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UNIVERSAL COVERS OF TOPOLOGICAL MODULES AND A

MONODROMY PRINCIPLE

OSMAN MUCUK AND MEHMET ÖZDEMİR

Abstract. Let R be a simply connected topological ring and M be a topological left R-module

in which the underling topology is path connected and has a universal cover. In this paper, we

prove that a simply connected cover of M admits the structure of a topological left R-module,

and prove a Monodromy Principle, that a local morphism on M of topological left R-modules

extends to a morphism of topological left R-modules.

Introduction

Let G be a connected topological group. It is a well known result that (see for example
Chevalley’s book [4]) if p: G̃ → G is a covering map such that G̃ is a simply connected
topological space, then G̃ becomes a topological group such that p is a morphism of
topological groups.

The problem of universal covers of non-connected topological groups was first studied
by Taylor in [10]. He proved that a topological group G determines an obstruction class
kG in H3(π0(G), π1(G, 0)), and that the vanishing of kG is a necessary and sufficient
condition for the lifting of the group structure to a universal cover. In [6] an analogous
algebraic result is given in terms of crossed modules and group objects in the category
of groupoids (see also [1]) for a revised version, which generalises these results and shows
the relation with the theory of obstructions to extension for groups).

The lifting problem of the ring structure of a connected topological ring to a simply
connected was recently studied in [7] using the term of ring object in the category of
groupoids.

The main object of this paper is to give an analogue of this work for topological
R-modules rather than topological rings.

1. Covering Maps

We assume the usual theory of covering maps. All spaces X are assumed to be locally
path connected and semi locally 1-connected, so that each path component of X admits
a simply connected cover.
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Recall that a covering map p: X̃ → X of connected spaces is called universal if it

covers every cover of X in the sense that if q: Ỹ → X is another cover of X then there

exists a map r: X̃ → Ỹ such that p = qr (hence r becomes a cover). A covering map

p: X̃ → X is called simply connected if X̃ is simply connected. Note that a simply

connected cover is a universal cover.

Definition 1.1. We call a subset V of X liftable if it is open, path connected and V

lifts to each cover of X , that is, if p: X̃ → X is a covering map, i: V → X is the inclusion

map, and x̃ ∈ X̃ satisfies p(x̃) = x ∈ V , then there exists a map (necessarily unique)

ı̂: V → X̃ such that pı̂ = i and ı̂(x) = x̃.

It is easy to see that V is liftable if and only if it is open, path connected and for all

x ∈ V , i⋆π1(V, x) = {0} where π1(V, x) is the fundamental group of V at the base point

x, i⋆ is the map induced by the inclusion map i: V → X and {0} is the identity element

of the fundamental group π1(X, x). Remark that if X is a semi locally simply connected

topological space, then each point x ∈ X has a liftable neighbourhood.

So if X is a semilocally simply connected topological space then each x ∈ X has a

liftable neighbourhood.

Lemma 1.2.([9]) Let X be a connected topological space and p: X̃ → X a covering

map. Suppose that Y is a connected topological space and f : (Y, y0) → (X, x0) is a

continuous map of pointed topological spaces. If x̃0 ∈ X̃ such that p(x̃0) = x0, then there

exists at most one continuous map f̃ : (Y, y0) → (X̃, x̃0) such that pf̃ = f .

As a corollary of this lemma, the following can be restated

Corollary 1.3. Let p: X̃ → X be a covering map, Y a connected topological space and

let f : (Y, y0) → (X, x0) be a continuous map of pointed topological spaces. Let x̃0 ∈ X̃

such that p(x̃0) = x0. If g, h : (Y, y0) → (X̃, x̃0) are the maps of pointed topological

spaces such that pg = ph = f , then g = h.

Lemma 1.4.([9]) Let p: X̃ → X be a covering map, Y a connected and locally path

connected topological space and let f : (Y, y0) → (X, x0) be a continuous map of pointed

spaces. Let x̃0 ∈ X̃ such that p(x̃0) = x0. Then there exists a unique continuous map

f̃ : (Y, y0) → (X̃, x̃0) such that pf̃ = f if and only if f⋆(π1(Y, y0)) ⊆ p⋆(π1(X̃, x̃0) where

f⋆ and p⋆ are respectively the induced morphisms from f and p.

