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THE RESTRAINED RAINBOW BONDAGE NUMBER OF A GRAPH

J. AMJADI, N. DEHGARDI, R. KHOEILAR, S. M. SHEIKHOLESLAMI AND L. VOLKMANN

Abstract. A restrained k-rainbow dominating function (RKRDF) of a graph G is a func-
tion f from the vertex set V(G) to the set of all subsets of the set {1,2,..., k} such that for
any vertex v € V(G) with f(v) = @ the conditions Uyen) f(u) = {1,2,...,k} and IN(v) N
fue V| f(u) = ¢} =1 are fulfilled, where N(v) is the open neighborhood of v. The
weight of a restrained k-rainbow dominating function is the value w(f) = Y cv |f(V)I.
The minimum weight of a restrained k-rainbow dominating function of G is called the
restrained k-rainbow domination number of G, denoted by y,,(G). The restrained k-
rainbow bondage number b, (G) of a graph G with maximum degree at least two is the
minimum cardinality of all sets F < E(G) for which y,,x(G—F) > y,(G). In this pa-
per, we initiate the study of the restrained k-rainbow bondage number in graphs and
we present some sharp bounds for b2 (G). In addition, we determine the restrained 2-
rainbow bondage number of some classes of graphs.

1. Introduction

In this paper, G is a simple graph with vertex set V(G) and edge set E(G) (briefly V and
E). For every vertex v € V, the open neighborhood N (v) is the set {u € V(G) | uv € E(G)} and
its closed neighborhood is N[v] = N(v) U {v}. Similarly, the open neighborhood of aset SV
is the set N(S) = Uyes N(v) and its closed neighborhood is N[S] = N(S)uU S. The minimum
and maximum degree in G are respectively denoted by 6(G) and A(G). A vertex of degree
one is called a leaf, and its neighbor is called a support vertex. If v is a support vertex, then
L, will denote the set of all leaves adjacent to v. A support vertex is said to be an end-stem
if all its neighbors except one of them are leaves. For r,s = 1, a double star S(r, s) is a tree
with exactly two vertices that are not leaves, with one adjacent to r leaves and the other to s
leaves. For a vertex v in a rooted tree T, let C(v) denote the set of children of v, D(v) denote
the set of descendants of v and D[v] = D(v) U {v}, and the depth of v, depth(v), is the largest
distance from v to a vertex in D(v). The maximal subtree at v is the subtree of T induced by
D(v) U {v}, and is denoted by T,. A subset S of vertices of G is a dominating set if N[S] = V.
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The domination number y(G) is the minimum cardinality of a dominating set of G. For a
more thorough treatment of domination parameters and for terminology not presented here
see [17, 22].

A subset S of vertices of G is a restrained dominating set if N[S] = V and the subgraph
induced by V — S has no isolated vertex. The restrained domination number vy, (G) is the min-
imum cardinality of a restrained dominating set of G. The restrained domination number
was introduced by Dombke et al. [14] and has been studied by several author (see for example
[12, 13]). The restrained bondage number b,(G) of a nonempty graph G is the minimum car-
dinality among all sets of edges F < E(G) for which y,(G—F) > y,(G). The restrained bondage
number has been investigated in [15, 18].

For a positive integer k, a k-rainbow dominating function (kRDF) of a graph G is a func-
tion f from the vertex set V(G) to the set of all subsets of the set {1,2,..., k} such that for
any vertex v € V(G) with f(v) = ¢ the condition U,en() f(w) = {1,2,..., k} is fulfilled. The
weight of a kRDF f is the value w(f) = ¥yev |f(v)I. The k-rainbow domination number of
a graph G, denoted by vy, (G), is the minimum weight of a kRDF of G. Note that y,(G) is
the classical domination number y(G). The k-rainbow domination number was introduced
by Bresar, Henning, and Rall [7] and has been studied by several authors (see for example
2,3,8,9,10, 19, 20, 21, 23, 24]).

A k-rainbow dominating function f is called a restrained k-rainbow dominating function
(RKRDF) if the induced subgraph G[{v € V| f(v) = ¢}] has no isolated vertex. The restrained
k-rainbow domination number of G, denoted by Y, (G), is the minimum weight of an RkRDF
on G. Ay, (G)-functionis an RkKRDF of Gwith w(f) =y, (G). If f isay;(G)-function, then
since V—{v e V| f(v) = ¢} is arestrained dominating set, and since placing {1,2,..., k} at the
vertices of a restrained dominating set yields an RkRDE we have

max{y,,(G),yr(G)} = ¥rk(G) < ky,(G).

The restrained k-rainbow domination number has been investigated in [1, 5].

