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GENERALIZED k–UNIFORMLY CONVEX HARMONIC FUNCTIONS

WITH NEGATIVE COEFFICIENTS

SHUHAI LI, HUO TANG, LINA MA AND AO EN

Abstract. In the present paper, we introduce some generalized k-uniformly convex har-

monic functions with negative coefficients. Sufficient coefficient conditions, distortion

bounds, extreme points, Hadamard product and partial sum for functions of these classes

are obtained.

1. Introduction and preliminaries

Let f1 and f2 be two analytic functions in the open unit disk U = {z ∈ C : |z| < 1}. We say

that the function f1 is subordinate to f2 in U , and write f1(z) ≺ f2(z) (z ∈U ), if there exists a

Schwarz function ω, which is analytic in U with ω(0) = 0 and |ω(z)| < 1 (z ∈ U ), such that

f1(z)= f2(ω(z)) (z ∈U ) (see [1]).

A continuous function f = u + i v is a complex valued harmonic function in a complex

domain D if both u and v are real harmonic in D. In any simply connected domain D ⊂ C,

we can write f = h + g , where h and g are analytic in D. We call h the analytic part and g the

co-analytic part of f . A necessary and sufficient condition for f to be locally univalent and

sense preserving in D is that |h′(z)| > |g ′(z)| in D (see [2]; see also [3]−[6]).

Denote by H the class of harmonic functions f that are sense preserving in U and f of

the form

f = h + g , (1.1)

where

h(z)= z +
∞
∑

k=2

ak zk and g (z) =
∞
∑

k=1

bk zk (|bk | < 1). (1.2)
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Let SH denote the family of functions f = h + g which harmonic, univalent and sense-

preserving in U for which f (0) = fz (0)−1 = 0.

In [2] Clunie and Sheil-Small, investigated the class SH as well as its geometric subclasses

and its properties. Since then, there have been several studies related to the class SH and its

subclasses. Following Jahangiri [3, 4], Silverman [5], Silverman and Silvia [6], Öztürk et al. [7],

and Nagpal and Ravichandran [8] and others have investigated various subclasses of SH and

its properties.

Also, we denote by TH the class of harmonic functions f ∈ SH and

h(z) = z −
∞
∑

k=2

|ak |z
k and g (z) =−

∞
∑

k=1

|bk |z
k (|bk | < 1). (1.3)

Two subclasses of S, namely, uniformly convex functions UCV and uniformly starlike

functions U ST were introduced by Goodman [9], later Rønning [10] and Ma-Minda [11] (see

also Rønning [12]) have given more applicable characterization of these classes. Recently,

Kanas and Wisniowska [13] (see also [14]) studied class of k–uniformly convex analytic func-

tions.

We using the [15] introduce the following Ma-Minda type function.

Definition 1 (Ma-Minda type function). A function ϕ(z) is said to be Ma-Minda type function

if it satisfying the following conditions: ϕ(z) be an analytic function with positive real part in

U such that ϕ(0) = 1, ϕ′(0) > 0 and ϕ(z) maps U onto a region starlike with respect to 1 and

symmetric with respect to the real axis.

Next, we using the Ma-Minda type function, we introduce the following new subclasses

of analytic functions.

Definition 2. Let functions p(z) is analytic in U and p(0) = 1, also let ϕ(z) is Ma-Minda type

function. A function p(z) is said to be in the class U Mα(ϕ) if it satisfies the following subordi-

nation condition

p(z)−α|p(z)−1| ≺ϕ(z), (1.4)

where α≥ 0.

Let A denote the class of the functions of the form

f (z) = z +
∞
∑

k=2

ak zk ,

which are analytic in U .

By making use of the class U Mα(ϕ), we introduce the following two harmonic functions.
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Definition 3. Let A,B ∈ R, −1 ≤ B < A ≤ 1,α≥ 0. A function f ∈ SH of the form (1.1) is said to

be in the class SH (A,B ;α) if and only if

z f ′(z)

z ′ f (z)
∈U Mα(

1+ Az

1+B z
), (1.5)

where z ′ =
∂
∂θ z with z = r e iθ,0 ≤ r < 1,0 ≤ θ < 2π and f ′(z) = ∂

∂θ ( f (r e iθ)).

Definition 4. Let A,B ∈R and −1 ≤ B < A ≤ 1,α≥ 0. A function f ∈ SH of the form (1.1) is said

to be in the class KH (A,B ;α) if and only if

(z f ′(z))′

(z ′ f (z))′
∈U Mα(

1+ Az

1+B z
). (1.6)

Clearly, we have

f ∈ KH (A,B ;α) ⇐⇒ z f ′
∈ SH (A,B ;α).

When α= 0, from Definitions 1-3, we obtain the following subclasses:

p ∈ P(A,B ) ⇐⇒ p(z)≺ϕ(z),

f ∈ SH (A,B ) ⇐⇒
z f ′(z)

z ′ f (z)
≺

1+ Az

1+B z
, f ∈ SH (1.7)

and

f ∈ KH (A,B ) ⇐⇒
(z f ′(z))′

(z ′ f (z))′
≺

1+ Az

1+B z
, f ∈ SH . (1.8)

Moreover, let us define

SH (A,B ;α) = TH

⋂

SH (A,B ;α), K H (A,B ;α) = TH

⋂

KH (A,B ;α)

and

SH (A,B ) = TH

⋂

SH (A,B ), K H (A,B ) = TH

⋂

KH (A,B ).