Corollay 1.5. Let p: X̃ → X be a covering map, Y simply connected and locally path

connected topological space and let f : (Y, y0) → (X, x0) be a continuous map of pointed

spaces. If x̃0 ∈ X̃ such that p(x̃0) = x0. Then there exists a unique continuous map

f̃ : (Y, y0) → (X̃, x̃0) such that pf̃ = f .

Such a map f̃ is called a lifting of f . Hence if Y is simply connected then f lifts to

each cover of X .



TOPOLOGICAL MODULES AND A MONODROMY PRINCIPLE 301

2. A Construction of Douady and Lazard

The following construction is due to Douady and Lazard [5]. It is important because

it gives a clear relation of covers and monodromy principles.

Let G be a Lie group, with its group operation written additively (though G need

not be commutative). Let W be an open neighbourhood of the identity element in G

and i : W → G the inclusion map. Let F (W ) be the free group on W and let N be

the normal subgroup generated by the elements of F (W ) of the form [u + v] − [u] − [v]

for all u, v ∈ W such that u + v ∈ W . Let M(W ) be the quotient group of F (W ) by

N . Thus by the construction of M(W ) we have a map ı̃: W → M(W ) and a morphism

p: M(W ) → G of groups with the property that if f : W → H is a local morphism of

groups then there exists a unique group morphism φ: M(W ) → H such that f = φ̃ı.

Note that since p̃ı = i, then ı̃ is injective.

Up to now we do not have a topology on M(W ). Douady and Lazard [5] proved the

following theorem

Theorem 2.1.([5]) Let G be a Lie group and W an open neighbourhood of the identity

in G. Then there is a unique topology on the group M(W ) such that (i) left and right

translations are homeomorphisms, and (ii) the function ı̃: W → M(W ) is a homeomor-

phism to an open subspace. Further the morphism p: M(W ) → G is a covering map on

the underlying spaces.

Note that it is not claimed that M(W ) is, with this topology, a Lie group, and in

general this will not be so, as the following remarks show.

We also have the following result.

Proposition 2.2. Let G be a Lie group and W an open neighbourhood of the identity

in G. If W is path connected then M(W ) is path connected.

The proof is analogous to that of Douady and Lazard, who give the ‘connected’ rather

than ‘path connected’ case.

In [6] this theory was developed to the case where G is a topological groupoid and

written in a Lie groupoid version in [2] (see also [3]). In [2] the Lie case is stated in a

form which includes the topological case, and this we assume here.

Brown and Mucuk in [2] proved the following result.

Theorem 2.3.(Corollary 2.6 in [2]) Suppose G is a Lie group, W is a path connected

neighbourhood of the identity in G such that W generates G and i: W → G is the inclu-

sion. Let p: M → G be a morphism of groups and suppose given ı̃: W → M such that

ı̃(W ) generates M , p̃ı = i and ı̃(uw) = (̃ıu)(̃ıw) whenever u, w, uw belong to W . Then

the group structure on M gives M the structure of Lie group such that p: M → G is a

covering map and a morphism of Lie groups.

Consequently, we get in this way a monodromy principle for topological groups.
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Corollary 2.4. Let G be a path connected Lie group and W an open path connected

neighbourhood of the identity in G such that W generates G. Then the group M(W )
can be given a structure of Lie group, and the morphism of groups p: M(W ) → G is a

covering map on the underlying spaces. If f : W → H is a local morphism of topological

groups then there exists unique group morphism φ: M(W ) → H such that f = φ̃ı.

3. Universal Covers of Topological Modules and a Monodromy Principle

We will apply these results to the case where M is a topological left R-module.
A topological ring is a ring R with a topology on the underlying set such that the

structure maps (x, y) 7→ x + y, x 7→ −x and (x, y) 7→ xy are all continuous.
A topological ring R is called connected if the underlying space of R is connected.
A morphism f : R → S of topological rings is a morphism of the underlying rings

which is also continuous.