Let G be a graph of order n = k + 1 with y,,+(G) < n. The restrained k-rainbow bondage
number by, (G) of G is the minimum cardinality of all sets E’ < E for which y,,+(G—E) >
Yrrk (G). An edge set B with v, (G — B) > v, (G) is called the restrained k-rainbow bondage
set. A b, (G)-set is a restrained k-rainbow bondage set of G of size b, (G). If Bis a b, (G)-
set, then clearly y, (G — B) =y, (G) + 1.

The k-rainbow bondage number b, (G) for usual k-rainbow domination number was
introduced by Dehgardi et al. in [11] and has been studied by several authors [4, 6].

One possible application of the concept of k-rainbow restrained domination is that of
cities and emergency guards. Here, every vertex with a positive weight in a k-rainbow re-
strained dominating function, corresponds to a position of an emergency guard and each
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vertex not occupied by an emergency guard corresponds to a position of a city without any
emergency guards, which is adjacent to at least one other deprived city. The k-rainbow re-
strained bondage number measures the vulnerability of the connection between situations
under unpredictable events or attacks. The minimum k-rainbow restrained dominating func-
tion of cities plays an important role for dominating the whole situations with the minimum
cost. So, we must consider whether its function remains safe under the unpredictable event
or attack. Suppose that an unpredictable event happens. Then how many connection routes
does it have to destroy so that the cost can not remains the same in order to k-rainbow re-
strained dominate the whole city? The minimum number of connection routes is just the

k-rainbow restrained bondage number.

Our purpose in this paper is to initiate the study of the restrained k-rainbow bondage
number in graphs. We first establish some sharp bounds for the restrained k-rainbow bondage
number of a graph. In particular, we prove that for any tree T of order n = 5 with diam(7) = 3
and different from Ps, Pg, by2(T) < (n—3)/2. In addition, we determine the restrained 2-

rainbow bondage number of some classes of graphs.

We make use of the following results in this paper.

2n+1 .
Theorem A ([5]). Forn=4,y,2(Py) = [ -‘ + 1 andy2(Py) = n otherwise.

Corollary 1.1. Forn=7, byr2(P,) =1.

Proof. Let P,, := vy vy...v,. It follows from Theorem A that

2(n—-3)+1 2n+1
Yrr2(Py—v3vs) =Yr2(Py—3)+3 = ’Vf-‘ +1+3> ’VT-‘ +1=yrr2(Pp).

Hence b2 (Py) = 1. O

Theorem B ([5]). For n =6, y,;2(Cy,) =2 {21 +1 when n =2 (mod 3) and y,,2(Cp) = 2 {21

otherwise.
Corollary 1.2. Forn=6,

if n=0 (mod 3)

1
brro(Cyp) =
rraion {2 otherwise.

Proof. Let C,, := (v1v2...vy). If n =3k (k = 2), then it follows from Theorem A and B that

2n+1

Yrr2(Cp—v1vn) = Yrr2(Pp) = ’V —‘ +1>2 ’72-‘ =Yrr2(Cp).
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2n+1
Hence b;r2(C,) = 1if n =0 (mod 3). Now let n =1 (mod 3). Then obviously { n3 —‘ +1=

2 [g-‘ thatimplies b,,2(Cy) = 2 in this case. On the other hand, Theorems A and B imply that

+1+3>2 ’Vg-‘ :YrrZ(Cn)-

2n—-3)+1
Yrr2(Cp —{v1V2, V4U5}) = Yrr2(Py—3) +3 = ’Vf-‘

2n+1
Hence b, 2(Cp) =2 if n=1 (mod 3). Finally let n = 2 (mod 3). It is easy to see that [ ns -‘ +

n
1=2 [51 + 1 which implies that b, 2 (C},;) = 2 in this case. We deduce from Theorems A and B
that

2(n—3)+1-‘ n

Yrr2(Cp — {102, V4Us}) =Y 2(Pp-3) +3 = ’V +1+3>2 [3-‘ +1=7v,r2(Cp)

and so b;2(Cy) =2 in this case. This completes the proof. a

Theorem C ([5]). Let G be a connected graph of order n = 2. Then y,,2(G) = n if and only if
G=Kj,,-1,C4,C5 0rG= Py, forn=2,3,4,5,6.

Theorem D ([5]). Let G be a graph of order n=2. Theny,r2(G) =2 ifand onlyifn=2orn=3
and2 <6(G) =AG)=n-10r3<6(G) <A(G) = n—-2 and there exist two distinct vertices u
and v such that V(G) —{u,v} < N(u) n N(v).

k
Theorem E ([11]). Ifk =2 isan integerandn= k + 1, then b;;(K,) = [k—-fl-‘ .

Theorem F ([11]). Let G be a graph of order n = 3. Theny»(G) =2 if and only if there exists a
vertex set A with | A| < 2 such that every vertex of V(G) — A is adjacent to every vertex of A.

2. Bounds on the restrained rainbow bondage number

In this section we first establish a sharp upper bound on the restrained 2-rainbowbondage
number of trees in terms of their order and then we present two sharp bounds on the re-
strained 2-rainbow bondage number of general graphs.

