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SOME APPLICATIONS OF CERTAIN INTEGRAL OPERATORS
INVOLVING FUNCTIONS
WITH BOUNDED RADIUS ROTATIONS

KHALIDA INAYAT NOOR, BUSHRA MALIK AND SYED ZAKAR HUSSAIN BUKHARI

Abstract. Integral transforms map equations from their original domains into others
where manipulations and solutions may be much easier than in original domains. To
get back in the original environment, we use the idea of inverse of the integral transform.
A function analytic and locally univalent in a given simply connected domain is said to
be of bounded boundary rotation if its range has bounded boundary rotation which is
defined as the total variation of the direction angle of the tangent to the boundary curve
under a complete circuit.

The main objective of the present article is to study some applications of certain
integral operators to functions of bounded radius rotation involving Janowski functions.
We discuss some inclusion results under certain assumption on parameters involve in
operators as well as in related subclasses of analytic functions. Most of these results are
best possible. We also relate our findings with the existing literature of the subjects.

1. Introduction

Let #(U) represent the class of all analytic functions f defined in the open unit disk
U:={z€C:|z| < 1} and for a positive integer n and a € C, let

Hla,nl:={feAU): f(z)=a+ anz”+an+1z"+1+...}.
Also, the subclass «f of the class /#[a, n] is defined as:
o :={fe#10,1]: f'(0)=1}. (L1

The class of univalent functions is represented by . and it is a subclass of the class 7, whereas,
F*,€6, £ and 2 are the well-known classes of starlike, convex, close-to-convex and quasi-
convex functions respectively. The Hadamard product or convolution for f and g is given
by

(fxg)e)=z+ arbrz% + ashsz® + ... (zeU),

Received December 3, 2016, accepted September 20, 2017.

2010 Mathematics Subject Classification. Primary 30C45, Secondary 30C80.

Key words and phrases. Hypergeometric functions, integral operator, differential subordination.
Corresponding author: Syed Zakar Hussain Bukhari.

25


http://dx.doi.org/10.5556/j.tkjm.49.2018.2369

26 KHALIDA INAYAT NOOR, BUSHRA MALIK AND SYED ZAKAR HUSSAIN BUKHARI

where f is defined by (1.1) and g(z) = z + a»z* + asz° + .... For f,g € #(U), we say that f is
subordinate to g and write as f(z) < g(z), if there exists a Schwarz function w, that is, w €
A (U) with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)),z € U. Let & denote the well-
known class of Carathéodory functions p such that p € A (U), with p(0) =1 and Rep(z) >
0,z € U. Also 2 (p) represents the class of Carathéodory functions p such that p € 7 (U) with
p(0) =1 and Rep(z) > p,(0<p < 1,z€U). For details, see [5]. Using subordination defined
above, Janowski [6] introduced the class 22[A, B] for -1 < B < A < 1. A function p analytic
in U such that p(0) = 1 belongs to the class 22[A, B], if p(z) = }igzg,
function. Geometrically, the image p(U) of p € Z2[ A, B] lies inside the open unit disk centered
on the real axis with diameter ends at p(—1) and p(1). Clearly 2[A,B] c & ({%’;
general bilinear transformation i:gllz, Ay €C, By € [-1,0] and A; # By, the class £2[A;, B;]

consists of functions p with p(0) =1 and p(z) < }:gllj, see [16].

where w is a Schwarz

). Fora

A functions p analytic in U such that p(0) = 1 belongs to the class %[ A, B], if and only if

1 (7 1+ Aze it
——dop(1) (-1=B<A<1l,k=2z€el),

pla)= 2J)-n1+Bze it
where ¢ is a real valued function of bounded variation on [-7, 7] that satisfies the conditions
ST do () =2and ["_|dp ()| <2 orequivalently, p € [A, B] ifand only if there exist p;, p» €
22[ A, B] such that

. Ll) ()_(5_1) @  (k=2zeU) (1.2)
pRI=| +5 | n@ = -5 Pz >2,z . .