Definition 3.1. Let R be a topological ring with identity 1R. A topological left R-

module is an additive abelian topological group M together with a continuous function
(called an action of R on M) δ: R × M → M defined by (r, x) 7→ rx such that

(i) r(x + y) = rx + ry

(ii) (r + s)x = rx + sx

(iii) (rs)x = r(sx)
(iv) 1Rx = x

for r, s ∈ R and x, y ∈ M .

As an example a topological vector space over R, the set of real numbers, is a topo-
logical left R-module.

Let M and N be topological left R-modules. A morphism of topological left R-modules

is a group morphism f : N → M which is continuous and f(rx) = rf(x) for x ∈ N and
r ∈ R. A morphism f : N → M of topological left R-modules is called cover if f is a
covering morphism on the underlying topologies.

The following result is well known in the theory of covering spaces (see for example
Chevalley’s book [4]) which can be proved using Corollary 1.3.

Proposition 3.2. Let G be a path connected additive topological group with identity

element 0 and G̃ a simply connected topological space. Let p: G̃ → G be a covering map

on the underlying spaces and 0̃ an element of G̃ such that p(0̃) = 0. Then there exists a

group structure on G̃ with identity element 0̃ such that G̃ is a topological group with this

group structure and p: G̃ → G is a morphism of topological groups.

A similar result for topological rings rather than topological groups is given in [8].

Remark 3.3. We note that using Lemma 1.4 it can be proved that Proposition 3.2
is still true in the case where G̃ is connected rather then simply connected.

We now prove a similar result for topological left R-modules.
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Proposition 3.4. Let R be a simply connected topological ring with identity 1R. Let

M be a path connected topological left R-module such that 0 is the identity element of the

additive group structure of M and M̃ a connected topological space. Let p: M̃ → M be a

covering map on the underlying spaces and 0̃ an element of M̃ such that p(0̃) = 0. Then

there exists a topological left R-module structure on M̃ such that 0̃ is the identity element

of the additive group structure of M̃ and p is a morphism of topological left R-modules.

Proof. Let M be a path connected topological left R-module given by an action

δ: R × M → M and 0 the identity element of the additive group structure of M . Let 0̃
be an element of M̃ such that p(0̃) = 0. Since M̃ is connected by Proposition 3.2 there

is a group structure on M̃ such that M̃ is a topological group, 0̃ is an identity element
of M̃ and p: M̃ → M is a morphism of topological groups.

Consider the map of pointed topological spaces f : R × M̃, (1R, 0̃) → M, 0 defined by

f(r, x̃) = rp(x̃). Since f = δ(1 × p) as a composite of the continuous maps is continuous
and since R is simply connected we have that

f⋆(π1(R × M̃, (1R, 0̃)) ⊆ p⋆(π1(M̃, 0̃)),

because for a path ã at 0̃ in M̃ and a path r in R at 1R we have

f∗([r, ã]) = δ∗(1 × p)∗([r, ã])

= δ∗([r, p(ã)])

= ([rp(ã)])

= [r][p(ã)]

and since R is simply connected, [r] = [1] and so that

f∗([r, ã]) = [p(ã)] ∈ p∗(π1(M̃, 0̃)).

Hence by Lemma 1.4 there exists a unique continuous map

δ̃: R × M̃, (1R, 0̃) → M̃, 0̃

such that pδ̃ = f .
We write rx̃ for δ̃(r, x̃). Here note that 1R0̃ = 0̃. We now prove that the following

properties are satisfied:

(i) r(x̃ + ỹ) = rx̃ + rỹ

(ii) (r + s)x̃ = rx̃ + sx̃

(iii) (rs)x̃ = r(sx̃)