We further consider the subclasses SH (A,B ;α) and KH (A,B ;α) for h and g given by (1.2).

We note that

(1) SH (1−2β,−1) = S∗
H (β), KH (1−2β,−1) =KH (β) (0 ≤β< 1) (see Jahangiri [3, 4]);

(2) SH (1,−1) = S∗
H ,KH (1,−1) = KH (b1 = 0) (see Silverman [5] and Silverman and Silvia [6]).

(3) f ∈UCV ⇐⇒ 1+
z f ′′(z)

f ′(z) ∈U1( 1+z
1−z ) (bk = 0 (k ∈ N ); f ∈A ) (see [9]−[11]);

(4) f ∈U SV ⇐⇒
z f ′(z)

f (z) ∈U1( 1+z
1−z

)(bk = 0 (k ∈ N ); f ∈A ) (see [10]);

(5) f ∈ UCV (β) ⇐⇒ 1 +
z f ′′(z)

f ′(z) ∈ U1(
1+(1−2β)z

1−z
) (bk = 0 (k ∈ N ); f ∈ A ,β ∈ [−1,1)) and f ∈

U SV (β) ⇐⇒
z f ′(z)

f (z) ∈Uα(
1+(1−2β)z

1−z ) (bk = 0 (k ∈ N ); f ∈A ,α≥ 0,β ∈ [−1,1)) (see [12]);
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(6) f ∈α−UCV ⇐⇒ 1+
z f ′′(z)

f ′(z) ∈Uα( 1+z
1−z ) (bk = 0 (k ∈ N ); f ∈ A ,α≥ 0) and f ∈α−U SV ⇐⇒

z f ′(z)
f (z) ∈Uα( 1+z

1−z
) (bk = 0 (k ∈ N ); f ∈A ,α≥ 0) (see [13, 14]).

In this paper, we aim to introduce some new subclasses of harmonic functions defined by

subordination and obtain some results including sufficient coefficient conditions, distortion

bounds, extreme points, Hadamard product and partial sum for functions of these classes.

2. Coefficient characterization and distortion theorem

Lemma 1. Let functions p(z) is analytic in U and p(0) = 1, also let ϕ(z) is Ma-Minda type

function. Then p(z) is said to be in the class U Mα(ϕ) if and only if

(1−αe−iφ)p(z)+αe−iφ
≺ϕ(z) (φ ∈R). (2.1)

Proof. Suppose p(z)−1= |p(z)−1|e iφ, φ ∈R, so we have |p(z)−1| = (p(z)−1)e−iφ. Therefore,

p(z)−α|p(z)−1| ≺ϕ(z) ⇐⇒ (1−αe−iφ)p(z)+αe−iφ
≺ϕ(z) (φ ∈R).

Remark 1. For ϕ(z) = 1+Az
1+B z

(A,B ∈ R, |B | ≤ 1, A 6= B ), by Lemma 1, we obtain the following

result (see [16]):

p −α|p −1| ≺
1+ Az

1+B z
⇐⇒ (1−αe−iφ)p(z)+αe−iφ

≺
1+ Az

1+B z
(φ ∈R).

Using Lemma 1 and (1.5), we get that f ∈ SH (A,B ;α) if and only if

(1−αe−iφ)
z f ′(z)

z ′ f (z)
+αe−iφ

≺
1+ Az

1+B z
(φ ∈R). (2.2)

Also, we get that f ∈ KH (A,B ;α) if and only if

(1−αe−iφ)
(z f ′(z))′

(z ′ f (z))′
+αe−iφ

≺
1+ Az

1+B z
(φ ∈R). (2.3)

Theorem 1. Let f = h + g be such that h and g are given by (1.2). Also, suppose that A,B ∈ R

and −1 ≤ B < 0 < A ≤ 1,α≥ 0. If

∞
∑

k=2

λk |ak |+

∞
∑

k=1

µk |bk | ≤ A−B , (2.4)

where

k(A−B )≤λk = (k −1)(1+α−αB )+ A−Bk (k ≥ 2) (2.5)

and

k(A−B )≤µk = (k +1)(1+α−αB )+ A+Bk (k ≥ 1). (2.6)

Then f (z) is sense-preserving harmonic univalent in U and f ∈ SH (A,B ;α).
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Proof. If z1 6= z2,
∣

∣

∣

∣

f (z1)− f (z2)

h(z1)−hz2

∣

∣

∣

∣

≥ 1−

∣

∣

∣

∣

g (z1)− g (z2)

h(z1)−hz2

∣

∣

∣

∣

= 1−

∣

∣

∣

∣

∣

∑∞
k=1 |bk |(zk

1 − zk
2 )

(z1 − z2)+
∑∞

k=2 |ak |(zk
1 − zk

2 )

∣

∣

∣

∣

∣

> 1−

∑∞
k=1 k |bk |

1−
∑∞

k=2 k |ak |

≥ 1−

∑∞
k=1

µk

A−B
|bk |

1−
∑∞

k=2
λk

A−B
|ak |

≥ 0,

which proves univalent. Note that f is sense-preserving harmonic in the disc U . This is be-

cause

|h′(z)| ≥ 1−
∞
∑

k=1

k |ak ||z|
k−1

> 1−
∞
∑

k=1

λk

A−B
|ak |

≥

∞
∑

k=1

µk

A−B
|bk | >

∞
∑

k=2

k |bk ||z|
k−1

≥ |g ′(z)|.