Observation 2.1. If T = S(r, s) is a double star of orderr + s+2 =5, then b;»(T) = 1.

Theorem 2.2. Let T be a tree of order n = 5. Ifdiam(T) =3 and T ¢ {Ps, Pg}, then

-3
brrZ(T) = n

Furthermore, this bound is sharp.
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Proof. If diam(7T) = 3, the% T is a double star of order at least 5 and it follows from Observation
2.1that by (T)=1< n;‘ Assume that diam(7T) = 4. Let P = v, v5...v4 be a diametral path
in T such that deg(v») is as large as possible. Among all paths with this property we choose a

path such that|L,,] is as large as possible. Root T at v;. We consider the following cases.

Case 1. deg(v,) = 3.

Suppose that u € L,, — {v;}. First let deg(vs) = 3. Assume that L,, = {x1,X2,...,X¢} if L), # @
and N(v3) \ (Ly, U{ve, va}) = {y1,¥2,..., ¥} when N(v3) \ (Ly, U {v2, v4}) # @. We consider two
subcases.

Subcase 1.1. L,,, # @.
Let B={v3y1,...,U3Y: V3V2, V3y}. Clearly, n =2t +7 and so

[Bl=t+2=<(n-7)/2+2<(n-3)/2.

Let T, T>,..., Ty, Tt+1, Tr4+2 be the components of T — B containing y1, yo,..., ¥, V2, U3 respec-
tively. Assume that f is a y,2(T — B)-function. Then clearly | f(x)| = 1 for every vertex x €
Ufzf V(T;). Define g : V(T) — 2 ({1,2}) by g(v1) = {1}, g(w) = {2}, g(x1) = 1{1,2}, g(v2) = g(v3) =
@, and g(x) = f(x) otherwise. It is easy to see that g is a restrained 2-rainbow dominating
function of T of weight less than w(f) and hence b,»(T) < |B| < (n—3)/2 as desired.

Subcase 1.2. L,, = @.
Since deg(v3) = 3, we have ¢ = 1. Assume that B = {v3y1,..., U3y, V3v4}). Then clearly n =2t +6
and so

[Bl=t+1=<(n-6)/2+1<(n-3)/2.

Let Ty, To,..., Tt, Tt+1 be the components of T — B containing y1, y», ..., ¥, V3 respectively, and
f beay;2(T - B)-function. Then |f(x)| = 1 for every vertex x € Uf:i V(T;). Define g: V(T) —
P2 ({1,2}) by g(v1) = {1}, g(u) = {2}, g()1) = 1,2}, g(v2) = g(v3) = @ and g(x) = f(x) otherwise.
Obviously, g is a restrained 2-rainbow dominating function of T of weight less than w(f) and
hence b, ,»(T) < |B| < (n—3)/2.

Now let deg(vs3) = 2. By the choice of the diametral path, every vertex with depth 2 in
N(v4) —{vs}, have degree 2. If n = 6 or 7, then clearly b;,»(T) =1 < (n—3)/2 and we are done.
Suppose that n = 8. If deg(vs4) =2 or N(v4)\{vs, vs} = L,,, thenlet B = {vsv4, vavs}, T1, To be the
components of T — B containing vy, v3, respectively, and f be a y,,2(T — B)-function. Clearly,
|f(x)| =1foreach x € V(T1)uV(T). Then the function g: V(T) — £2({1,2}) defined by g(v4) =
{1,2}, g(w) = {1}, 8(11) = {2}, g(v2) = g(vs) = @ and g(x) = f(x) otherwise, is a restrained 2-
rainbow dominating function of T of weight less than w(f) and hence b,»(T) <2 < (n—3)/2
as desired. Henceforth, we assume that deg(v,) = 3 and v, has a neighbor of degree at least
two other than vs, vs. Let N(vy4) — {v3, Us} = L, U{y1,¥2,..., Y. Clearly, n 22t +6. If n 2 2t +7
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thenlet B={v4y1,..., V4¥:, U304, V4Us}, and if n = 2t +6 thenlet B = {v4)»,..., Vayy, U3Vy, V4 Us}.
Then |B| < (n—3)/2. Assume that f is a y,2(T — B)-function. Clearly, | f(x)| = 1 for each x €
V(T,,). Define g: V(T) — 22({1,2}) by g(v4) = {1,2},g(v1) = {1}, g(w) = {2}, g(v2) = g(v3) = B,
and g(x) = f(x) otherwise. Obviously, g is a restrained 2-rainbow dominating function of T
of weight less than w(f) and hence b,»(T) < |B| < (n—3)/2.

Case 2. deg(vy) = 2.
By the choice of the diametral path, we deduce that every end-steam on a diametral path has
degree 2. In particular, any child of vs is a leaf or a support vertex of degree 2. Consider the

following subcases.