From (1.2), we note that 2;[1 —2p,-1] = 2 (p), see [20] and (1, -1] = P, for reference,
see [23]. The classes Vi.[A, B] and Ry [A, B] are related to the class Z2;[A, B] can be defined as:

(zf'(2) zf'(z)

For various related classes, we refer [1, 2, 3, 8,9, 12, 13, 14, 15, 24]. For f € o/, we consider the

€ P[A, B).

following one parameter families of integral operators

m+D* % z\ (=1
Ife)=———| ¢ V|log= ndt,
1@ =T ) ee?)"
(u—1)

QM _ B et

3 f(2) = ( ) )z" A LR EOL
and J, f(2) = nz—t]l y 1™V f(r)dr, where u =0, n> -1,z € U, T denotes the familiar gamma
function and (f;) = % The operator I)) was studied by Patel et al. [22] and the op-

erators If; , Jn were introduced by Jung et al. [7]. Later Owa [21] investigated certain properties
of the operators I* and %f; . For n > —1, the operator J; is the generalized Bernardi-Libera-

Livingston integral operator studied by Owa and Srivasrava [19] and Srivastava and Owa [25].
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Forn =1,2,..., the operator J, was studied by Bernardi [25] and J; is the Libera integral op-
erator [10]. Using the integral representation of gamma and beta functions, it can be shown
that for f € of:

H© _ o n+1)a n
Inf(z)—z+r;2(n+n anz", (1.3)

+
M f(2) = (“n Nz u+rm2« f(2), (1.4)

and

B X (n+1
Jnf(2) —z+VZ:2 =

)avzv, (1.5)

where 4 =0, n > -1,z € U. By virtue of (1.3), (1.4), (1.5) and g = 0, n > —1, we have the
following identities:

(I f@) = m+ DI f2) -0l f(2),z€U (1.6)
and
2($hf(@) = w+mSh f2) - (w+n-1Sh f(2). (1.7)

2. Preliminaries

To establish our main results, we will use the following lemmas.
Lemma 1. Letd, y withRe(d +7y) > 0 and let A € C, By € [-1,0] satisfy either
Re[6(1+ A By) +y(1+B)] = ’6A1 +O0B, +B1(y+7)|,

whenB; € (-1,0] or6 (1 + A;) > 0andRe [5(1 - Ajp) +27/] >0, when By = —1. If p(0) = 1satisfies

g+ PP 1tz @2.1)
P S p@+y 1+ Biz ’ '

then p(z) < q(z) < }:g;j,z e U, where q(z) + 52?;5?}, = i:’;i; (z € U) has univalent solution
inU given by
5f1 1+B1tz]5(g_}_l) @+y-1 g o Y B #£0
t B t -5 1
q(2) = 0L 1+hiz 0 2.2)

-1
(645 @M=Dz -Day) "~ L B =o.

In addition q is the best dominant of (2.1).

Lemma 2. Let @ be a positive measure on the unit interval I = [0,1]. Let g(t,z) be a function

analytic inU for each t € I and integrable in t for each z€ U and foralmostall t € I. Suppose
thatRe{g(t,2)} >0inU, g(t,—r) isreal for r andRe( s forlzlsr<landtel If

g(2) = [, g(t, )dal(1), then Re|

g(t, z)) =360 g(t r)

g(Z)) g(- r)’|Z| =T
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Lemma 3. Forreal or complex numbersa, b, ¢ (¢ #0,-1,-2,...) andRec > Reb > 0, we have

1 —
f A= 1 - t2) Ydr = Th)Ic-b) 2Fi(a,b,c;z)  (zel), (2.3)
0 I'(o)
where
2Fi(ab,c;2)=(1-2)"“ 2 F (a,c—b,c;%) 2.4)

and,F,(a,b,c;z) = 2F1(b,a,c; 2).

For the proof of the above lemmas, we refer [11].

Lemmad4. Letp e P(p) withp(0)=1, 0<p<1. Then

Rep(z) >2 .20 (zeU)
p e 1+ 1z '

Lemmabs. Let p; € 22(p;): pi(0)=1,0<p; <1, i=1,2. Then p1 * p» € P(p3) forps=1-2(1—
01)(1 —p2). This result is best possible.

For reference of Lemma 4 and Lemma 5, see [21] and [26] respectively.

3. Main results
Theorem 1. Let f € of be such that

S f(2)
o €PlALBl (z€D), 3.1
Sy f(2)

for—-1<B1<0,A1#B1, k=2, u=2,n>-1landu+n-1>0. Then

3 f(2) (u+n—1)A, +B
S ey By, A= AT AT ey,
Sy f(2) B+

(i) Further, if f € o satisfies (3.1), then we have

3 f(2) 1 _
C‘ﬂ < = CI(Z);
3pf(a  (u+mQ(2)
where
A1
fl ].+B1 tZ (ﬂ+n_1)(3_1_1] t(“+n_1)dt B ¢0
Qz) = 01 1+B:z » o1 (3.2)

t(u+n—1)e(u+n—1)A1(t—1)zdt, B, =0
0
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(ii) Moreover, if—1 < B; <0, and By <Re A; < min{%, %ﬁl}, then for f € of satisfying

sy @
(3.1), we have ~ <‘“f( € P (01), where
(p+n-1B1 - A) By )]‘1

=|2F |1, SuU+n+1; . 3.3
01 [2 1( B, H+n B -1 (3.3)

This result is best possible.