(iv) 1Rx̃ = x̃

for r, s ∈ R and x̃, ỹ ∈ M .
To prove (i) consider the map of pointed spaces

f : R × M̃ × M̃, (1R, 0̃, 0̃) → M, 0
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defined by f(r, x̃, ỹ) = r(x̃ + ỹ) and define the functions of pointed spaces

g, h: R × M̃ × M̃, (1R, 0̃, 0̃) → M̃, 0̃

by g(r, x̃, ỹ) = r(x̃+ ỹ) and h(r, x̃, ỹ) = rx̃+ rỹ. Note that pg = ph and since 1R0̃ = 0̃ we

have that g(1R, 0̃, 0̃) = h(1R, 0̃, 0̃). So by Corollary 1.3, we have that g = h. That means

for r ∈ R and x̃, ỹ ∈ M we have r(x̃ + ỹ) = rx̃ + rỹ which proves that the condition (i)

is satisfied.

The proofs of (ii) and (iii) are similar. So it is sufficient to prove the condition (iv).

For this consider the map of pointed spaces f : {1R} × M̃, (1R, 0̃) → M, 0 defined by

f(1R, x̃) = 1Rp(x̃) = p(x̃). Define the maps of pointed spaces g, h: {1R} × M̃, (1R, 0̃) →

M̃ , 0̃ to be g(1R, x̃) = 1Rx̃ and h(1R, x̃) = x̃. Then pg = ph = f . So by Corollary 1.3 we

have that g = h. That means 1Rx̃ = x̃, for x̃ ∈ M̃ , which proves (iv).

Let M be a topological left R-module and W an open neighborhood of the identity

element 0 of M . We say W generates M additively if each element of M can be written

as an additive of some elements of W .

Let M be a topological left R-module and W an open neighbourhood of the identity

element 0 of additive group structure of M . We now apply the construction M(W ) of

section 2 to the additive group of M and W .

Proposition 3.5. Let R be a simply connected topological ring with identity 1R.

Let M be a topological left R-module and W an open, path connected neighbourhood of

the identity element 0 of the additive group of M such that W generates M additively.

Then M(W ) becomes a topological left R-module such that the map p: M(W ) → M is a

covering morphism of topological left R-modules.

Proof. Since W is path connected and generates M additively, the topological left

R-module M is path connected and by Proposition 2.2 when W is path connected, M(W )

is also path connected. By Theorem 2.1, M(W ) has a topology such that the map

p: M(W ) → M is a connected cover on the underlying spaces. So by Proposition 3.4

M(W ) becomes a topological left R-module such that p: M(W ) → M is a morphism of

topological left R-modules.

Definition 3.6. Let M and N be topological left R-modules and W an open neigh-

bourhood of the identity element 0 of the additive group of M . A continuous map

φ: W → N is called a local morphism of topological left R-modules if φ(u+v) = φ(u)+φ(v)

and φ(xu) = xφ(u) for u, v ∈ W and x ∈ R such that u + v and xu are in W .

Proposition 3.7. Let M and M̃ be topological left R-modules and q: M̃ → M a

covering morphism of topological left R-modules. Let W be an open, path connected

neighbourhood of the identity element 0 in M such that W + W and RW are contained

in a liftable neighbourhood V of 0 in M . Then the inclusion map i: W → M lifts to a

local morphism ı̂: W → M̃ of topological left R-modules.
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Proof. Since V lifts to M̃ then W lifts to M̃ by ı̂: W → M̃ . We now prove that ı̂

is a local morphism of topological left R-modules. We know by the lifting theorem that

ı̂: W → M̃ is continuous. We have prove that ı̂: W → M̃ is a morphism of topological

left R-modules. Let u, v ∈ W and x ∈ R such that u + v and xu are in W . Let a and b

be the paths from u and v to 0 in W respectively. Let c = a + b so that c is a path from

u + v to 0. Since W + W ⊆ V , the path c is in V . So the paths a, b and c lift to M̃ . Let

ã, b̃ and c̃ be the liftings of a, b and c in M̃ respectively. Then we have

q(c̃) = c = a + b = q(ã) + q(̃b).