We first show that if the inequality (2.4) holds for the coefficients of f = h + g , then the

required condition (2.2) is satisfied. Using (2.2), we obtain f ∈ SH (A,B ;α) if and only if there

exists an analytic function ω(z), ω(0) = 0, |ω(z)| < 1(z ∈U ) such that

(1−αe−iφ)
z f ′(z)

z ′ f (z)
+αe−iφ

=
1+ Aω(z)

1+Bω(z)
(φ ∈R, z ∈U ),

or equivalently,

∣

∣

∣

∣

(1−αe−iφ)(z f ′(z)− z ′ f (z))

(A−αe−iφB )z ′ f (z)− (1−αe−iφ)B z f ′(z)

∣

∣

∣

∣

< 1 (φ ∈R, z ∈U ),

it suffices to show that

|(1−αe−iφ)(z f ′(z)− z ′ f (z))|− |(A−αe−iφB )z ′ f (z)− (1−αe−iφ)B z f ′(z)| ≤ 0. (2.7)

Putting

γk ,φ= (A−kB )+ (k −1)Bαe−iφ, χk ,φ = (A+kB )+ (k +1)Bαe−iφ. (2.8)

Therefore, from (2.7) we get

|(1−αe−iφ)(z f ′(z)− z ′ f (z))|− |(A−αe−iφB )z ′ f (z)− (1−αe−iφ)B z f ′(z)|

=

∣

∣

∣

∣

∣

(1−αe−iφ)

[

∞
∑

k=2

(k −1)ak zk
−

∞
∑

k=1

(k +1)bk zk

]∣

∣

∣

∣

∣

−

∣

∣

∣

∣

∣

(A−B )z +
∞
∑

k=2

γk ,φak zk
+

∞
∑

k=1

χk ,φbk zk

∣

∣

∣

∣

∣
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≤

∞
∑

k=2

(1+α)(k −1)|ak ||z|
k
+

∞
∑

k=1

(1+α)(k +1)|bk ||z|
k

−

[

(A−B )|z|−
∞
∑

k=2

γk ,π|ak ||z|
k
−

∞
∑

k=1

χk ,π|bk ||z|
k

]

=

∞
∑

k=2

λk |ak ||z|
k
+

∞
∑

k=1

ηk |bk ||z|
k
− (A−B )|z|

≤ |z|

{[

∞
∑

k=2

λk |ak ||z|
k−1

+

∞
∑

k=1

ηk |bk ||z|
k−1

]

− (A−B )

}

≤

∞
∑

k=2

λk |ak |+

∞
∑

k=1

ηk |bk |− (A−B )

≤ 0.

By hypothesis the last expression is non-positive. Thus the proof is completed.

Corollary 1. Let f = h + g be such that h and g are given by (1.2). Also, suppose that A,B ∈ R

and −1 ≤ B < 0 < A ≤ 1,α≥ 0. If

∞
∑

k=2

λk k |ak |+

∞
∑

k=1

µk k |bk | ≤ A−B ,

then f (z) is sense-preserving harmonic univalent in U and f ∈ KH (A,B ;α), where λk and µk

are defined by (2.5) and (2.6), respectively.

Theorem 2. Let f = h + g be such that h and g are given by (1.3). Then f ∈ SH (A,B ;α) if and

only if the condition (2.4) holds true.

Proof. Since SH (A,B ;α) ⊂ SH (A,B ;α). According to Theorem 1, we only need to prove the

“only if” part of the theorem. Let f ∈ SH (A,B ;α),−1 ≤ B < 0 < A ≤ 1. Then it satisfies (2.6) or

equivalently
∣

∣

∣

∣

∣

∣

(1−αe−iφ)
[

∑∞
k=2(k −1)|ak |z

k −
∑∞

k=1(k +1)|bk |z
k
]

(A−B )z −
[

∑∞
k=2γk ,φ|ak |zk +

∑∞
k=1χk ,φ|bk |zk

]

∣

∣

∣

∣

∣

∣

< 1, (2.9)

where γk ,φ and χk ,φ are defined by (2.8).

From (2.9), we have

ℜ







(1−αe−iφ)[
∑∞

k=2(k −1)|ak |z
k−1 −

∑∞
k=1(k +1)|bk |(

z
z

)zk−1]

(A−B )− [
∑∞

k=2[γk ,φ|ak |z
k−1 +

∑∞
k=1χk ,φ|bk |(

z
z

)zk−1]







< 1, (2.10)

which is equivalent to

ℜ
{

ρα(A,B ,φ)
}

=ℜ







1−
(1−αe−iφ)[

∑∞
k=2(k −1)|ak |z

k−1 −
∑∞

k=1(k +1)|bk |(
z
z )zk−1]

(A−B )− [
∑∞

k=2γk ,φ|ak |z
k−1 +

∑∞
k=1χk ,φ|bk |(

z
z )zk−1]







> 0
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or

ℜ{ρα(A,B ,φ)} =ℜ

{

(A−B )−F (z)

(A−B )−G(z)

}

> 0, (2.11)

where

F (z) =

[

∞
∑

k=2

γk ,φ|ak |z
k−1

+

∞
∑

k=1

χk ,φ|bk |(
z

z
)zk−1

]

−(1−αe−iφ)

[

∞
∑

k=2

(k −1)|ak |z
k−1

−

∞
∑

k=1

(k +1)|bk |(
z

z
)zk−1

]

and

G(z) =
∞
∑

k=2

γk ,φ|ak |z
k−1

+

∞
∑

k=1

χk ,φ|bk |(
z

z
)zk−1.