Subcase 2.1. deg(v3) = 3.
Assume that Ly, = {x1,Xp,..., x¢} if Ly, # @ and N(v3) — {vy, v2} = Ly, U{y1,¥2,...,y:} when
N(v3) —{v4, v2} # L,,. We distinguish the following.

* N(v3) —{vg, v2} = Ly,.

If n = 6, then clearly b,2(T) =1 < "T_‘?’ Hence, we assume that n = 7. Let T' = T —
{vavs, v3v2} and f beay,r2(T)-function. Clearly, | f(x)| = 1 for each vertex x € V(T,). If
f(v4) = @, then define the function g: V(T) — 22({1,2}) by g(x1) = {1}, g(v3) = @, g(v2) =
{2} and g(x) = f(x) otherwise. If f(v4) # @, then let, without loss of generality, 1 € f(v4)
and define the function g: V(T) — 22({1,2}) by g(x1) = {2}, g(v1) = 11,2}, g(v2) = g(v3) =
@ and g(x) = f(x) otherwise. Itis easy to see that g is a restrained 2-rainbow dominating
function of T of weight less than w(f) and hence b, (T) <2 < (n—-3)/2.

* N(v3) —{vg, v2} # Ly,.
Firstlet|L,,| = 2. Assume that B = {v3y1,..., U3Yy, V32, V3V4}, f isSay,r2(T—B)-function
and Ty, T»,..., T, Tt+1, Tt 42 are the components of T — B containing yy, ..., ys, U2, U3 re-
spectively. Clearly, |B| < (n—3)/2 and |f(x)| = 1 for each x € Ult;rf V(T;). Define the
function g : V(T) — 22({1,2}) by g(x;) = {1}, g(x2) = {2}, g(v1) = {1,2}, g(v2) = g(v3) = @
and g(x) = f(x) otherwise. Obviously, g is a restrained 2-rainbow dominating function
of T of weight less than w(f) and hence b,»(T) < |B| < (n—3)/2.

Now let |L,,| < 1. Assume that B = {v3y1,..., V3Ys, V3v4} and fis a y, (T — B)-function.
Obviously, |B| < (n—3)/2 and | f(x)| = 1 for each x € V(T,,). If f(v4) = @, then the func-
tion g: V(T) — 22({1,2}) defined by g(y1) = {1}, g(v2) = {2}, g(v3) = @ and g(x) = f(x)
otherwise, is a restrained 2-rainbow dominating function of T of weight less than w(f),
implying that b, 2 (T) < |B| < (n—3)/2. If f(v4) # @, then let, without loss of generality,
1 € f(vq) and define g: V(T) — 2({1,2}) by g(y1) = {2}, g(v1) = {1,2},g(v2) = g(v3) = @
and g(x) = f(x) otherwise. Clearly, g is a restrained 2-rainbow dominating function of
T of weight less than w(f) and hence b, (T) < (n—3)/2.
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Subcase 2.2. deg(vs3) = 2.

By the choice of the diametral path, we deduce that every vertex with depth 2 on a diametral

path has degree 2. Since T ¢ {Ps, P}, we must have diam(7) = 6. Let L,, = {x, x2,..., Xz} if

Ly, # @ and N(v4) —{vs,v3} = Ly, U{y1,¥2,..., ¥} when N(vg) —{vs, v3} # L,,. We distinguish

the following.

(@)

(b)

(©

(d)

deg(vy4) =3 and N(v4) — {vs, v3} = L(vy).

Then k= 1. If k = 2, then it is easy to see that y, 2 (T — {v5vy, v4v3}) > ¥, 2 (T) that implies
bra(T)<2<(n-3)/2.Letk=1,T =T - v5vy andlet f be ay,,2(T)-function. If f(vs) =
@, then the function g: V(T) — 22({1,2}) defined by g(v3) = {1}, g(x1) = {2}, g(v4) = @ and
g(x) = f(x) otherwise, is a restrained 2-rainbow dominating function of T of weight less
than w(f) and hence b, (T) =1 < ”T_g If f(vs) # @, then let, without loss of generality,
1 € f(vs) and define g : V(T) — 22({1,2}) by g(v2) = {1,2}, g(x1) = {2}, g(v3) = g(vy) = @
and g(x) = f(x) otherwise. Clearly, g is a restrained 2-rainbow dominating function of T
of weight less than w(f) and so b2 (T) =1 < (n—3)/2.

deg(vy) =3, N(v4) — {vs, v3} # Ly, and deg(y;) =3 for some j.

