r(al,n) A, (n=2)and ¥, = (n +7/—7/)L£n_;1))1"(a1,n) B, (n=1)

Xn
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o0
where Y (X, +Y,)=1.Then

n=1
f@=z-Y anz"+Y byz", an b,=0.
n=2 n=1
=Z— 1—)’ ann l_y nzn
i m—-y—yA(n-1)I'(a1,n) = n+y—yA(n-1))I'(a,n)
=z— ) (hy(2) =2 Xn+ Y (gn(2) —2)Yy
n=2 n=1
=Y (Xphn(2) + Y, 8n(2)
n=1
as required. O

4. Inclusion results

Now we show that %’%’ ([a1],A,7) is closed under convex combinations of its member
and also closed under the convolution product.

Theorem 4.1. The family ?/'Z%f’ ([a11, A, ) is closed under convex combinations.

Proof. Fori=1,2,..., suppose that f; € 92%7([0(1],)[,)/) where

00 o
fie)=2z-)_ ajnz"+ ) binz".
n=2 n=2

Then, by Theorem 3.1

Z (n=y—-yAn-1)I'(a1,n) ain+ Z (n+y—-yAn+1)'(ay,n)

bi,<1. (41
n=2 (1=7) n=1 1-7)

[e.°]
For ) t;,0<t; <1, the convex combination of f; may be written as
i=1

Z tifi(z)=z— Z (Z t,-ai,n) zZ" + Z (Z tiEi,n)En.
i=1 n=2\i=1 n=1\i=1
Using the inequality (2.4), we obtain
S (n—y—-yAn-D)I'(a,n) | S X (n+y-yAn+))I(a,n) (&
Liajn|+ tibin
2, a7 (Zl “ ) Z a7 (Zl ’ )
e X (n—y—yAn-1))I'(ay,n) X (n+y—yAn+1))I'(ay,n)
=)t int bin
LIPS a-y ant L, -y :

o0
and therefore Y. t; f; 69?%7([%],/1,7/). O
i=1
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Zj([m],ﬂ,a). Then

Theorem 4.2. For0< <y <1, let f(z) € %%f’([al],/l,y) and F(z) € #
f(2) * F(z) € 0 (1), ,7) < B2 (1), 1, 6).

o0
Proof. Let f(2) =z— Y. a,z"+
n=2

Mg

— oo oo __
bnz”e@%’f’([aﬂ,a,w andF(z)=z— Y. A,z"+ Y B,z2"¢€
1

n=2 n=1

%Zj([al],ﬂ,a). Then f(2) * F(z) is f(2) * F(2) = z— ozo Az + ozo b,B,Z".
n=2

n=1
For f(z) * F(z) € %%f’([al],)t,é) we note that |A;| <1 and |B,| < 1. Now by Theorem 2.2,

we have

X (n-06-0A(n—-1)I'(a;,n) X (n+o6-06A(n+1))I'(ay,n)
> L@l 1Al + Y 2|yl Byl
n=2 1-6 = 1-6

1bnl =1,

lanl

- i (n=y—-yAn-1)I'(a1,n) N °Z°: [n+y—yAn+1))I'(ay,n)
n=2 I-y n=1 -y

by Theorem 2.2, f(z) € 92;’:([0(1], A,7). Therefore f(z)*F(z) € 92;’:([0(1], Ay)c 92;’:([0(1], A,6).
O
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