Since ℜ{ρα(A,B ,φ)} > 0 if and only if there exists a complex-valued function ω(z), ω(0) =

0, |ω(z)| < 1 (z ∈U ) such that

ρα(A,B ,φ) =
(A−B )−F (z)

(A−B )−G(z)
=

1+ω(z)

1−ω(z)
, (2.12)

then (2.11) and (2.12) yield

ℜ
{

ρα(A,B ,φ)
}

= ℜ

{

1+ω(z)

1−ω(z)

}

=ℜ

{

1− F (z)
A−B

1− G(z)
A−B

}

≥
(A−B )−

[

∑∞
k=2 |γk ,φ||ak ||z|

k−1 +
∑∞

k=1 |χk ,φ||bk ||z|
k−1

]

(A−B )+
∑∞

k=2[|γk ,φ||ak ||z|k−1 +
∑∞

k=1 |χk ,φ||bk ||z|k−1]

−
|1−αe−iφ|

[

∑∞
k=2(k −1)|ak ||z|

k−1 + (k +1)|bk ||z|
k−1

]

A−B +
[

∑∞
k=2 |γk ,φ||ak ||z|k−1 +

∑∞
k=1 |χk ,φ||bk ||z|k−1

] > 0. (2.13)

then the above inequality must hold for all z ∈ U . Taking z = r (0 < r < 1) and φ = π, then

(2.13) gives
∞
∑

k=2

λk |ak |r
k−1

+

∞
∑

k=1

µk |bk |r
k−1

< A−B. (2.14)

Letting r → 1− in (2.14), we will get (2.4).

Corollary 2. Let f =h+g be such that h and g are given by (1.3). Also let λk and µk be defined

by (2.5) and (2.6), respectively. Then f ∈ K H (A,B ;α) if and only if

∞
∑

k=2

λk k |ak |+

∞
∑

k=1

µk k |bk | ≤ A−B. (2.15)

Theorem 3. Let f =h+g ∈ TH be such that h and g are given by (1.3), λk andµk defined by (2.5)

and (2.6), respectively. Also, suppose that |b1| >
A−B
µ1

and τ2 = min{λ2,µ2}. If f ∈ SH (A,B ;α),

then,

(1−|b1|)r −
µ1|b1|− (A−B )

τ2
r 2

≤ | f (z)| ≤ (1+|b1|)r +
µ1|b1|− (A−B )

τ2
r 2. (2.16)
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Proof. Since f ∈ SH (A,B ;α), then by using Theorem 2, we have

| f (z)| = |z −
∞
∑

k=2

|ak |z
k
−

∞
∑

k=1

|bk |zk |

≤ (1+|b1|)r +

∞
∑

k=2

|ak |r
2
+

∞
∑

k=2

|bk |r
2

≤ (1+|b1|)r +
A−B

τ2

∞
∑

k=2

( τ2

A−B
|ak |+

τ2

A−B
|bk |

)

r 2

≤ (1+|b1|)r +
A−B

τ2

∞
∑

k=2

(

λk

A−B
|ak |+

µk

A−B
|bk |

)

r 2

≤ (1+|b1|)r +
A−B

τ2

( µ1

A−B
|b1|−1

)

r 2.

and

| f (z)| ≥ (1−|b1|)r −

∞
∑

k=2

|ak |r
2
−

∞
∑

k=2

|bk |r
2

≥ (1−|b1|)r −
A−B

τ2

( µ1

A−B
|b1|−1

)

r 2.

The bound (2.16) is sharp for the function given by

f (z) = z ±|b1|z −
µ1|b1|− (A−B )

τ2
z2.

Using Theorem 3, we obtain the following covering result.

Corollary 3. Let |b1| >
A−B
µ1

and τ2 = min{λ2,µ2}. If f ∈ SH (A,B ;α), then,

{w : |w | < 1−
A−B + (µ1 −τ2)|b1|

τ2
}.

Corollary 4. Let f = h + g be such that h and g are given by (1.3), λk and µk defined by (2.5)

and (2.6), respectively. Also, suppose that |b1| >
A−B
µ1

and τ2 = min{λ2,µ2}. If f ∈ K H (A,B ;α),

then,

(1−|b1|)r −
µ1|b1|− (A−B )

2τ2
r 2

≤ | f (z)| ≤ (1+|b1|)r +
µ1|b1|− (A−B )

2τ2
r 2.

3. Extreme points

Theorem 4. Let f = h + g be such that h and g are given by (1.3), λk and µk defined by (2.5)

and (2.6), respectively. Then f ∈ cl coSH (A,B ;α) if and only if

f (z) =
∞
∑

k=1

[Xk hk +Yk gk ] (z ∈U ), (3.1)

where
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h1 = z,

hk = z −
A−B

λk
zk (k ≥ 2),

gk = z −
A−B

µk

z̄k (k ≥ 1)

and

X1 ≡ 1−
∞
∑

k=2

Xk −

∞
∑

k=1

Yk (Xk ≥ 0,Yk ≥ 0;k = 1,2, . . .).