Because q is a morphism of modules,

q(ã + b̃) = q(ã) + q(̃b).

Since c̃, ã + b̃ end at 0̃ ∈ M̃ ,

c̃ = ã + b̃

by unique path lifting. On evaluating these paths at 0 ∈ I we have

ı̂(u + v) = ı̂(u) + ı̂(v).

Let the path xa be defined by

(xa)(t) = x(a(t)), t ∈ I.

Since RW ⊆ V , the path xa is a path in V from xu to 0. Let x̃a be the lifting of the

path xa by ı̂. So

q(x̃a) = xa.

Since q is a morphism of topological modules

q(xã) = xq(ã) = xa.

By the unique path lifting

x̃a = xã.

On evaluating these paths at 0 ∈ I we have

ı̂(xu) = xı̂(u).

Hence ı̂: W → M̃ is a local morphism of topological left R-modules.

Theorem 3.8. Let R be a simply connected topological ring with identity 1R and M

a topological left R-module whose underlying space is path connected and admits a simply

connected cover. Let W be an open, path connected neighbourhood of the identity element

0 in M such that W +W and RW are contained in a liftable neighbourhood V of 0. Then

the covering map p: M(W ) → M is a universal cover of topological left R-modules.
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Proof. By Proposition 3.5, M(W ) is a topological left R-module and p: M(W ) → M

is a covering morphism of topological left R-modules. To prove that the map p: M(W ) →

M is universal we have to verify the universal property, that means M(W ) covers every

cover of M . For let q: M̃ → M be a cover such that M̃ is path connected. Choose

0̃ ∈ M̃ such that q(0̃) = 0. Then by Proposition 3.4, 0̃ defines a topological left R-

module structure on M̃ such that 0̃ is the identity element in M̃ and q is a morphism

of topological left R-modules. By Proposition 3.7 the inclusion map i: W → M lifts to

a local morphism of topological R-modules ı̂: W → M̃ . Then ı̂ extends to a morphism

f : F (W ) → M̃ . For (u, v) ∈ W × W such that u + v ∈ W we have

f([u + v] − [u] − [v]) = f([u + v]) − f([u]) − f([v])

= ı̂(u + v) − ı̂(u) − ı̂(v)

= 0̃.

Hence the morphism f : F (W ) → M̃ determines a morphism φ: M(W ) → M̃ such that
φθ = f , where θ: F (W ) → M(W ) is the quotient map. Then φ becomes a covering map.

For this it is sufficient to prove that φ is continuous. By the construction of M(W ) we

have an inclusion ı̃: W → M(W ). Denote the image of W under this inclusion by W̃ .

Then W̃ is open in M(W ), W̃ generates M(W ) and the morphism φ: M(W ) → M̃ is

continuous on W̃ . Thus the continuity of φ elsewhere follows.

We now give the following theorem as a monodromy principle for topological left

R-modules.

Theorem 3.9. (Monodromy Principle) Let R be a simply connected topological ring

and M a topological left R-module whose underlying topology is path connected and admits

a simply connected cover. Let W be an open, path connected neighbourhood of the identity

element 0 in M such that W + W and RW are contained in a liftable neighbourhood V

of 0. Then there exists a local morphism ı̃: W → M(W ) of topological left R-modules

such that if f : W → N is a local morphism from M to a topological left R-module N then

there is a unique morphism φ: M(W ) → N of topological left R-modules such that f = φ̃ı.

Further the projection morphism p: M(W ) → M is a universal cover on topological left

R-modules.

Proof. By the construction of M(W ) there is an inclusion map ı̃: W → M(W )

and by Proposition 3.5 M(W ) is a topological left R-module. If f : W → N is a local

morphism of topological left R-modules this gives us a unique morphism φ: M(W ) → N

of topological left R-modules such that φ̃ı = f . Since φ is continuous on W̃ = ı̃(W )

which is open in M(W ) and generates M(W ), the continuity of φ follows. Further by
Theorem 3.8 the projection morphism p: M(W ) → M is a universal cover.
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