Let j =1, B={v4)1,..., U4y, U304, U504} and f be a y,,2(T — B)-function. Clearly, |B| <
(n—-3)/2and |f(x)| =1foreach x € V(T,,). Let wy, wo € N(y1)—{v4} and define g: V(T) —
2({1,2}) by g(wy) = {1}, g(w2) = {2}, g(v3) =1{1,2}, g(v4) = g(y1) = @ and g(x) = f(x) other-
wise. It is easy to see that g is a restrained 2-rainbow dominating function of T of weight
less than w(f) and hence b, (T) < (n—3)/2.

deg(vy4) =3, N(v4) —{vs, v3} # Ly, and deg(y;) =2 for each j.
Let B={v4y1,..., VaYs, V34, UsV4}, [ @Yrr2(T —B)-functionand Ty, 1o, ..., Ty, Tr+1, T2 be
the components of T — B containing y1, ..., Jr, U3, U4, respectively. Then | f(x)| = 1 for each
X € Ul‘:f V(T;) and |B| < (n—3)/2 because n =2t +7. If f(vs) = @, then the function g:
V(T) — 22({1,2}) defined by g(v3) = {1}, g(31) = {2}, g(v4) = @ and g(x) = f(x) otherwise,
is a restrained 2-rainbow dominating function of T of weight less than w(f) and hence
b2 (T) < (n—3)/2. If f(vs) # @, then let, without loss of generality, 1 € f(vs) and define g :
V(T) — 22({1,2}) by g(v2) ={1,2},g(y1) = {2}, g(v3) = g(v4) = @ and g(x) = f(x) otherwise.
Clearly, g is arestrained 2-rainbow dominating function of T of weight less than w(f) that
implies b, 2(T) < (n—3)/2.
deg(vy) = 2.
Considering above, we may assume that any maximal subtree at each child of v5 with
depth 3, is the path P,. Consider the following.
(i) deg(vs) =3.
Assume that N(vs) — {ve, va} = Ly, U{y1, ¥2,..., ¥:} if N(vs) —{ve, va} # Ly, and L,, =
{x1,%2,..., Xk} when L, # @.
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o Ly, #0.

If N(vs) —{vs, va} = Ly, then it is easy to see that y, 2 (T —{v5 Ve, Vs Va}) > ¥rr2(T)
that implies b;,2(T) < 2 < (n—3)/2. Assume that N(vs) — {ve, v4} # L,, and
B ={vsy1,...,UsYs, UsUg, UsUg}. As above |B| < (n—3)/2. Let f beay;r2(T —B)-
function. Then we may assume that |f(v;)| = [f(x;)|=1for1<i<5and 1<
j < k. Using an argument similar to that described in Case 3, we can see that
Yrr2(T) <yyr2(T — B) implying that b;,» < (n—3)/2.

e Ly, =@ and Ty, has a y;,2(Ty,)-function h such that |a(y;)| = 1 for some i.
Assume, without loss of generality, that j = 1and 1 € h(y;). Let B={v5)1,..., Us ),
Usvgh, f be a yy2(T — B)-function and Ty, Ty, ..., Ty, Tt+1, Tr+2 be the compo-
nents of T — B containing y1, ..., y1, Vs, Us respectively. We may assume that f|7,
= h and |f(v;)| = 1 for each 1 < i < 5. If there exists a vertex w € {vg, ¥2,..., ¥}
with f(w) = @, then define g : V(T) — 22({1,2}) by g(vy) = {2}, g(v5) = @ and
g(x) = f(x) otherwise. Clearly, g is a restrained 2-rainbow dominating function
of T of weight less than w(f) and so b2 (T) < (n—3)/2. Assume that |f(w)| =1
for each w € {vg, y1,..., y:}. Suppose, without loss of generality, that 2 € f(vg).
Then the function g: V(T) — 22({1,2}) defined by g(vs5) = g(v4) = @, g(v3) = {1,2}
and g(x) = f(x) otherwise, is a restrained 2-rainbow dominating function of T
of weight less than w(f) and so b, (T) < |B| < (n—3)/2.

* Ly, = @ and For each i and each y,»(Ty,)-function h, h(y;) = @.

Then degTy1 (y1) = 2 and y; has a neighbor of degree at least two with exception
of vs. Let N(y1) \ (Ly, U{vs}) = {z1, 22,...,z5}. If the component of T — vgvs5 con-
taining vg, has a y,,»-function f’ with | f’(ve)| = 1, then as above we can see that
by2(T) < (n—3)/2. Hence, we assume that every y,2-function of the compo-
nent of T — vgv5 containing vg, assigns @ to vg. Now let B = {v5y1, ..., Us ¥y, UsUg,
Y121,---, Y12}, f be a yp2(T — B)-function and T; be the component of T - B
containing y;. Obviously, n = 2¢+2s+6 and so |B| < (n—3)/2. On the other
hand, we may assume that |f(y;)| = 1 and |f(v;)l =1 for 1 <i <5. Let h be
a yrr2(T),)-function. By assumption we have h(y;) = ¢ and ZxEV(Tyl) |f ()] >
ZxEV(Tyl) |h(x)|. Then the function g: V(T) — 22({1,2}) defined by g(vs) = g(vs)
= g(v2) = @, g(vy) = g(vy) = {1,2}, g(u) = h(u) for u € V(T),) and g(u) = f(u)
otherwise, is a restrained 2-rainbow dominating function of T of weight less
than w(f) and so b2 (T) <|B| < ”7_3
(ii) deg(vs) =2.
Considering the above cases and subcases, we have deg(v;) =2 for 2 < i < 5. Sim-
ilarly, we may assume that deg(v;) = 2 for d —4 < i < d — 1. Using an argument