Proof. Let .
Sy f@ k.1 ko1

p(z)= pl(z) ——= pz(z) (zel), (3.4

nf(z)

where p is analytic in U with p(0) = 1. On logarithmic differentiation of (3.4) and using (1.7),
we obtain »
S f@  (uepp@)-1 L @

e (zeU). 3.5)
Sy f(@ (p+n-1) (u+n-1p(2)

From (3.4), we can write

(p+mpR) -1 _ (k+1) (ut+tmpi(2) -1 _(k 1) (k+mp2(2) -1

(u+n-1) 4 2 (u+n-1) 4 2 (u+n-1)
bet (urmpz) -1 k k
+mp(z) -
%w(z): - )wl(z) (———)wz(z) (zeU),
where y;(z) = %, i=1,2,ze€U. Thus (3.5) becomes
u=2
(\ (Z) !
= 1f = (2 + 2y (2) (zeU). 3.6)
3 f2 (u+n-Dy(2)+1

On simplification as in [12] and [17], we have

z2y'(z)  k+2 zy' (2) ) k—Z( z2y(2)
Va1 1 V@ ouarr) T T (P Dy )
where D = +n—1. From (3.6), it is clear that
2y (2)
i(2) + € P[A;,B;]lfori=1,2.
vi(2) Grn-Dvi @1 [Ay, B]
NowusingLemma1f0r5:,u+n—1,y:1:5+y:u+n>0,wehave
A1Z
Yi(z) < q(2) < (zel), (3.7
1+B;z

where ¢ is the best dominant and is given by (2.2) for § = u+n—1and y = 1. Again from (3.7),
we have

1
N P — ),
Pi@=cimon  #EY
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where Q is given by (3.2). Next we show that
Inf {Req(2)} = q(-1). (3.8)

Setting a = (u+n— 1)(31 Al) ,b=p+nandc=p+n+1sothatuy+n+1>pu+n>0in (3.2) and

by using (2.3), (3.6) and (3.7), we see that for B; #0

a ! b-1 —-a I'(b) Bz
Q(Z) = (1+31Z) ﬁ t (1 +BltZ) dt= —— T 2F1 (1 a,C,m). (3.9
To prove (3.8), we have to show that
Re(L) > ! (zel).
Q(2) Q-1

Again from (3.2) and (3.9) for —1 < B; < 0 such that

—-2B; IJ'HY—Bl}
pu+n—1" u+n-1

By <ReA; < min{

we have

1
Q(2) =f0 g(t,z)da(r) (zel),

1+B;z

Ta-ngz and

where g(t,z) =

_ I'(b) a-11 _ pc—a-1
da(t)_l“(c)l“(c—b)t (1I-1 dt

is positive measure on [0, 1]. For —1 < B; < 0, we find that Re g(¢, z) > 0, where g(¢,—r) is real
for|z|<r<1, t€]0,1] and

1+(1-0Biz)_1+(1-0Bir _ 1
Re =Re >
g(t,2) 1+B,z 1-B;r g(t -7’
Thus by making use of Lemma 2 and letting r — 17, we prove that Re =— Q 5 = Re g Q( 5,2€U. In
—-2B; p+n-B;

the case A} = gg = mln{ }, we have the required result by taking A; — o3. The

ptn=17 ptn-1
result is best possible because of best dominant property of q. O

For special cases, we refer, [15, 19].
Theorem 2. Letpu =2, n>—-1andu+n>1.1If f € o« satisfies

S f(2)

Tf()e(@k[AbBl] (zel),
%,7 z

for Ay€C, —-1<B; <0, A, # B, and B, <Re A, < min{ o ’Li”n‘_ﬁl}, then Sk f € Ryc(0o),

where pg = (u+n)(1 —p1) and o is defined by (3.3).
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Proof. From (1.7), we have

1 {z(i‘s’n‘f(z))/ 1}_%,‘7’_1f(z)

1+
pt+n | Shfe 35 f(2)

(zel).