In particular, the extreme points of f ∈ SH (A,B ;α) are hk and gk .

Proof. Let −1 ≤ B < 0 < A ≤ 1, we get

f (z) = (
∞
∑

k=1

[Xk +Yk ])z −
∞
∑

k=2

A−B

λk

Xk zk
−

∞
∑

k=1

A−B

µk

Yk zk . (3.2)

Since, 0 ≤ Xk ≤ 1 (k = 1,2, . . .), we obtain

∞
∑

k=2

λk

A−B

A−B

λk
Xk zk

+

∞
∑

k=1

µk

A−B

A−B

µk
Yk zk =

∞
∑

k=2

Xk +

∞
∑

k=1

Yk = 1−X1 ≤ 1.

Consequently, using Theorem 2, we have f ∈ SH (A,B ;α).

Conversely, if f ∈ SH (A,B ;α), then

|a
k
| ≤

A−B

λk

, |b
k
| ≤

A−B

µk

. (3.3)

Putting

Xk =
λk |ak

|

A−B
, Yk =

µk |bk
|

A−B
(3.4)

and

X1 = 1−
∞
∑

k=2

Xk −

∞
∑

k=1

Yk ≥ 0,

we obtain

f (z) = z −
∞
∑

k=2

|ak |z
k
−

∞
∑

k=1

|bk |z
k

= (
∞
∑

k=1

Xk +

∞
∑

k=1

Yk )z −
∞
∑

k=2

A−B

λk

Xk zk
−

∞
∑

k=1

A−B

µk

Yk zk

=

∞
∑

k=1

[hk (z)Xk + gk (z)Yk ].

Thus f can be expressed in the form (3.1).
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Corollary 5. Let f = h + g be such that h and g are given by (1.3), λk and µk defined by (2.5)

and (2.6), respectively. Then f ∈ cl coK H (A,B ;α) if and only if

f (z) =
∞
∑

k=1

[Xk hk +Yk gk ] (z ∈U ),

where

h1 = z,

hk = z −
A−B

kλk
zk (k ≥ 2),

gk = z −
A−B

kµk

z̄k (k ≥ 1)

and

X1 ≡ 1−
∞
∑

k=2

Xk −

∞
∑

k=1

Yk (Xk ≥ 0,Yk ≥ 0).

In particular, the extreme points of f ∈ K H (A,B ;α) are hk and gk .

Theorem 5. The class SH (A,B ;α) is closed under convex combinations.

Proof. For j = 1,2, . . . , let the functions f j given by

f j (z) = z −
∞
∑

k=2

|a j k |z
k
−

∞
∑

k=1

|b j k |z
k , (3.5)

be in the class SH (A,B ;α).

For 0 ≤ η j ≤ 1,
∑∞

j=1η j = 1, the convex combinations can be expressed in the form

∞
∑

j=1

η j f j = z −
∞
∑

k=2

(
∞
∑

j=1

η j |a j k |)zk
−

∞
∑

k=1

(

∞
∑

j=1

η j |b j k |

)

zk , (3.6)

then using (2.4), we get

∞
∑

k=2

λk

A−B

(

∞
∑

j=1

η j (|a j k |)

)

+

∞
∑

k=1

µk

A−B

(

∞
∑

j=1

η j (|b j k |)

)

=

∞
∑

j=1

η j

{

∞
∑

k=2

(
λk

A−B
|a j k |+

∞
∑

k=1

µk

A−B
|b j k |)

}

≤

∞
∑

j=1

η j = 1,

that is,
∑∞

j=1η j f j ∈ SH (A,B ;α). ���

Corollary 6. The class K H (A,B ;α) is closed under convex combinations.
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4. Hadamard product

Recently, El-Ashwah and Frasin [17] have studied the Hadamard product of harmonic

univalent meromorphic functions. In this section, we establish certain results concerning the

Hadamard product of functions belonging to the classes K H (A,B ;α) and SH (A,B ;α). In order

to obtain that, we now introduce a new class of analytic functions.

Definition 5. Let δ≥ 0,α≥ 0; −1 ≤ B < 0 < A ≤ 1, the function f =h + g be such that h and g

are given by (1.3), belong to the class f ∈C H (A,B ;α,δ) if and only if

∞
∑

k=2

kδλk |ak |+

∞
∑

k=1

kδµk |bk | ≤ A−B , (4.1)

where λk and µk are defined by (2.5) and (2.6), respectively.

Obviously, for any positive integer δ, we have the following inclusion relation:

C H (A,B ;α,δ) ⊂C H (A,B ;α,δ−1) ⊂ ·· · ⊂C H (A,B ;α,2) ⊂ K H (A,B ;α) ⊂ SH (A,B ;α).