similar to that described in the proof of (i), we can show that b, (T) < ”7_3 when
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deg(vg) = 3. Therefore, we suppose that deg(vg) = 2. If deg(v;) = 2, then it is easy to
see that y,2(T) < y;r2(T — {v7vg, v7V6}) that implies b2 (T) <2 < (n—3)/2. Hence,
we assume deg(v;) = 3. Let N(v7) —{vg, v6} = Ly, U {y1,..., ¥} if N(v7) —{vs, ve} # Ly,
and L,, = {x1,...,x;} when L, # @. Suppose that B = {v7y1,..., V7Y, V7V, U7V}
and f is a y,r2(T — B)-function. Clearly, |B| < (n —3)/2 and we may assume that
|f(vi)l=1for1<i<7. Then the function g: V(T) — 22({1,2}) defined by g(v;) =
g(vy) = g(vy) =1{1,2}, g(ve) = g(vs) = g(vs) = g(v2) = @ and g(x) = f(x) otherwise,
is a restrained 2-rainbow dominating function of T of weight less than w(f) and so
br2(T) < |B|<(n-3)/2. Allin all, we have b, »(T) < (n—3)/2 as desired.

To prove sharpness, let T be a wounded spider obtained from the star Kj ;, (¢ = 3) by
subdividing -2 edges. Itis easy to see that n(T) =2t—-1, y,2(T) =2t-2and b2 (T) = t -2 =
(n-3)/2. O

Theorem 2.3. Let xyz be a path of length 2 in the graph G with 6(G) =2 and deg(y) = 3. Then
b;r2(G) < deg(x) +deg(y) + deg(z) —4 —n(x, 2)
wheremn(x,z) =1 ifxz € E(G) and n(x, z) = 0 otherwise.

Proof. Let X < E(G) be the set consisting of all the edges incident with x, y or z with exception
of the edges xy, yz. Clearly, | X| = deg(x)+deg(y)+deg(z)—4 when xz ¢ E(G) and | X| = deg(x)+
deg(y) +deg(z) —5 when xz € E(G). Let G; = G— X be the graph obtained from G by removing
the edges of X. In Gy, the path xyz is a component. We show that y,,2(G1) > V2 (G) implying
that b;,2(G) < |X|. Let f be a y,,2(Gy)-function. Since the path xyz is a component of G;, we
have |[f(x)|+ | f()]+|f(2)| = 3. If xz € E(G), then define g: V(G) — 22({1,2}) by g(y) ={1,2},
g(x) =g(z) = ¢ and g(w) = f(w) for w e V(G) —{x, y, z}. It is easy to see that g is a restrained
2-rainbow dominating function of G of weight less than w(f) as desired.

Now let xz ¢ E(G). If there exists a vertex u € N(y) — {x, z} with f(u) = @, then the func-
tion g : V(G) — 2({1,2}) defined by g(x) = {1}, g(2) = {2}, g(y) = » and g(w) = f(w) for
w € V(G) —{x,y,2}, is a restrained 2-rainbow dominating function of G of weight less than
w(f) as desired. If there are two vertices u € N(x) —{y} and v € N(z) — {y} with f(u) = f(v) =
@, then define g : V(G) — 22({1,2}) by g(y) = {1,2}, g(x) = g(z) = ¢ and g(w) = f(w) for
w e V(G) —1{x,y,z}. Clearly, g is a restrained 2-rainbow dominating function of G of weight
less than w(f) as desired. Since 6(G) = 2, we thus can assume that f(x;) # ¢ for a vertex
X1 € N(x)—{y}or f(z;) # @ foravertex z; € N(z)—{y}, say f(x;) # @ for avertex x; € N(x)—{y}.
In addition, we may assume that f(u) # @ for each vertex u € N(y) — {x,z}. Suppose that
u; € N(y) —{x,z} (possibly u; = x;). Assume, without loss of generality, that 1 € f(u;). De-
fine g: V(G) — 22({1,2}) by g(x) = g(y) = ¢,8(2) = {2}, g(x1) = {1,2}, and g(w) = f(w) for
w e V(G)—{x,y, 2, x1}. Itis easy to see that g is a restrained 2-rainbow dominating function of
G with weight less than w(f) as desired. This completes the proof. Oa
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Corollary 2.4. Let G be a connected graph of order n = 6 with 6(G) = 2. Then

brr2(G) <6(G) +2A(G) — 4.
The bound is sharp for cycles C3y+1 and Cspyp where k = 2.