By applying Theorem 1, we have

1 {z(%‘f;f(z))’
1+ 7
ptn | SEf(2)

- 1} € Z(o1),

where p; is defined by (3.3). This yields the required result.
Theorem 3. Let f € o satisfies

% f ()
W € P[AL B, (kz2,u=2,n>-1,z€l),
n V4

forAyeC,B1€[-1,0], Ay #By andu+n—1>0, then

#*ﬂm< 1
Ifz)  @M+1Q2)

=q(2) <P [A1,Bl  (zeU),

A

m+D[5 -1
1|1+Byt B

where Q) = Jy | 75 | ()

0. Also q is the best dominant of (3.2). Furthermore, if —1 <Re A <1, then

7 f(2)
"N— €Pp) (zel),
I f(2)
1 . .
= . T .
where o - 1(1,("“)(;1’ e he result is best possible
Proof. Set .
I f(2)

= ()—(E+l) ()—(E—l) (2) (zeU)
I#f(z) =plz)= 4 ZPIZ 2 ZPZZ Z )

31

(3.10)

(3.11)

tdt for By #0 and Q (z) = fol et VAE=D2Z gt yhen B, =

(3.12)

where p is analytic in U with p(0) = 1. One logarithmic differentiation on both sides of (3.12)

and using the identity (1.6), we have

' f(2) /
% = p z) + L(Z) (Z € [U) .
I# f(2) m+1p(z2)
From (3.10), we have
p@+—LE g,

m+1)p(z)
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Using (3.12) and the same convolution technique used in Theorem 1, we have

zp}(2) .
pi(z)+m€9[A1,B1], i=1,2 (zel). (3.13)
Now using Lemma 1 for6 =n+1,y=0and -1 <ReA; <1,
1+Az
1+B;z

pi(z) < q(z) < (zel),

where g is best dominant of (3.13) and is given by (2.2), this proves (3.11). Proceeding as in
Theorem 1, the remaining part of Theorem 3 follows. a

Forn=1,A1=1-2p,By=-1,0<p<1land k=2,if fe€ .« satisfies

1"2f(2)
m&@(p), 0<p<l (zeU),
then
1"f(2) 1

7 € P(p1), where p; =

This improves the result of Owa [18].

2F1(1,4(1-0),3;3)

Theorem 4. Letu>1,n>-1, A<land-1<B;<A;<1fori=1,2.1If

k-l C\
Sy fi(Z)+Adﬁfi(Z)
¥4

1-A1) € Pi[Ai,Bil, i=1,2, k=2 (zel), (3.14)

then

iR ShE(2)
1-21 +A €eP(1-2p0,-1) (ze Uy,
where F=fi* f, andp=1- A - B (4, - 5p) (1 —)(fol ﬁdu) forxy = ‘1‘%;7 The result is sharp

(1-B1)(1-B>) 1+u
when By = By = —1.

S fi(2)
V4

, i =1,2, ze U. From (3.14), we see that H; €

4 fi(2)
Proof. Set H;(z) = (1 - )~ +A
Pr[A;, Bi] € P (i:—gi), i=1,2,zeU. Let

Hi(z) =

E+l)h(z)—(£—l) i(2),i=1,2 (zeU)
Y R VY Ll '

where h;, p; € 2(p;), i =1,2. By making use of (1.7) and (3.4), we obtain
H+n

Z
%,‘,‘fi(z)zle‘lf A H (Ddt, i=1,2,x = ,z€U. (3.15)
0 1-1
Using above equation (3.15), a simple computation shows that
z +
3MF(2) :le‘%fo A H(Ddt, y = ‘I‘_Z,zetu, (3.16)
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where H(z) = le_x foz L (H, « Hp)(1)dt. For y = %, we can also write

k-2

k+2 I-x ‘ -1 I-x ‘ x-1
H(z)= Xz fot (h * hy)(D)dt— Xz fot (p1 = p2)(D)dt. (3.17)

From Lemma 5, we have h; = h; € 22(p3) and p; * p; € 22(p3), where p3 =1—-2(1 - p1)(1 —2).

Now using (3.16), (3.17) and Lemma 4, we have

z _ _ 1,11
Rele—Xf Ly ) (Dt > 1 — AL = B (A~ By) (1— f “
0

du),
(1-B1)(1-By) 0o 1+u

where y = % Similarly, for y = ’%Z, we can prove

_ _ 1,01
4(A; - B1)(A2 — Bo) (1 B / u du).
0

R I—sz x—1 } 1-—
e{xz | A (prxp)(Ddty > 1-B(_-By .y

When B; = By = —1, we consider the functions f; € «f,i = 1,2, which satisfy the condition
(3.14) and is given by

’

z k+21+A;t k-21+A;t
gﬁfi(zhle_xfo ﬂ_l{ = l }dt

4 1-1¢ 4 1-1¢

where y = 5. Tt follows from (3.16) that for y = =], we have

k+2 1 A k=2 1 A
H(Z):_X/ 1 (1—A12+ 12 )du— Xf u’f‘l(l—A12+ 12 )du.

where Ay » = (1+41)(1+ Ay). Therefore H(z) — 1-(1+ A1) (1+ Az) (1= 1 fy 4 du) for z— -1*

1+u

and y = % Thus the proof is completed. O
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