Let the harmonic functions fi (i = 1,2, . . . , p) and F j ( j = 1,2, . . . , q) of the form

fi = hi (z)+ gi (z) = z −
∞
∑

k=2

|ak ,i |z
k
−

∞
∑

k=1

|bk ,i |z
k (|bk ,1| < 1) (4.2)

and

F j = H j (z)+G j (z) = z −
∞
∑

k=2

|Ak , j |z
k
−

∞
∑

k=1

|Bk , j |z
k (|Bk ,1| < 1). (4.3)

We define the Hadamard product (or convolution) of fi and F j by

( fi ∗F j )(z) := z −
∞
∑

k=2

|ak ,i ||Ak , j |z
k
−

∞
∑

k=1

|bk ,i ||Bk , j |z
k =: (F j ∗ fi )(z), (4.4)

where i = 1,2, . . . , p and j = 1,2, . . . , q.

Theorem 6. Let the functions fi defined by (4.2) be in the class K H (A,B ;α) for every i = 1,2, . . . , p;

and let the functions F j defined by (4.3) be in the class SH (A,B ;α) for every j = 1,2, . . . , q. Then

the Hadamard product f1∗ f2∗·· ·∗ fp ∗F1∗F2∗·· ·∗Fq (z) belongs to the class C H (A,B ;α,2p+

q −1).

Proof. Putting

ξ(z) = f1 ∗ f2 ∗·· ·∗ fp ∗F1 ∗F2 ∗·· ·∗Fq (z). (4.5)

From (4.5) we have

ξ(z) = z −
∞
∑

k=2

(
p
∏

i=1

|ak ,i |

q
∏

j=1

|Ak ,i |

)

zk
−

∞
∑

k=1

(
p
∏

i=1

|bk ,i |

q
∏

j=1

|Bk , j |

)

zk . (4.6)
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To prove the theorem, we need to show that

∞
∑

k=2

k2p+q−1λk

(
p
∏

i=1

|ak ,i |

q
∏

j=1

|Ak ,i |

)

+

∞
∑

k=1

k2p+q−1µk

(
p
∏

i=1

|bk ,i |

q
∏

j=1

|Bk , j |

)

≤ A−B , (4.7)

where λk and µk are defined by (2.5) and (2.6), respectively.

Since fi ∈ K H (A,B ;α), we obtain

∞
∑

k=2

kλk |ak ,i |+

∞
∑

k=1

kµk |bk ,i | ≤ A−B , (4.8)

for every i = 1,2, . . . , p. Therefore

kλk |ak ,i | ≤ A−B or |ak ,i | ≤
A−B

kλk

(4.9)

and

kµk |bk ,i | ≤ A−B or |bk ,i | ≤
A−B

kµk

. (4.10)

Further, since λk ≥ k(A−B ) and µk ≥ k(A−B ), we get

|ak ,i | ≤ k−2 and |bk ,i | ≤ k−2, (4.11)

for every i = 1,2, . . . , p. Also, since F j ∈ SH (A,B ;α), we have

∞
∑

k=2

λk |Ak , j |+

∞
∑

k=1

µk |Bk , j | ≤ A−B , (4.12)

for every j = 1,2, . . . , q. Hence we obtain

|Ak , j | ≤ k−1 and |Bk , j | ≤ k−1 (4.13)

for every j = 1,2, . . . , q.

Using (4.11) for i = 1,2, . . . , p ; (4.13) for j = 1,2, . . . , q −1 and (4.12) for j = q , we obtain

∞
∑

k=2

k2p+q−1λk

(
p
∏

i=1

|ak ,i |

q−1
∏

j=1

|Ak ,i |

)

|Ak ,q |+

∞
∑

k=1

k2p+q−1µk

(
p
∏

i=1

|bk ,i |

q−1
∏

j=1

|Bk , j |

)

|Bk ,q |

≤

∞
∑

k=2

k2p+q−1(λk k−2pk−(q−1))|Ak ,q |+

∞
∑

k=1

k2p+q−1(µk k−2pk−(q−1))|Bk ,q |

=

∞
∑

k=2

λk |Ak , j |+

∞
∑

k=1

µk |Bk , j | ≤ A−B ,

and therefore ξ(z) ∈ C H (A,B ;α,2p + q − 1). We note that the required estimate can also be

obtained by using (4.11) for i = 1,2, . . . , p −1; (4.13) for j = 1,2, . . . , q and (4.8) for i = p.

Taking into account the Hadamard product of functions f1∗ f2∗·· ·∗ fp only, in the proof

of Theorem 6, and using (4.11) for i = 1,2, . . . , p −1; and relation (4.8) for i = p , we are led to
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Corollary 7. Let the functions fi defined by (4.2) be in the class K H (A,B ;α) for every i = 1,2, . . . , p.

Then the Hadamard product f1 ∗ f2 ∗·· ·∗ fp belongs to the class C H (A,B ;α,2p −1).

Also, taking into account the Hadamard product of functions F1∗F2∗·· ·∗Fq only, in the

proof of Theorem 6, and using (4.13) for j = 1,2, . . . , q −1; and relation (4.12) for j = q , we are

led to

Corollary 8. Let the functions F j defined by (4.3) be in the class SH (A,B ;α) for every j =

1,2, . . . , q. Then the Hadamard product F1∗F2∗·· ·∗Fq (z) belongs to the class C H (A,B ;α, q−1).

5. Partial sums

Silverman [18] and Silvia [19] studied partial sum for starlike and convex functions. Re-

cently, Porwal [20], Porwal and Dixit [21] and Porwal [22] have studied analogues interesting

results on the partial sum of certain harmonic univalent functions. We consider in this sec-

tion partial sum of functions in the class SH (A,B ;α) and KH (A,B ;α), and obtain sharp lower

bounds for the ratios of real part of f (z) to fm(z) , f (z) to fn(z) and f (z) to fm,n(z).