Proof. If A(G) = 2, then the result is immediate by Corollary 1.2. Let A(G) = 3. Assume that x
is a vertex of minimum degree 6 (G) such that x is adjacent to a vertex y of degree greater than
6(G). Since deg(y) = 3, there is a path xyz in G satisfying the condition of Theorem 2.3 and
the result follows by Theorem 2.3. a

Proposition 2.5. Let xyz be a path of length 2 in the graph G such that (Ng(x)NNg())\{z} # @.
Then

b;r2(G) < deg(x) +deg(y) +deg(z) — INg(x) N Ng(y)| = INg(x) N Ng(2)| -2 -7 (x, 2)
wheren(x,z) =1 ifxz € E(G) and n(x, z) = 0 otherwise.

Proof. Let X < E(G) be the set consisting of all the edges incident with x, y or z with exception
of all edges between y and Ng(x) — {z} and all edges between z and Ng(x) —{y}. Clearly, | X| =
deg(x) +deg(y) +deg(z) — |Ng(x) N Ng(¥)| — INg(x) N Ng(2)| -3 if xz € E(G) and | X| = deg(x) +
deg(y) + deg(z) — |INg(x) N Ng(¥)| — |Ng(x) N Ng(2)| —2 when xz ¢ E(G). Let G; = G — X be the
graph obtained from G by removing the edges of X. In G;, the vertex x is isolated and the
neighbors of y or z lie in Ng(x). We show that y,,2(G1) > ¥rr2(G) that implies b, (G) < | X] as
desired. Let f be a y,2(G1)-function. Since x is isolated in G;, we may assume that f(x) = {1}.
If f(y) = @, then the function g : V(G) — 22({1,2}) defined by g(x) = ¢ and g(w) = f(w) for
w € V(G) —{x}, is a restrained 2-rainbow dominating function of G of weight less than w(f)
as desired. Assume that |f(y)| = 1. If f(y) = {1,2}, then the function g : V(G) — 22({1,2})
defined by g(y) = {2} and g(w) = f(w) for w € V(G)—{y}, is arestrained 2-rainbow dominating
function of G with weight less than w(f) as desired.

Let | f(y)] = 1. Assume, without loss of generality, that f(y) = {1}. If f(z) = @, then the
function g : V(G) — 2({1,2}) given by g(x) = ¢ and g(w) = f(w) for w € V(G) — {x} is a re-
strained 2-rainbow dominating function of G with weight less than w(f) as desired. Suppose
| f(2)| = 1. If there exists a vertex w; € (Ng(x) N Ng(y)) with f(w;) = @, then the function g de-
fined by g(x) = {1}, g(z) = {2}, g(y) = ¢ and g(w) = f(w) for w € V(G) — {x, y, z} is a restrained
2-rainbow dominating function of G with weight less than w(f) as desired. Hence, we assume
f(w) # @ for each w € (Ng(x) N Ng(3)) — {z}. Assume that w € (Ng(x) N Ng(y)) — {z}. Define
the function g by g(w) =1{1,2}, g(x) = g(y) = @ and g(a) = f(a) for a€ V(G) —{w, x, y}. Clearly,

g is a restrained 2-rainbow dominating function of G with weight less than w(f) as desired.
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Thus y,r2(G1) > 7,2(G) implying that b, 2 (G) < | X| and the proof is complete. O

3. Complete graphs and complete bipartite graphs

In this section, we determine the restrained 2-rainbow bondage number of complete

graphs and complete bipartite graphs.

Observation 3.1. For every graph G withy,2(G) =y 2(G) < n, by2(G) = b1 (G).

Proof. For any b;,(G)-set B, we have y;;2(G — B) = ¥;2(G — B) > ¥;2(G) = yr2(G) that implies
er(G) = brrZ(G)- O

Proposition 3.2. Forn=9,

2
brrZ(Kn) = ’V?fl-‘ .

2n
Proof. By Observation 3.1 and Theorem E, we have b;,2(K};) < [?-‘ Now we show that

by (K,) = [%”] Let V(K,,) = {x1,X2,...,X,} be the vertex set of K,, and let B be a b, ,2(K},)-
set. Assume, to the contrary, that |B| < [2?”] . It follows from Theorem E that (K, — B) = 2.
By Theorem F, A(K,, — B) = n—1 or there are two vertices, say xi, X2, such that {xs,...,x,} €
N(x1)NN(xp). Firstlet A(K,,—B) =n—1and degKn_B(xl) =n-1.If6(K, - B) =2, then clearly
Yrr2(K;, — B) = 2 which is a contradiction. Hence, degKn_ g(x;) =1 for some 2 < i < n that
implies |[B| = n—2 = [23—"], a contradiction. Now let A(K,, —B) < n—2. Then {x3,...,X,} <
N(x1) N N(x2). If 6(K;, — B) = 3, then clearly y,,2 (K, — B) = 2 which is a contradiction. Assume
that degKn_B(xi) =2 for some 3 <i < n, say i = 3. It follows that {x3xy4,...,x3x,} < B. Since
2n

A(K;,, — B) < n-2, we deduce that x;x, € Bandso |[B|=n—-2= [?], a contradiction. Thus

byr2(Ky) = [42] and the proof is complete. O

Proposition 3.3. For3<n<8,
byro(Ky) =n-2.