Definition 6. Let the function f ∈ SH of the form (1.1). Then the sequences of partial sum of

functions f (z) are defined by

fm = z +
m
∑

k=2

ak zk
+

∞
∑

k=1

bk zk = hm + ḡ , (5.1)

fn = z +
∞
∑

k=2

ak zk
+

n
∑

k=1

bk zk = h + gn (5.2)

and

fm,n = z +
m
∑

k=2

ak zk
+

n
∑

k=1

bk zk =hm + gn . (5.3)

Theorem 7. Let f = h+g be such that h and g are given by (1.3) with b1 = 0, and f ∈ SH (A,B ;α).

If λk is defined by (2.5) and

λk ≥

{

A−B , k = 2,3, . . . ,m,

λm+1, k = m +1,m +2, . . . ,m.

Then

(i) ℜ

{ f (z)

fm(z)

}

=ℜ

{ h + ḡ

hm + ḡ

}

> 1−
A−B

λm+1
(z ∈U ,m ∈N) (5.4)

and

(ii) ℜ

{ fm(z)

f (z)

}

=ℜ

{hm + ḡ

h + ḡ

}

>
λm+1

A−B +λm+1
(z ∈U ,m ∈N). (5.5)

The estimates in (5.4) and (5.5) are sharp for the function given by

f (z) = z +
A−B

λm+1
zm+1 (z ∈U ). (5.6)
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Proof. (i) Setting

Ψ1(z) =
λm+1

A−B

{

f (z)

fm(z)
−

(

1−
A−B

λm+1

)}

=
λm+1

A−B

{

h(z)+ g (z)

hm(z)+ g (z)
−

(

1−
A−B

λm+1

)

}

= 1+

λm+1

A−B

∞
∑

k=m+1

ak zk

z +
m
∑

k=2

ak zk
+

∞
∑

k=2

bk zk

. (5.7)

In order to get (5.4), it is sufficient to show that ℜ(Ψ1(z)) > 0 (z ∈U ), or equivalently

∣

∣

∣

∣

Ψ1(z)−1

Ψ1(z)+1

∣

∣

∣

∣

≤ 1 (z ∈U ).

Since

∣

∣

∣

∣

Ψ1(z)−1

Ψ1(z)+1

∣

∣

∣

∣

≤

λm+1

A−B

∞
∑

k=m+1

|ak |

2−2
( m

∑

k=2

|ak |+

∞
∑

k=2

|bk |

)

−
λm+1

A−B

∞
∑

k=m+1

|ak |

, (5.8)

this last expression is bounded above by 1, if and only if

m
∑

k=2

|ak |+

∞
∑

k=2

|bk |+
λm+1

A−B

∞
∑

k=m+1

|ak | ≤ 1. (5.9)

It sufficient to show that L. H. S. of (5.9) is bounded above by

∞
∑

k=2

λk

A−B
|ak |+

∞
∑

k=2

µk

A−B
|bk |,

which is equivalent to

m
∑

k=2

λk − (A−B )

A−B
|ak |+

∞
∑

k=2

λk − (A−B )

A−B
|bk |+

∞
∑

k=m+1

λk −λm+1

A−B
|ak | ≥ 0. (5.10)

In order to see that the function f (z) of the form (5.6) is extremal, we observe from z = r e
iπ
m

that
f (z)

fm(z)
= 1+

A−B

λm+1
zm

→ 1−
A−B

λm+1
(r → 1−).

(ii) Similarly, if we take

Ψ2(z) =
A−B +λm+1

A−B

{

fm(z)

f (z)
−

(

1−
λm+1

A−B +λm+1

)}
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= 1−

A−B+λm+1

A−B

(

∞
∑

k=m+1

ak zk
+

∞
∑

k=2

bk zk

)

z +
∞
∑

k=2

ak zk
+

∞
∑

k=2

bk zk

,

and make use of (5.5), we can deduce that
∣

∣

∣

∣

Ψ2(z)−1

Ψ2(z)+1

∣

∣

∣

∣

≤ 1 (z ∈U ).

Since

∣

∣

∣

∣

Ψ2(z)−1

Ψ2(z)+1

∣

∣

∣

∣

≤

A−B +λm+1

A−B

( ∞
∑

k=m+1

|ak |+

∞
∑

k=2

|bk |

)

|ak |

2−2
( ∞

∑

k=2

|ak |+

∞
∑

k=2

|bk |

)

−
λm+1 − A−B

A−B

( ∞
∑

k=m+1

|ak |+

∞
∑

k=2

|bk |

)

, (5.11)

this last expression is bounded above by 1, if and only if

m
∑

k=2

|ak |+

∞
∑

k=2

|bk |+
λm+1

A−B

∞
∑

k=m+1

|ak | ≤ 1. (5.12)

It sufficient to show that L. H. S. of (5.12) is bounded above by

∞
∑

k=2

λk

A−B
|ak |+

∞
∑

k=2

µk

A−B
|bk |,

which leads us immediately to the assertion (5.6) of Theorem 7. The bound in (5.5) is sharp

for each m ∈N with the extremal function f (z) given by (5.6). Thus we complete the proof of

Theorem 7.