Proof. If n = 3, then we have b,,»(K3) = 1. Let n =4 and V(K},) = {x1, X2,..., X,;} be the vertex
set of Kj,. It follows from Theorem D that y,,2 (K}, — {x1 X2, ..., X1 X,-1}) = 3. Also the function f
defined by f(x1) = {1}, f(x2) ={1,2} and f(x) = @ otherwise, is an R2RDF of K}, — B of weight 3
that implies y,r2 (K, — {x1X2,..., X1 X3-1}) =3 > ¥,2(Ky). Hence b2 (K,;) < n—2.If n=4, then
it follows from Theorem D that y,2(Ky —e) = 2 for each e € E(Ky) and so b, (Ky) =2.If n=5,
then clearly for every two edges e, e; € E(Ks), we have A(Ks—{ey, e2}) =4 and 6 (K5 —{e1, e2}) =
2. Hence, v,r2(Ks5 — {e1, e2}) = 2 by Theorem D that implies b, 2 (Ks) = 3. Let 6 < n < 8. Since
n-2= [%”] , using an argument similar to that described in the proof of Proposition 3.2 leads
to by,2(Ky) =n—2. O
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Proposition 3.4. Forintegers2<p<gqandq # 2,

2 ifp=2
brra(Kpg) =14 3 ifp=3

p—1  otherwise.

Proof. Let X = {x1,x2,..., xpt and Y = {y1, 2, ..., y4} be the partite sets of Ky,q, and let B be a
byy2(Kp,q)-set. We note that y,,2(Kp,4) =4 forg=p =2.

First let p = 2. For any edge x;y; € E(K4), say i = 1, j = 1, the function f: V(K3 4) —
22({1,2}) defined by f(y1) = {1}, f(32) = {2}, f(x1) = {1,2} and f(u) = @ otherwise, is a
Yrr2(Kz,qg — x1y1)-function and so y,(Kp,4 — x1y1) = 4. It follows that b;r2(Kz,4) = 2. On the
other hand, it is clear that y,,2 (K3 4 — {x1 y1, X2 y1}) = 5 that implies b;,2(Kz 4) = 2.

Nowlet p = 3. Let e, e; be two arbitrary distinct edges of K3 4. If e; and e; have a common
endpoint, then we may assume, without loss of generality, that e; = x1y1,e2 = X2y, or e} =
X1)1,€2 = X1)2, and if e; and e; have no common endpoint, then we may assume that e; =
xiyrand e; = xp)0. If e; = x1y1,62 = X2y1 0r €1 = x1¥1,e2 =x1)2and g =3 or e} = x1y1,€2 =
X2 y2 then define f: V(K3 4) — 2({1,2}) by f(x1) = f(y1) = {1}, f(x2) = f(y2) = {2} and f(u) = @
otherwise, and if e; = x1y1,e2 = x1y2 and g = 4 then define f : V(K3 4) — 22({1,2}) by f(x3) =
f(yq) =11,2} and f(u) = @ otherwise. It is easy to see that f is a y,,2(K3 4 — {e1, e2})-function
of weight 4 and hence b;,2(K3 4) = 3. Itis easy to see that y,,2(K3 4 —{x1y1, X2 ¥1, X3y1}) = 5 that
implies b;r2(K3 4) = 3.

Finally let p = 4. Considering B = {x2 y1, X3)1,..., Xp ¥1}, one can see that degKm_ g(1) =1
and y,r2(Kp,4 — B) = 5. It follows that b;;2(Kp,4) < p—1. Now we show that b;;2(Kp,q) =
p—1. Let F be an arbitrary set of edges with |F| < p —2. It is clear that §(Kj 4 — F) = 2 and
degy, —p(xi) = degy _p(xi,) = g, degy, _p(yj) = degg, _p(yj,) = p for some 1 < iy, i <
pand 1 < ji, j» < q. Define [ : V(K 4) — 22({1,2}) by f(x;) = f(y;,) =1{1,2} and f(u) = ¢
otherwise. Itis easy to see that f isa y,,2(K),;—B)-function of weight 4 and hence b; ;2 (Kp,4) =
p—1. Thus b;r2(Kp,4) = p—1when p = 4 and the proof is complete. g
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