Employing the techinques used in Theorem 7, we can prove the following theorems.

Theorem 8. Let f = h+g be such that h and g are given by (1.3) with b1 = 0, and f ∈ SH (A,B ;α).

If µk is defined by (2.5) and

µk ≥

{

A−B , k = 2,3, . . . ,n,

µn+1, k =n +1,n +2, . . . ,

Then

(i) ℜ

{ f (z)

fn(z)

}

=ℜ

{ h + ḡ

h + ḡn

}

> 1−
A−B

µn+1
(z ∈U ,n ∈N) (5.13)

and

(ii) ℜ

{ fn(z)

f (z)

}

=ℜ

{h + ḡn

h + ḡ

}

>
µn+1

A−B +µn+1
(z ∈U ,n ∈N). (5.14)

The estimates in (5.13) and (5.14) are sharp for the function given by

f (z) = z +
A−B

µn+1
zn+1 (z ∈U ). (5.15)
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Theorem 9. Let f =h+g be such that h and g are given by (1.3) with b1 = 0, and f ∈ SH (A,B ;α).

If λk and µk are defined by (2.5) and (2.6), respectively, and

λk ≥

{

A−B , k = 2,3, . . . ,m,

λm+1, k = m +1,m +2, . . . ,

µk ≥

{

A−B , k = 2,3, . . . ,m,

λm+1, k = m +1,m +2, . . . .

Then

(i) ℜ

{ f (z)

fm,n(z)

}

=ℜ

{ h + ḡ

hm + ḡn

}

> 1−
A−B

λm+1
(z ∈U ,m ∈N) (5.16)

and

(ii) ℜ

{ fm,n(z)

f (z)

}

=ℜ

{hm + ḡn

h + ḡ

}

>
λm+1

A−B +λm+1
(z ∈U ,m ∈N). (5.17)

The estimates in (5.16) and (5.17) are sharp for the function given by (5.6).

Proof. (i) Setting

Ψ3(z) =
λm+1

A−B

{

f (z)

fm,n(z)
−

(

1−
A−B

λm+1

)

}

=
λm+1

A−B

{

h(z)+ g (z)

hm(z)+ gn (z)
−

(

1−
A−B

λm+1

)

}

= 1+

λm+1

A−B

( ∞
∑

k=m+1

ak zk
+

∞
∑

k=n+1

bk zk
)

z +
m
∑

k=2

ak zk
+

n
∑

k=2

bk zk

.

In order to obtain (5.16), it is sufficient to show that ℜ(Ψ3(z)) > 0 (z ∈U ), or equivalently
∣

∣

∣

∣

Ψ3(z)−1

Ψ3(z)+1

∣

∣

∣

∣

≤ 1 (z ∈U ).

Since

∣

∣

∣

∣

Ψ3(z)−1

Ψ3(z)+1

∣

∣

∣

∣

≤

λm+1

A−B

( ∞
∑

k=m+1
|ak |+

∞
∑

k=n+1
|bk |

)

2−2
( m

∑

k=2
|ak |+

n
∑

k=2
|bk |

)

−
λm+1

A−B

( ∞
∑

k=m+1
|ak |+

∑∞
k=n+1 |bk |

)

,

this last expression is bounded above by 1, if and only if

m
∑

k=2

|ak |+

∞
∑

k=2

|bk |+
λm+1

A−B

( ∞
∑

k=m+1

|ak |+

∞
∑

k=n+1

|bk |

)

≤ 1. (5.18)

It sufficient to show that L. H. S. of (5.18) is bounded above by

∞
∑

k=2

λk

A−B
|ak |+

∞
∑

k=2

µk

A−B
|bk |,
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which is equivalent to

m
∑

k=2

λk − (A−B )

A−B
|ak |+

∞
∑

k=2

µk − (A−B )

A−B
|bk |+

∞
∑

k=m+1

λk −λm+1

A−B
|ak |+

∞
∑

k=n+1

µk −λm+1

A−B
|bk | ≥ 0,

(5.19)

which readily yields the assertion (5.18) of Theorem ??. Similarly, we easily get the assertion

(5.19) of Theorem ??. The estimates in (5.16) and (5.17) are sharp for the function given by

(5.6).

Theorem 10. Let f = h + g be such that h and g are given by (1.3) with b1 = 0, and f ∈

SH (A,B ;α). If λk and µk are defined by (2.5) and (2.6), respectively, and

λk ≥

{

A−B , k = 2,3, . . . ,n,

µn+1, k = n +1,n +2, . . . ,

µk ≥

{

A−B , k = 2,3, . . . ,n,

µn+1, k =n +1,n +2, . . . ,

then

(i) ℜ

{ f (z)

fm,n(z)

}

=ℜ

{ h + ḡ

hm + ḡn

}

> 1−
A−B

µn+1
(z ∈U ,n ∈N) (5.20)

and

(ii) ℜ

{ fm,n(z)

f (z)

}

=ℜ

{hm + ḡn

h + ḡ

}

>
µn+1

A−B +µn+1
(z ∈U ,n ∈N). (5.21)

The estimates in (5.20) and (5.21) are sharp for the function given by (5.6) and (5.15), respec-

tively.

Remark 2. By specializing the parameters A,B and α, we obtain the corresponding results for

various subclasses mentioned in the introduction.
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